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PREFACE. 

In preparing tliis second edition for press I have altered as 
sHghtly as possible those portions of the work which were 
written entirely by Prof. Kelland. The mode of presentation 
which he employed must always be of great interest, if only 
from the fact that he was an exceptionally able teacher ; but 
the success of the work, as an introduction to a method which 
is now rapidly advancing in general estimation, would of itself 
have been a sufficient motive for my refraining from any 
serious alteration. 

A third reason, had such been necessary, would have pre- 
sented itself in the fact that I have never considered with the 
necessary care those metaphysical questions connected with 
the growth and development of mathematical ideas, to which 
my late venerated teacher paid such particular attention. 

My own part of the book (including mainly Chap. X. and 
worked out Examples 10 — 24 in Chap. IX.) was written 
hurriedly, and while I was deeply engaged with work of a very 
different kind ; so that I had no hesitation in determining to 
re-cast it where I fancied I could improve it. 

P. G. TAIT. 

UmVEBSITY OF EDn^BUBOH, 

November^ 1881. 



PEEFACE TO THE FIRST EDITION. 



The present Treatise is, as the title-page indicates, the joint 
production of Prof. Tait and myself. The preface I write 
in the first person, as this enables me to ofifer some personal 
explanations. 

For many years past I have been accustomed, no doubt 
very imperfectly, to introduce to my class the subject of 
Quaternions as part of elementary Algebra, more with the 
view of establishing principles than of applying processes. 
Experience has taught me that to induce a student to think 
for himself there is nothing so effectual as to lay before him 
the different stages of the development of a science in some- 
thing like the historical order. And justice alike to the 
student and the subject forbade that I should stop short at 
that point where, more simply and more effectually than at 
any other, the intimate connexion between principles and pro- 
cesses is made manifest. Moreover, in lecturing on the ground- 
work on which the mathematical sciences are based, I could 
not but bring before my class the names of great men who 
spoke in other tongues and belonged to other nationalities 
than their own — Diophantus, Des Cartes, Lagrange, for in- 
stance — and it was not just to omit the name of one as 
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great as any of them, Sir William Eowan Hamilton, who 
spoke their own tongue and claimed their own nationality. 
It is true the name of Hamilton has not had the impress 
of time to stamp it with the seal of immortality. And it 
must be admitted that a cautious policy which forbids to 
wander from the beaten paths, and encourages converse 
with the past rather than interference with the present, is 
the true policy of a teacher. But in the case before us, 
quite irrespective of the nationality of the inventor, there 
is ample ground for introducing this subject of Quaternions 
into an elementary course of mathematics. It belongs to 
first principles and is their crowning and completion. It 
brings those principles face to face with operations, and thus 
not only satisfies the student of the mutual dependence of 
the two, but tends to carry him back to a clear apprehension 
of what he had probably failed to appreciate in the sub- 
ordinate sciences. 

Besides, there is no branch of mathematics in which 
results of such wide variety are deduced by one uniform 
process; there is no territory like this to be attacked 
and subjugated by a single weapon. And what is of the 
utmost importance in an educational point of view, the 
reader of this subject does not require to encumber his 
memory with a host of conclusions already arrived at in 
order to advance. Every problem is more or less self- 
contained. This is my apology for the present treatise. 

The work is, as I have said, the joint production 
of Prof. Tait and myself. The preface I have written 
without consulting my colleague, as I am thus enabled 
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to say what could not otherwise have been said, that 
mathematicians owe a lasting debt of gratitude to Prof. 
Tait for the singleness of purpose and the self-denying 
zeal with which he has worked out the designs of his 
friend Sir Wm. Hamilton, preferring always the claims of 
the science and of its founder to the assertion of his own 
power and originality in its development. For my own 
part I must confess that my knowledge of Quaternions 
is due exclusively to him. The first work of Sir Wm. 
Hamilton, Lectures on Quaternions, was very dimly and im- 
perfectly understood by me and I dare say by others, until 
Pro£ Tait published his papers on the subject in the 
Messenger of Mathematics, Then, and not till then, did 
the science in all its simplicity develope itself to me. Sub- 
sequently Prof. Tait has published a work of great value 
and originality. An Elementary Treatise on Quaternions, 

The literature of the subject is completed in all but 
what relates to its physical applications, when I mention in 
addition Hamilton's second great work, Elements of Quatei'- 
nions, a posthumous work so far as publication is concerned, 
but one of which the sheets had been corrected by the 
author, and which bears all the impress of his genius. But 
it is far from elementary, whatever its title may seem to 
imply; nor is the work of Prof. Tait altogether free from 
difficulties. Hamilton and Tait write for mathematicians, \ 
and they do well, but the time has come when it behoves j 
some one to write for those who desire to become mathe-y 
maticians. Friends and pupils have urged me to undertake 
this duty, and after consultation with Prof. Tait, who from 
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being my pupil in youth is my teacher in riper years, 
I have, in conjunction with him, and drawing unreservedly 
from his writings, endeavoured in the first nine chapters 
of this treatise to illustrate and enforce the principles of 
this beautiful science. The last chapter, which may be 
regarded as an introduction to the application of Quater- 
nions to the region beyond that of pure geometry, is due 
to Prof Tait alone. Sir W. Hamilton, on nearly the last 
completed page of his last work, indicated Prof. Tait as 
eminently fitted to carry on happily and usefully the appli- 
cations, mathematical and physical, of Quaternions, and as 
likely to become in the science one of the chief successors 
of its inventor. With how great justice, the reader of this 
chapter and of Prof. Tait's other writings on the subject 
will judge. 

PHILIP KELLAND. 

Univebsitt of EDiKBUBan, 
Octohe'f, 1873. 
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CHAPTER I. 



INTRODUCTORY. 



The science named Quaternions by its illustrious founder, Sir 
William Rowan Hamilton, is the last and the most beautiful ex- 
ample of extension by the removal of limitations. 

The Algebraic sciences are based on ordinary arithmetic, start- 
ing at first with all its restrictions, but gradually freeing themselves 
from one and another, until the parent science scarce recognises 
itself in its offspring. A student will best get an idea of the thing 
by considering one case of extension within the science of Arith- 
metic itself. There are two distinct bases of operation in that 
science — addition and multiplication. In the infancy of the science 
the latter was a mere repetition of the former. Multiplication was, 
in fact, an abbreviated form of equal additions. It is in this form 
that it occurs in the earliest writer on arithmetic whose works have 
come down to us — Euclid. Within the limits to which his prin- 
ciples extended, the reasonings and conclusions of Euclid, in his 
seventh and following Books are absolutely perfect. The demon- 
stration of the rule for finding the greatest common measure of 
two numbers in Prop. 2, Book VII. is identically the same as that 
which is given in all modem treatises. But Euclid dares not 
venture on fractions. Their properties were probably all but un- 
known to him. Accordingly we look in vain for any demonstration 
of the properties of fractions in the writings of the Greek arith- 
meticians. For that we must come lower down. On the revival 

T.Q. . 1 
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of science in the "West, we are presented with categorical treatises 
on arithmetic. The first printed treatise is that of Lucas de Burgo 
in 1494. The author considers a fraction to be a quotient, and 
thus, as* he expressly states, the order of operations becomes the 
reverse of that for whole numbers — multiplication precedes addi- 
tion, etc. In our own country we have a tolerably early writer on 
arithmetic, Robert Record, who dedicated his work to King Edward 
the Sixth.. The ingenious author exhibits his treatise in the form 
of a dialogue between master and scholar. The scholar battles 
long with this difficulty — that multiplying a thing should make it 
less. At first, the master attempts to explain the anomaly by 
reference to proportion, thus : that the product by a fraction bears 
the same proportion to the thing multiplied that the multiplying 
fraction .does to unity. The scholar is not satisfied ; and accord- 
ingly the master goes on to say : "If I multiply by more than one, 
the thing is increased ; if I take it but once, it is not changed; and 
if I take it less than once, it cannot be so much as it was before. 
Then, seeing that a fraction is less than one, if I multiply by a 
fraction, it follows that I do take it less than once", etc. The 
scholar thereupon replies, "Sir, I do thank you much for this 
reason ; and I trust that I do perceive the thing". 

Need we add that the same difficulty which the scholar in the 
time of King Edward experienced, is experienced by every thinking 
boy of our own times; and the explanation afforded him is precisely 
the same admixture of multiplication, proportion, and division which 
suggested itself to old Robert Record. Every schoolboy feels that 
to multiply by a fraction is not to multiply at all in the sense in 
which multiplication was originally presented to him, viz. as an 
abbreviation of equal additions, or of repetitions of the thing multi- 
plied. A totally new view of the process of multiplication has 
insensibly crept in by the advance from whole numbers to fractions. 
So new, so different is it, that we are satisfied Euclid in his logical 
and unbending march could never have attained to it. It is only 
by standing loose for a time to logical accuracy that extensions in 
the abstract sciences — extensions at any rate which stretch from 
one science to another — ^are effected. Thus Diophantus in his 
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Treatise on Aritlimetio (i.e. Arithmetic extended to Algebra) 
boldly lays it down as a definition or first principle of his science 
that 'minus into minus makes plus'. The science he is founding 
is subject to this condition, and the results must be interpreted 
consistently with it. So far as this condition does not belong to 
ordinary arithmetic, so far the science extends beyond ordinary 
arithmetic : and this is the distance to which it extends — It makes 
subtraction to stand by itself, apart from addition; or, at any rate, 
not dependent on it. 

"We trust, then, it begins to be seen that sciences are extended 
by the removal of barriers, of limitations, of conditions, on which 
sometimes their very existence appears to depend. Fractional 
arithmetic was an impossibility so long as multiplication was re- 
garded as abbreviated addition ; the moment an extended idea was 
enteiiiained, ever so illogically, that moment fi*actional arithmetic 
started into existence. Algebra, except as mere symbolized arith- 
metic, was an impossibility so long as the thought of subtraction 
was chained to the requirement of something adequate to subtract 
from. The moment Diophantus gave it a separate existence — 
boldly and logically as it happened — by exhibiting the law of minus 
in the forefront as the primary definition of his science, that moment 
algebra in its highest form became a possibility ; and indeed the 
foundation-stone was no sooner laid than a goodly building arose 
on it. 

The examples we have given, perhaps from their very simplicity, 
escape notice, but they are not less really examples of extension 
from science to science by the removal of a restriction. We have 
selected them in preference to the more familiar one of the extension 
of the meaning of an index, whereby it becomes a logarithm, because 
they prepare the way for a further extension in the same direction 
to which we are presently to advance. Observe, then, that in frac- 
tions and in the rule of signs, addition (or subtraction) is very 
slenderly connected with multiplication (or division). Arithmetic 
as Euclid left it stands on one support, addition only, inasmuch 
as with him multiplication is but abbreviated addition. Arithmetic 
in its extended form rests on two supports, addition and multiplica- 

1—2 
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■don, the one different from the other. This is the first idea we 
want our reader to get a firm hold of ; that multiplication is not 
necessarily addition, but an operation self-contained, self-interpret- 
able — springing originally out of addition j but, when full-grown, 
existing apart from its parent. 

The second idea we want our reader to &x his mind on is this, 
that when a science has been extended into a new form, certain 
limitations, which appeared to be of the nature of essential truths 
in the old science, are found to be utterly untenable ; that it is, in 
fact, by throwing these limitations aside that room is made for the 
growth of the new science. We have instanced Algebra as a growth 
out of Arithmetic by the removal of the restriction that subtraction 
shall require something to subtract from. The word 'subtraction' 
may indeed be inappropriate, as the word multiplication ap- 
peared to be to Record's scholar, who failed to see how the multi- 
plication of a thing could make it less. In the advance of the 
sciences the old terminology often becomes inappropriate ; but if 
the mind can extract the right idea from the sound or sight of a 
word, it is the part of wisdom to retain it. And so all the old words 
have^^een retained in the science of Quaternions to which we are 
now to advance. 

The fundamental idea on which the science is based is that of 
motion — of transference. Real motion is indeed not needed, any 
more than real superposition is needed in Euclid's Geometry. An 
appeal is made to mental transference in the one science, to mental 
superposition in the other. 

We are then to consider how it is possible to frame a new science 
which shall spring out of Arithmetic, Algebra, and Geometry, and 
shall add to them the idea of motion — of transference. It must be 
confessed the project we entertain is not a project due to the 
nineteenth century. The Geometry of Des Cartes was based on 
something very much resembling the idea of motion, and so far the 
mere introduction of the idea of transference was not of much value. 
The real advance was due to the thought of severing multiplication 
from addition, so that the one might be the representative of a kind 
of motion absolutely different from that which was represented by 
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the other, yet capable of being combined with it. What the nine- 
teenth century has done, then, is to divorce addition from midtipli- 
cation in the new form in which the two are presented, and to 
cause the one, in this new character, to signify motion forwards 
and backwards, the other motion round and round. 

We do not purpose to give a history of the science, and shall 
accordingly content ourselves with saying, that the notion of sepa- 
rating addition from multiplication — attributing to the one, motion 
from a point, to the other motion about a point — ^had been floating 
in the minds of mathematicians for half a century, without producing 
many results worth recording, when the subject fell into the hands 
of a giant. Sir William Rowan Hamilton, who early found that his 
road was obstructed — he knew not by what obstacle — so that many 
points which seemed within his reach were really inaccessible. He 
had done a considerable amount of good work, obstructed as he was, 
when, about the year 1843, he perceived clearly the obstruction to 
his progress in the shape of an old law which, prior to that time, 
had appeared like a law of common sense. The law in question is 
known as the commutative law of multiplication. Presented in its 
simplest form it is nothing more than this, * five times three is the 
same as three times five'; more generally, it appears under the 
form of *ah = ba whatever a and b may represent'. When it 
came distinctly into the mind of Hamilton that this law is not a 
necessity, with the extended signification of multiplication, he saw 
Kis way plear, and gave up the law. The barrier being removed, 
he entered on the new science as a warrior enters a besieged city 
through a practicable breach. The reader will find it easy to enter 
after him. 



CHAPTER II 

VECTOR ADDITION AND SUBTRACTION. 

1. Definition of a Vector, A vector is the representative of 
transfereace through a given distance, in a given direction. Thus 
if ii.^ be a straight line, the idea to be attached to 'vector AB^ is 
that of transference from ^ to .^. . 

For the sake of definiteness we shall frequently abbreviate the 
phrase ' vector AB ' by a Greek letter, retaining in the meantime 
(with one exception to be noted in the next chapter) the English 
letters to denote ordinary numerical quantities. 

If we now start from ^ and advance to (7 in the same direction, 
BC being equal to ^-5, we may, aa in ordinary geometry, designate 
'vector BG^ by the same symbol, which we adopted to designate 
* vector AB,^ 

Further^ if we start from any other point in space, and 
advance from that point by the distance OX equal to and in the 
same direction as AB^ we are at liberty to designate ' vector OX^ 
by the same symbol as that which represents AB, 

Other circumstances will determine the starting point, and in- 
dividualize the line to which a specific vector corresponds. Our 
definition is therefore subject to the following condition : — All lines 
which are equal and dravm in the same direction are represented hy 
the same vector symbol. 

We have purposely employed the phrase * drawn in the same 
direction' instead of 'parallel,' because we wish to guard the 
student against confounding ' vector AB ' with 'vector BAJ 
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2. In order to apply algebra to geometry, it is necessary to 
impose on geometry the condition that when a line measured in 
one direction is represented by a positive symbol, the same line 
measured in the opposite direction must be represented by the cor- 
responding negative symboL 

In the science before us the same condition is equally requisite, 
and indeed the reason for it is even more manifest. For if a 
transference from ^ to J5 be represented by + a, the transference 
which neutralizes this, and brings us back again to A, cannot be 
conceived to be represented by anything but —a, provided the 
symbols + and — are to retain any of their old algebraic meaning. 
The vector AB, then, being represented by + a, the vector £A will 
be represented by - a. 

3. Further it is abundantly evident that so far as addition and 
subtraction of parallel vectors are concerned, all the laws of Algebra 
must be applicable. Thus (in Art. 1) AB + BG or a + a produces 
the same result as AC which is twice as great as AB, and is there- 
fore properly represented by 2a ; and so on for all the rest. The 
distribiUive law of addition may then be assumed to hold in all its 
integrity so long at least as we deal with vectors which are parallel 
to one another. In fact there is no reason whatever, so far, why 
a should not be treated in every respect as if it were an ordinary 
algebraic quantity. It need scarcely be added that vectors in the 
same direction have the same proportion as the lines which corre- 
spond to them. 

We have then advanced to the following — 

Lemma. All lines drawn in the same direction are, as vectors, 
to he represented by numerical mrdtiples of one and the same 
symbol, to which the ordinary laws of Algebra, sofa/r as their addi- 
tion, subtraction, and numerical multiplication a/re concerned, mxiy 
he unreservedly applied. 

4. The converse is of course true, that if lines as vectors are 
represented by multiples of the same vector symbol, they are 
parallel. 
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It is only necessary to add to what has preceded, that if BC be 
a line not in the same direction with ^^^ 

A By then the vector BO cannot be 
represented by a or by any (arith- 
metical) multiple of a. The vector A B 
symbol a must be limited to express transference in a certain 
direction, and cannot, at the same time, express transference in 
any other direction. To express * vector BG* then, another and 
quite independent symbol ^ must be introduced. This S3rmbol, 
being united to a by the signs + and — , the laws of algebra will, 
of course, apply to the combination. 

5. If we now join AC, and thus form a triangle ABC, and if 
we denote vector AB by a, BG by ^, AG by y, it is clear that we 
shall be presented with the equation a + ^ = y. 

This equation appears at first sighTto be a violation of Euclid I. 
20 : " Any two sides of a triangle are together greater than the 
third side". But it is not really so. The anomalous appearance 
arises from the fact that whilst we have extended the meaning of 
the symbol + beyond i,ts arithmetical signification, we have said 
nothing about that of a symbol = . It is clearly necessary that the 
signification of this symbol shall be extended along with that of 
the other. It must now be held to designate, as it does perpetually 
in algebra, 'equivalent to.' This being premised, the equation 
above is freed from its anomalous appearance, and is perfectly con- 
sistent with everything in ordinary geometry. Expressed in words 
it reads thus : * A transference from A to B followed by a trans- 
ference from B to G is equivalent to a transference from A to G,* 

6, Axiom. If two vectors have not the aa/me direction^ it is 
impossible that the one can neutralize the other, 

Thw is quite obvious, for when a transference has been effected 
from A to B, it is impossible to conceive that any amount of trans- 
ference whatever along BG can bring the moving point back to A, 

It follows as a consequence of this axiom, that if a, p be different 
actual vectors, i. e. finite vectors not in the same direction, and if 
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ma + np=^0, where m and n are numerical quantities ; then must 
m = and n = 0. 

Another form of this consequence may be thus stated. If 
[still with the above assumption as to a and /3] ma + TijS = pa + qp, 
then must in =p, and n = q. 

7. We now proceed to exemplify the principles so far as they 
have hitherto been laid down. It is scarcely necessary to remind 
the reader that we are assuming the applicability of all the rules 
of algebra and arithmetic, so far as we are yet in a position to draw 
on them ; and consequently that our demonstrations of certain of 
Euclid's elementary propositions must be accepted subject to this 
assumption. 

To avoid prolixity, we shall very frequently drop the word vector, 
at least in cases where, either from the introduction of a Greek 
letter as its representative, or from obvious considerations, it must 
be clear that the mere line is not meant. The reader will not fail 
to notice that the method of demonstration consists mainly in reach- 
ing the same point by two different routes. (See remark on Ex. 9.) 

Examples. 

Ex. 1. The straight lines which join the extremities of equal and 
pa/rallel straight lines towards the same parts are themselves equal 
and parallel. 

Let ABhe equal and parallel to CD ; 
to prove that -4(7 is equal and parallel 
to^i>. 

Let vector AB be represented by a, 
then (Art. 1) vector CD is also repre- q^ 
sented by a. 

If now vector CA be represented by ^, vector DB by y, we shall 
have (Art. 5) vector CB = CA+AB = P-\-a, 

and vector CB=CD-h DB^a + y ; 
. *. ^ + a = a + y, , 

and p = y; 
so that p and y are the same vector symbol; consequently (Art. 1) 
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the lines which they represent are equal and parallel; i.e. CA is 
equal and parallel to BD. 

Ex. 2. The opposite sides of a parallelogram are equal; and 
the diagonals bisect each other. 

Since AB is parallel to CD, if vector AB be represented by a, 
vector CD will be represented by some numerical multiple of a 
(Art. 3), call it mcu 

And since CA is parallel to DB; if vector CA be jS, then vector 
DB is np ; hence 

vector CB =-- C A -h AB = p + a, 

and =CD + DB = ma'\-np; 

.'. a + l3 = ma + np. 

Hence (Art. 6) m= 1, 7i= 1, i.e. the opposite sides of the paral- 
lelogram are equal. 

Again, as vectors, A0 + OB = AB 

= CD 
^CO + OD; 

And B.8 AO is a vector along OD, and CO a vector along OB'y 
it follows (Art. 6) that vector AO is vector OD, and vector CO is 
OB I 

.-. lineiiO = OZ>, CO = OB. 

Ex. 3. The sides about the equal angles of equiangular triangles 
are proportionals. 

Let the triangles ABC, ADE have a common 
angle A, then, because the angles D and B are 
equal, DE is parallel to BC. 

Let vector -4Z> be represented by a, DE by 
fi, then (Art. 3) AB is ma, BC up. 

.'. as vectors, AE = AD^DE = a-^P, Dj 

AC^AB^BC^ma + np. ^i 

Now -4C is a multiple of AE, call it p(a+p). 

.\ ma + np=p(a + p), 
and w=p = w(Art. 6). 
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Bat line ^jS : AD = m, 
line BO : DE=n, 
.'. AB : AD :: BC : DE. 

Ex. 4. The bisectors of tlie sides of a triangle meet in a point 
which trisects each of them. 

Let the sides of the triangle ABC be 
bisected in D, E, F; and let AD, BE 
meet in G, 

Let vector BD or DC be a, CE or EA fi, 
then, as vectors, 

BA=BC + CA==2a-^2p=2{a + P), 
DE=DC + CE=a + p, 

hence (Art. 4) BA is parallel to DE, and 
equal to 2DE, 

Again, BG-^GA=BA 

= 2DE 

= 2{DG + GE). 
Now vector BG is along GE, and vector GA along DG, 
.-. (Art 6) BG = 2GE, 
GA = 2DG, 
whence the same is true of the lines. 




Lastly, 



BG = ^BE 



m •-% 



CG=£G-£C. 
= |(2a+)3)-2a 



= §(^-a), 
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GF=BF~BG 

=Iba-bg, 

= a+)3-|(2a + )8) 

lience CG is in the same straight line with GF, and equal to 2GF. 

Ex. 5. WJien, instead of D and E being tlie middle points of 
tlie sides, they are any points whatever in those sides, it is required 
to find G and the poin^ in which CG produced meets AB, 

BC CA 

Let r^/, - w, ^^77, = w ; also let vector DC = a, vector CE = ^ ; 

. *. BC = ma, CA = np. 
Hence BE=BC +CE=-ma-{- /3, 

DA=a-¥np, 

Let BG^xBE, GA^yDA, 

then ^^ = BG + 6M = a: (ma + jS) + ^ (a + 7i/3). 

But ^J = m« + 7i)S, 

.'. (Art. 6) xm-\-y = m, x + yn = nf 

. ^6^ (m-l)rj AG (ii-l)m 

and ar, i.e. rrn = ^ V-> y ^^ a n= r" • 

' BE mn-l ^ ^ AD mn - 1 

Again, let BF=pBA —p (ma + np). 

But BF^BC-^CF 

= ma + a multiple of CG 

= ma + zCG suppose 

= ma + »{56?-^(7} 



((m-l)7^, r,\ ) 

= ma + z -f ^ ^ (ma + p) - ma > . 

( mn - 1 ' J 



The two values of BF being equated, and Art. 6 applied, 
there results 

, w - 1 m—1 

p=l-z =-, p = z z, 

mn — l mn—l 
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whence 



1 —p _ n — 1 



. AFAE^BD 
^•®* BF~ CE '' CD' 
ovAF.BD,CE=AE.GD.BF. 

Ex. 6. Wlien, instead of as in Ex. 4, wJiere D, E, F are points 
taken voithin BGy CA, AB at distances eqvul to half those lines 
respectively, they are points taken in BG, CA, AB prodticed, at 
the same distances respectively /rom (7, A, and B ; to find the inter- 
sections. 

Let the points of intersection be respectively G^, G^, G^. 




and 



Retaining the notation of Ex. 4, we have 

BD = 3a, GE = 3P; 
and . •. BG^ = xBE 

= a?(2a + 3yS) 

BG^ = BD + I)G^ 
= 3a + yDA 
= 3a + y(GA^GD) 

.*. 2aj = 3-y, 3x = 2y, and x 



6 

7' 



(1), 



.-. line EG, = ^EB. 



8 
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Similarly line FG^ = ^ FG^ 

line DG^ = )=fiA, 

/* 
and from equation (1) BG^ = - (2a + 3/8). 

But ^G^3 = ^^ + ^(?3 = 2a + 2/3 + ^(?3; 

.-.^^3=? (2^ -a); 

2 
hence line -4 (r, = ^ line i)-4 

3 7 

and similarly of the others. 

Ex. 7. ^%6 middle points of the lines which join the points of 
bisection of the opposite sides of a quadrilat&ral coincide, whether 
the four sides of the quadrilateral be in the same plane or not. 

Let A BOB be a quadrilateral ; F, ff, G, F the middle points of 
AB, BC, CD, DA ; X the middle point of FG. 

Let vector AB = a, AG= P, AD = y, 
then AB + FG = AD + DG gives 

}^a + FG = y^l{l3-y), 
and AX = AF + 1 FG 

= _(a + /3 + y), 

which being symmetrical is a, )8, y in the same as the vector to 
the middle point of HF, 

X is called (Art. 14) the mean point of ABGD. 

Ex. 8. The point of bisection of the line which joins the middle 
points of the diagonals of a quadrilateral (pla/ne or not) is the m^an 
point. 



G c 
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Let P, Q he the middle points of AC, 
£1), B that of FQ. 

detaining the notation of the last ex- 
ample we have 

ie. Aq^\{AB^AB), 




Similarly 



AR^'^^AT^AQ) 
= j(a + ^ + y), 



i.e. i? is the same point as X in the last example ; and is therefore 
the mean point of ABCD, 

Ex. 9. AD is dravm bisecting BC in D and is produced to any 
point E ; AB, CE produced meet in P ; AC, BE in Q ; PQ is 
parallel to B(J. 

IjetAB = a,AC = l3, 
AP = xa, AQ = yP, 

.'. BC = P-'a,AI) = AB + lBC, A 

and J ^ is a multiple of AB = z(a + p) say. 

Then CP =pCE gives a?a - /3 = j9 {2 (a + /3) - p}, 

,\ (Art 6) x=pz, —l =pz - p ; 
.*. p = a5+ 1. 

Similarly BQ =■ qBE gives yp — a= q{z {a + P) - a}, 

.-. ^ = y + l. 
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and since z = -= v^q have 

hence the line FQ is parallel to BC. 

The method pursued in this example leads to the solution of all 
similar problems. It consists, as we have already stated, in reach- 
ing the points F and Q respectively by two different routes, — viz. 
through C and through JS for F ; through B and through U for Q 
— and comparing the results. 

Cor. 1. FJS : no :: p-l : I :: X : I :: AF : AB. 
Cor. 2. AB : AD :: 2z : I :: 2x : x+l 

:: 2 (p-l) : p 

:: 2FII : FC, 

.-. AB : BE :: FU + JSG : FE-EG. 

Ex. 10. If BEF he drawn cutting the sides of a triangle ; then 
wiU AB.BF.GE = AE. GF . BB, 

Let BB = a, BA =^pa, AE= 13, EG =ql3, 
then BG = BA + AG ={l+p)a + {l-\-q)l3y 
and GF is a multiple of BG, 

Jjet GF=xBG 

= x{{l+p)a^{l-^q)p}. 

But GF=GE + EF 

^-EG^EF 
^-qP + y(jp(i-¥P)i 
.-. equating, we have x (1 -{-p) '^yp, x{l+q) = '-q + y^ 

whence x = (l+x)pq, 

GF BF AB GE 




1.8. 



BG' BG'BB'AE' 
.-. AB.BF.GE^AE.CF.BB. 
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Ex. 11. If from any point withm a pwraUdogram^ parcdlela 
be drawn to the MeSj the corresponding diagoruda of the two 




pa/raUehgramB thus formed^ a/nd of thfi original parallelogram 
shall rneet in the sa/nie point. 

Let PQ, ^A? meet in r ; 
join TO, OD. 

Let 0^ = 0, OB^P, OQ=-ma, OS=nP, 

thenQF=QC-hCP=nP'^{l-m)a,SE=:^SO + CE = ma+{l 
and TO = TQ-OQ = x{np+{l-m)a}-ma, 

also TO = TS''OS=y{ma + (l--n)P}-np: 

equating, there results 

xn=y{l-n)-n; a;(l-m)-w = ym; 



-n)A 



.'. aj = 



m 



1-m-n' 



and 



mn 



mn 



1—m — n^ ^' i-m — n 



hence (Art 4) TOy OD are in the same straight line. 

Cor. to '. TD ;: mn : (l-w)(l-w) :: OSGQ : CBDF. 

Ex. 12. The points of bisection of the three diagonals of a com- 
plete quadrilateral are in a straight line. 

T. Q. 2 
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P, Q, E, the middle points of the 
diagonals of the complete quadrila- 
teral ABCB, are in a straight line. 

Let AB = a,AI) = p, 
AII = ma, AF=nP; 
.-. BF=nP-aeiJidBC=-x{nP-ay, 
JSn = P -ma smd CD = 2/ {P 'tna). 

:SowBG+CI)=-BD=AD-AB 

gives x{nP"a)-hy(fi-ma) 

whence am + y = 1, x + my 

m— 1 
mn — 1* 




and 



= i8-a, 
= 1, 



05 = 



2 ( mn — 1 ^ ^) 



1 m (n — I) a-^ n {m — I) p 
"" 2 mn — 1 






.-. ^0-^P = 



2(mii-l) 
m9i 



{(m-l)a + {n-l)fi}, 



or vector Pi? is a multiple of vector PQ, and therefore they are in 
the same straight line. 

Cob. line FQ : PF :: 1 : mn 

:: AB.AD : AF . AF 

:: triangle ABB : triangle -i-S^i^. 

We shall presently exemplify a very elegant method due to 
Sir W. Hamilton of proving three points to be in the same 
straight line. 
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8, It is often convenient to take a vector of the length of the 
unit, and to express the vector under consideration as a numerical 
multiple of this unit. Of course it is not necessary that the unit 
should have any specified value ; all that is required is that when 
once assumed for any given problem, it must remain imchanged 
throughout the discussion of that problem. 

If the line ABhe supposed to be a units in length, and the 
unit vector along AB be designated by a, then will vector AB be 
aa (Art. 3). 

Sir William Hamilton has termed the length of the line in 
such cases, the Tensor of the vector ; so that the vector AB is the 
product of the tensor AB and the unit vector along AB, Thus if, 
as in the examples worked under the last article, we designate the 
vector AB by a, we may write a=zTaUay where Ta is an abbre- 
viation for ' Tensor of the vector a' ; Z7a f or * unit vector along a\ 

Example. 

Ex. 1. If the vertical angle of a triangle he bisected by a 
straight line which also cuts the base, the segments at the base shall 
have the same ratio that the other sides of the triangle ha/ve to one 
a/nother. 

Take unit vectors along AB, AC, which 
call a, P respectively : construct a rhombus ^<'^^I\q 

APQR on them and draw its diagonal AR. 

Then since the diagonals of a rhombus bi- 

sect its angles, it is clear that the vector 

AD which bisects the angle ^ is a multiple of AR the diagonal 

vector of the rhombus. 

Now AR=AP+PR = AP'¥AQ=.a + p, 

,\ AD = x(a + p). 

Now vector -4-5 = ca, AC=bP; using c, b as in ordinary 
geometry for the lengths of AB, AC, 

Hence BI) = AI)-AB = x{a + ^)-' ca, 

and BD = yBG=^y{AC--AB) 

= y{bp- ca). 

2—2 
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Equating, a;-c = -yc, x^^yh; 

and BJ) : DC :: y : 1-y 

:: e : b 
:: BA : ui(7. 

Cob. If a, j3 are unit vectors from A, and if 8 be another 
vector from A such that 8=a;(a + /3); then 8 bisects the angle 
between a and j3. 

Ex. 2. TA6 tAree bisectors of the angles of a tricmgle meet in 
a point. 

Let AD, BE bisect A, B and meet in 0; GG bisects 0. 

Let units along AB, AC^ BG be a, j3, y, then as in the last 
example, 

But ay = 6j3 - CO, 

... BG.y{-..'l^), 
and GG = AG^AG 

also GG^BG--BG 



= 3^(-« + -^;^)-*^ + ca; 



a 



. be 

whence x= 



a + 6 + c' 

and Cff = ^ — {ca-(a + 6)i3} 

a + 6 + c* ^ ^'^^ 

= r — (-ay-oj3) 

a + 6 + c^ ' '^' 

hence Off bisects the angle G (Cor. Ex. 1). 
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9, If a, j3, y are non-parallel vectors in the same plane, it is 
always possible to find numerical values of a, b, e so that aa + hp 
+ cy shall = 0. 

For a triangle can be constructed whose sides shall be parallel 
respectively to o, j3, y. 

Now if the vectors corresponding to those sides taken in order 
be oa, hPy cy respectively, we shall have, by going round the 
triangle, 

aa + 5j3 -f cy = 0. 

10, If a, A y 3-^ three vectors neither parallel nor in the 
same plane, it is impossible to find numerical values of a, 5, c, not 
equal to zero, which shall render oa + 6)8 -f cy = 0. 

For (Art. 5) aa + 5)3 can be represented by a third vector in 
the plane which contains two lines parallel respectively to a, j3. 
Now cy is not in that plane, therefore (Art. 6) their sum cannot 
equal 0^ 

It follows that if aa + 5j8 + cy = and a, )3, y are not parallel 
vectors, they are in the same plane. 

11, There is but one way of making the sum of multiples 
of a, )3, y (as in Art. 9) equal to 0. 

Let aa + 5)3 + cy = 0, 

and also pa + g)3 + ry = 0. 

By eliminating y we get 

(or — cp) a + (5r - eg) )8 = ; 
.*. (Art. 6) ar — cp^ hr = cq^ 
or a \ h \ c w 'p \ q \ r^ 

so that the second equation is simply a multiple of the first. 

12, If a, )8, y are coinitial, coplanar vectors terminating in 
a straight line, then the same values of a, 5, c which render 
oa + 5)8 + cy = will also render a -i- 5 + c = 0. 
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Let vector OA = a, 0B=^ 00=y, ABO 
being a straight line ; thea 

AB = p~a, 

AC=y-a. 

But AC a 9. moltiple oi AB, 

Ot y-a=p(fi^a), 
Le. (p-l)a-pp + y = 0. 
But (p-i}-P+1-0; 

and BB p — 1, —p, +1 correBpoud to a,b,c and satiaf; the con- 
dition required, the proposition is proved generally (Art. 11). 

13. Conversely, if a, jS, -y are coinitial coplanar vectors, and if 
both oa + J^ + cy = and a + 6 + c = 0, then do a, /5, y terminate 
in a straight line. 

For ay + by + ey=Q; 

therefore by sabtniction 

„(j_„) + S(y-« = 0, 
i. e. 7 — a is a multiple of -y — /3, and therefore (Art. 4) in the same 
straight line with it: i.e. AC is in the same straight line with 
BC. (See Tait's Qaatemions, g 30.) 

Examples. 

Ex. 1, If tvio tria/nglea are go gituated that the lines wMch 
Join correspondifng angles meet in a point, then pairs of correspoTid- 
ing sides being produced will meet in a straiglU line, 

ABC, A'FC are the triangles; 
the point in which A' A, SB, C'C 
meet \ F,Q,R the points in which 
BO, SG, &c meet: PQR is a 
straight line. 

Let OA = a, OB==fi, 00=y, 
OA'=ma., OB'=n^, OO'^py, 
then BA = a~0, 

and BB = x{a-^i 

B'A' = 7na.-np, 
and B'£=y{ma~n0}. 
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EX. 2.] VECTOR ADDITION AND SUBTRACTION. 

Now Eff^BR^FR gives 

(tj- 1) /3=a: (a - /3) - y {ma - wj8) ; 

and 05 = — j 

whence 0^=0J? + ^^= fl-^?^!Lzll(a-^) 

__7i(m— 1))3 — m(7i — l)a 

Similarly, OP^^^^^^^^^^^-^)^, 

And also 

(m — 7i) (p — 1) + (/I -p) (m - 1) + (p - m) (w— 1) = 0, 
whence (Art. 13) F, Q, R are in the same straight line. 

Ex. 2. If a quadrilateral he divided into two quadrilaterah 
by any cutting line, the centres of the three shall lie in a straight litve. 

Let P^QiQ^P^ h« the quadrilateral divided into two by the 




line PjQf Let the diagonals of PjQjQgP^ meet in R^] and so of 
the others : R^, R^, R^ are the centres. 
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Produce P^P^^ Qj^i *^ meet in 0^ Let miit vectors along 
OP, OQ be denoted by o, j8 ; and put 

0P,=mjO, OP, = m,a, OP^ = m^a; 

then 0^3=0Pj + Pi^3 = Wja + a;(7ij8-mja), 

and OP3 = OQj + Q,E^ = n,P-^y (mjx - w^/?). 

Equating, we have 

in^-m^x^mjify and n^^n^-n^i 

... ^^ K-^a)^i 

and OR ^ ^i^«(^i"^>)<* + ^i^aK-^a)^ ^ 

Similarly, 

. •. (m^Wj - w^j) m^n^ OR^ + (m,w, - ifn^n^ m^n^ OR^ 

+ (^3713 - m^Wj) m^Wj 0^3 = 0. 
And also 

whence (Art. 13) i?,, R^, R^ are in the same straight line. 

CoR. J?,, Rgt R^ will pass through provided the coefficients 
of a and j8 in the three vectors have the same proportion, ie. 
provided 

1.-2. . Jl__1 «1_1 .Jl^I. 

Ex. 3. 7/* AD, BE, OF he drawn cutting one cmother at any 
point G within a triangle, then FD, DE, EF ahaU meet the third 
sides of the t/ricmgle prodticed in points which lie in a straight line. 

Also the produced sides of the triangle shaU be cut harmo- 
nically. 
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If, as in Ex. 5, Art. 7, we put 

I)G = a, CJS=l3y BC^ma, CA^n/S, 




we get, as in that example, 

AF : BF :: n-l : m-1; 

.•. BF= — : ^{ma-^np). 



and 



m + n — 2 



FD=£D-BF=-^'^—^^{{n^2)a 



m + w — 2 
I)M= xFD, compared with 



-njS}. 



gives 



X 






m + w — 2 



m + w — 2 



y; 



n 



•• y=r 



and 



n-2' 



BM^BC-MG^ma- 



n 



w-2 



A 



Again, FE^FA-^AE = 



m-^n-2 



{wia-(w-2)j8}. 
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And EL = xFE^ compared with 

BL = ( V + m) a = — ^^ ^ ou 

Thirdly, i)J\r= a;Z>^ = a; (a + j8), compared with 

2>iir=J5iV-5i) = y(ma + wj8)-(m-l)a, 

and BN=^ (ma + w)8). 

Now (m- 1) (w - 2) ^if + (m- w) BN 

-(m-2)(ii-l)J5Z = 0. 

Also (m-l)(w-2) + (m-w)-(m-2)(7i-l) = 0; 

therefore BM^ BN^ BL are in a straight line (Art. 13). 

Further, GL = -^ Ci), 

m — Yt 

BL=^-^BJ)\ 
m — 2 

.-. CZ : GB :: J5Z : BB, 
and J?i^ is cut harmonically. 

Ex. 4. ^?%e ^oiw< of inter section of bisectors of the sides of a 
tricmgle from the opposite angles^ the point of intersection ofper- 
pendicula/rs on the sides from the opposite cmgles^ cmd the point of 
intersection of perpendicuIcMrs on the sides from their middle points, 
lie in a strmght line which is trisected by thef/rst of tJiese points, 

V. Let unit vector GB = a, unit vector GA = )ff, 
then, Ex. 4, Art, 7, GG = ^{aa + bp). 
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2^. Let Aff, BK perpendiculars on tte 
sides intersect in 0, 

then HA = 6j8 — 6a cos C, 

= 6 ()3 — a cos C), 
KB^a{a^pcmG), 

Now CO = GA +AOy and also = GB + BO, gives 

6j8 + y5 (^ - aa cos (7) = aa + asa (a - j8 cos C), 

6 cos (7— a 




fl 



.'. aa = 



sin'C ' 



cos C^ 
and GO = . ^^ {(6 - a cos C) a + (a - 6 cos G)^}. 

3^ Let perpendiculars from B and ^ (Ex. 4, Art. 7) meet 
in'X, 

then DX is a multiple of RA. 

.'. CX= GJ)+I)X = G£! + EX gives 

- aa + v{^.- acoBG) = ^bp + z{a-P cos C), 

h — a cos C 



.'. -2^= 



2sin*C 



J nv^ (a - & cos C) a + (6 - a cos C) j3 
^'"'^ ^^= 2dK^C ' 

.-. 2CX+CO-3CG^ = 0, 

and also 2 + 1 - 3 « 0, 

.'. X, 0, ff are in a straight line. 

Also G0'-GG=2 (CG - CX), 

or vector GO = 2 vector Xff, 
.-. G0 = 2GX, 
and G^ trisects XO. 

14, The vector to the mean point of any polygon is the mean 
of the vectors to the angles of the polygon. 
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V, Let be any point ; then in the figure of Ex. 4, Art. 7, 
we have, calling OA, a, OB, j8 and 00, y, 

OG = a + AG^P + JBG = y + CG 

= l{a + p + y)+l{AG + BG + OG) 

because AG + BG+CG^^ {AD + BE+ OF) 

= I {{AB + AG) + {BA +BC) + {CA + CB)} 

= 0. 

2». If OA, OB, 00, OB be o, /S, y, 8, in the figure of Ex. 7, 
Art. 7, we have 

C»X= OR + fiX= (?fl"+ i (0-P- OH) 

= i(0^+0^ = |(a + )8 + y + 8). 

3°. In the more general case we may define the mean point in 
a manner analogous to that adopted in mechanics to define the 
centre of inertia of equal masses placed at the angular points of 
the figure. Thus, if we take any rectangular axes OX, OF, and 
designate by a, j8 unit vectors parallel to these axes; and by p^y 
Pj, &a the vectors to the different points; and if we write ajj, y,; 
ajj, y^, &c. for the Cartesian co-ordinates of the different points 
referred to those axes ; and define the mean point as the centre of 
inertia of equal masses placed at the angular points; the Cartesian 
co-ordinates of that point will be 

m ' ^ m ' 

and its vector p = sea + y^. 
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Now pj = x^a + y^P^ p^ = x/i + yjS, &c. 

' ' m m m 

= p. 

Cob. 1. (Pi-p) + 0>g-p) + 0>a-p) + <fc<5. = O, 

i e. the sum of the vectors of all the points, drawn from the mean 
point, = 0. 

The extension of the same theorem to three dimensions is 
obvious. 

Cor. 2. If we have another system of n points whose vectors 
are o-,, o-^, &c. then the vector to the mean point is 

cr = -* * . 

n 

If now T be the mean point of the whole system, we have 

_ Pj + pj + . . . + OTj + OTg + . . . 

~ m + n * 

or (m + 7i)T — wp-7i<r=0, 

hence (13) r, p, o- terminate in a right line; or the general mean 
point is situated on the right line which connects the two partial 
mean points. 

Additional Examples to Chap. IL 

1. If P, Qy Ef S he points taken in the sides AB, BC, CD, 
DA of a parallelogram, so that AF : AB :: BQ : BC, &c., PQES 
will form a parallelogram. 

2. If the points be taken so that AP = CR, BQ=DS, the 
same is true. 

V 3. The mean point of PQRS is in both cases the same as that 
oiABGD. 
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4. If FQR'S' be another parallelogram described as in Ex. 1, 
the intersections of PQ^ P'Q\ <fec. shall be in the angular points of 
a parallelogram EFGH constructed from PQRS as FQ^RS' is 
constructed from ABCD, 

5. The quadrilateral formed by bisecting the sides of a 
quadrilateral and joining the successive points of bisection is a 
parallelogram, with the same mean point. 

6. If the same be true of any other equable division such as 
trisection, the original quadrilateral is a parallelogram. 

7. If any line pass through the mean point of a number of 
points, the sum of the perpendiculars on this line from the 
different points, measured in the same direction, is zero. 

8. From a point E in the common base AB oi the two 
triangles ABG^ ABDy straight lines are drawn parallel to -4(7, AD^ 
meeting BG, BD s,t F,G; shew that FG is parallel to GB. 

9. From any point in the base of a triangle, straight lines are 
drawn parallel to the sides: shew that the intersections of the 
diagonals of every parallelogram so formed lie in a straight line. 

10. If the sides of a triangle be produced, the bisectors of the 
external angles meet the opposite sides in three points which lie 
in a straight line. 

'X 11. If straight lines bisect the interior and exterior angles 
at A of the triangle ABG in J) and F respectively; prove that BD, 
BGy BE form an harmonical progression. 

12. The diagonals of a parallelepiped bisect one another. 

13. The mean point of a tetrahedron is the mean point 
of the tetrahedron formed by joining the mean points of the 
triangular faces ; and also those of the edges. 

14. If the figure of Ex. 11, Art. 7, be that of a gauche quadri- 
lateral (a term employed by Chasles to signify that the triangles 
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AODy BOD are not in the same plane), the lines QP, DO, RS will 
meet in a point, provided 

AP OS .AQ DR 
-^ = m^,and^ = m-^. 

15. If through any point within the triangle ABGy three 
straight lines JOT, PQ, RS be drawn respectively parallel to the 
sides AB, AC.BC-, then wiU 

AB AG BO" 

16. ABCD is a parallelogram; Ej the point of bisection of 
AB', prove that -4(7, DE being joined will trisect each other. 

17. ABGD is a parallelogram ; PQ any line parallel to GD ; 
PDy QG meet in S^ PA, QB in R ; prove that AD is parallel to 
RS. 



CHAPTER III. 

VECTOB MULTIPLICATION AND DIVISION. 

15, We trust we have made the reader understand by what we 
stated in our Introductory Chapter, that, whilst we retain for 
'multiplication' all its old properties, so far as it relates to ordi- 
nary algebraical quantities, we are at liberty to attach to it any 
signification we please when we speak of the multiplication of a 
vector by or into another vector. Of course the interpretation of 
our results will depend on the definition, and may in some points 
difier from the interpretation of the results of multiplication of 
numerical quantities. 

It is necessary to start with one limitation. Whereas in 
Algebra we are accustomed to use at random the phrases ' multiply 
by' and 'multiply into' as tantamount to the same thing, it is 
now. impossible to do so. We must select one to the exclusion of 
the other. The phrase selected is 'multiply into'; thus we shall 
understand that the first written symbol in a sequence is the 
operator on that which follows : in other words that aj8 shall read 
' a into j8', and denote a operating on j8. 

16, As in the Cartesian Geometry, so ^ 
here we indicate the position of a point in 
space by its relation to three axes, mutually 
at right angles, which we designate the axes 
of X, y, and z respectively. For graphic 
representation the axes of x and y are ^x^ 
drawn in the plane of the paper whilst that '^ 
of z being perpendicular to that plane is 
drawn in perspective only. As in ordinary 
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geometrjr we assume that when vectors measured forwards are 
represented by positive symbols, vectors measured backwards will 
be represented by the corresponding negative symbols. In the 
figure before us, the positive directions are forwards^ upwa/rds 
and outwa/rds; the corresponding negative directions, backwards^ 
downwards and inwards. 

With respect to vector rotation we assume that, looked at in 
perspective in the figure before us, it is negative when in the 
direction of the motion of the hands of a watch, positive when in 
the contrary direction. In other words, we assume, as is done in 
modem works on Dynamics, that rotation is positive when it 
takes place from y to z, z to x, x to y: negative when it takes 
place in the contrary directions (see Taity Art. 65). 

Unit vectors at right angles to each other, 

17. Definition. If i, j^ h be unit vectors along Oxy Oy, Oz 
respectively, the result of the multiplication of i into^' or ij is 
defined to be the turning of j through a right angle in the plane 
perpendicular to i and in the positive direction ; in other words, 
the operation of i on j turns it round so as to make it coincide 
with k ; and therefore briefly ij=^k. 

To be consistent it is requisite to admit that if i instead of 
operating on^ had operated on any other unit vector perpendicular 
to i in the plane of yz, it would have turned it through a right angle 
in the same direction, so that ik can be nothing else than —j. 
Extending to other unit vectors the definition which we have 
illustrated by referring to i, it is evident that j operating on k 
must bring it round to i, or jk = i. 

Again, always remembering that the positive directions of 
rotation are y to z, z to x, x to y, we must have ki =j, 

18. As we have stated, we retain in connection with this 
definition the old laws of numerical multiplication, whenever 
numerical quantities are mixed up with vector operations ; thus 
2i, 3j=6ij, Further, there can be no reason whatever, but the 
contrary, why the laws of addition and subtraction should undergo 

T. Q. 3 
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any modification when the operations are subject to this new 
definition ; we must clearly have 

Finally, as we are to regard the operations of this new de- 
finition as opei'ations of multiplication — magnitude and motion 
of rotation being united in one vector symbol as multiplier, 
just as magnitude and motion of translation were united in 
one vector symbol in the last chapter — we are bound to retain 
all the laws of algebraic multiplication so far as they do not 
give results inconsistent with each other. In no other way can 
the conclusions be made to compare with those deduced from 
the corresponding operations in the previous science. Thus we 
retain what Sir "William Hamilton terms the associative law of 
7nultiplication : the law which assumes that it is indifferent in 
what way operations are grouped, provided the order be not 
changed ; the law which makes it indifferent whether we consider 
abc to be a X be or ab x c. This law is assumed to be applicable to 
multiplication in its new aspect (for example that ijk = ij . k), and 
being assumed it limits the science to certain boundaries, and, 
along with other assumed laws, furnishes the key to the interpreta- 
tion of results. 

The law is by no means a necessary law. Some new forms of 
the science may possibly modify it hereafter. In the meantime 
the assumption of the law fixes the limits of the science. 

The commutative law of multiplication tmder which order may 
be deranged, which is assumed as tbe groundwork of common 
algebra (we say assumed advisedly) is now no longer tenable. And 
this being the case it is found that the science of Quaternions 
breaks down one of the barriers imposed by this law and expands 
itself into a new field. 

ij is not equal to ji, it is clearly impossible it should be. 

A simple inspection of the figure, and a moment's consideration 
of the definition, will make this plain. The definition imposes on i 
as an operator on^ the duty of turning^* through a right angle as 
if by a left-handed turn with a cork-screw handle, thus throwing 
j up from the plane ajy; when, on the other hand, j is the operator 
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and i the vector operated on, a similar left-handed turn will bring 

i down from the plane of xy. In fact ij = k, ji = ^Jc^ and so 

• • • • 

19. We go on to obtain one or two results of the application 
of the associative law. 

1. Since ij = ky we have i,ij = ik = ^j, 
Now by the law in question, 

or t* = -l. 

Our first result is that the square of the unit vector along Ox 
is - 1 ; and as Ox may have any direction whatever, we have, gene- 
rally, t/ie aqiLare of a unit vector = — 1. In other words, the 
repetition of the operation of turning through a right angle reverses 
a vector. 

2. Again, ijk = i,jk = i.i = i' = '-l. • 
Similarly it may be proved that 

jki = kij = -l, 

or no change is produced in the product so long as direct cyclical 
order is maintained. 

3. But ikj=i.kj = i.''i = — 'i^ = + l; 

or a derangement of cyclical order changes the sign of the product. 
This last conclusion is also manifest from Art. 18. 

Vectors generally not aJt right angles to each other, 

20, We have already (Art. 8) laid down the principle of 
separation of the vector into the product of tensor and unit 
vector ; and we apply this to multiplication by the considerations 
given in Art. 18, from which it follows at once that if a be a 
vector along Ox containing a units, p a vector along Oy con- 
taining 5 units, 

gL = aif P = hji and a^-ahij, 

3—2 
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In the same way 



a • • 9 *9 9 

a =ai .ai = arv = — a , 




or the square of a mctor is the square of the corresponding line 
with the negative sign. 

Seeing therefore the facility with which we can introduce 
tensors whenever wanted, we may direct our principal attention, 
as far as multiplication is concerned, to unit vectors. 

21. We proceed then next to find the product aj8, when a 
and ^ are vectors not at right angles to one another. 

1. Let a, j8 be unit vectors. 
Let 0^--=a, 0^ = j8. 

Take OC = y, a unit vector perpen- 
dicular to OB and in the plane BOA, 
Take also BO or BO produced = €, a unit 
vector perpendicular to the plane BOA, 

Draw AM^ AN perpendicular to OB^ 
00, and let the angle BOA = 6 ; then 

vector OA = 0M+ MA=^OM+ ON (Art. 1) 

= part of OB + part of OC (Art. 3). 

Now it is evident that OM as a line is that part of OB which 
is represented by the multiplier cos 6, or 0M= OB cos 0, and 
similarly that ON^OCsmO: consequently (Art. 3) the same 
applies to them as vectors ; i. e. 

vector OM=p cos 6, vector Oir= y sin 6 ; 

.*. a = j8cos6 + ysin6, 

and aj8 = ()8cose + ysine)j3 

= l3'cose-\-ypsm6. 

But i8« = -l (19. 1), 

y^ = c(17); 

[Observe that y, j8 and c of the present Article correspond 
to j, 1 and - ^ of Art. 17.] 

.*. aj8=-cosfl + €sinfl. 
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2. If a, P are not unit vectors, but contain Ta and Tfi units 
respectively, we have at once, by the principle laid down in 
Art. 20, 

ap = TaTp (- cos 6 + € sin 6). 

3. It thus appears that the product of two vectors a, ^ not 
at right angles to each other consists of two distinct parts, a 
numerical quantity and a vector perpendicular to the plane of 
a, /?. The former of these Sir William Hamilton terms the scalar 
part, the latter the vector part. "We may now write 

a/? = SaP + VaP, 

where S is read scalar, V vector : and we find 

Sap = - TaTp cos tf, 

Vap=TaTp€sia0. 

4. The coefficient of e in Vafi is the area of the parallelogram 
whose sides are equal and parallel to the lines of which a, p are 
the vectors. 

22, To obtain ^a we have, a and p being unit vectors, 

a = Pcos6+y^6 ; 
.-. Pa = P {pcosd+y&m6) 

= P'coBe + PyQinO 

= -cos^-6sine(Art. 19. 1 and 18); 
therefore generally 

j3a= TaTp (-cos 6- csin 6). 

It is scarcely necessary to remark that whilst y operating on 
P turns it inwards from OB to BO produced,^ operating on y 
turns it outwards from 00 to OJ), causing it to become - c. 

We have therefore 

1. Sap = spa. 

2. YaP^-VPa. 

3. aP-¥Pa=2SaP. 

4. aP-Pa^2Vap. 
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5. (a + i8)»=(a + iS)(a + ^) 

7. If a, j8 are at right angles to each other, Sa/B = 0, and 

conversely. 

8. VaP is a vector in the direction perpendicular to the 

plane which passes through a, j8. 

9. a^P' = oj8 . ^a because j8* is a scalar j 
. •. a'p' = (Sap + Vap) (Sap - VaP) 

= {Sapy-{Vapy. 

Note. a'P^ must not be confounded with (aPf. 

23. Before proceeding further it is desirable we should work 
out a few simple Examples. 

Ex. 1. To express the cosine of cm angle of a triangle in terms 
of the sides. 

Let ABC be a triangle ; and retaining the usual notation of 
Trigonometry, let 

CB^a, GA=:P; _ 

then (vector ABy = {a- py ^ o^ ^^ 

= a'-2SaP + P' (22.6), 

or, changing all the signs to pass from vectors to lines (20) and 
applying 21. 3, 

•^ c*=a* — 2a6 cos C+ 6*. 

Ex. 2. To express the relations between the sides and opposite 
angles of a triangle. 

Let CB=a, CA = p, BA^y. 

Then CB-^BA=^ GA gives 

.'. a^ = a(P — y) =ap " ay. 
Take the vectors of each side. 
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Now Vol* = 0, for a* = - a* has no vector part, 

.-. Fa/? = Fay; 
i a (21. 3) ah€ sin C = ac€ sin B^ 
or 6 sin (7 ?= c sin -5 ; 
i.e. 6 : c :: sin^ : sinC. 

Ex. 3. The sum of the squares of the diagonals of a parol* 
hlogram is equal to the sum of the squares of the sides. 

Retaining the notation and figure of Ex. 1, Art. 7, 

CB = a + P, 

.-. (7^ + i>^* = 2a" + 2/3^ 
and, changing all the signs, we get (20) for the corresponding 

^CA'+AB' + BD' + DC^. 

y Ex. 4. Parallelograms upon the same hose amd hetwem, the 
same pa/raUels are equal. 

It is necessary to remind the reader of what we have abeady 
stated, that examples such as this are given for illustration only. 
. We assume that the area of the parallelogram is the product of 
two adjacent sides and the sine of the contained angle. 

Adopting the figure of Euclid i. 35 and writing TVpa as the 
tensor multiplier of Vpa. so as to drop the vector c on both sides; 
we have, calling BA^ a; BO, ^ ; 

BE = BA-^AE 

.'. Y.p{a^xp)=^Y{BG.BE), 
i.e. VPa = V{BG.BE\ 
remembering that x^ has no vector part. 
Hence T.VI3a=T{BG.BE), 

i.e. BG .BA sin ABG=BG . BE sin EBG {21. 3), 
which proves the proposition. 
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Ex. 5. On tJte sides AB^AG of a triangle are constructed any two 
paroMelograms ABDE, AOFG : tlie sides DE, FG are produced to 
meet in H, Prove that tlie sum of the areas of the pa/raUelograms 
ABBE, AGFG is eqtml to the area of the parallelogram whose 
adja>cent sides are respectively eqiud and parallel to BG and AH, 

Let BA=^a, AE=p, AG = y, GA=8, 

then Aff = p + xa, and Aff= — S-'yy; 

.-. VaAH=VaP and VyAH=-~Yyh 

= FSy(22. 2), 

hence ^ (« + r) ^^= ^^P + ^) 

i e. (21. 4), the parallelogram whose sides are parallel and equal to 
BG, Affy equals the two parallelograms whose sides are parallel 
and equal to BA^ AE ; GA, -4(7 respectively. 

[The reader is requested to notice that the order GA, AG\b the 
same as the order BA, AE, and BA, AH : so that the vector € 
is common to all.] 

Ex. 6. If he any point whatever either in the plane of tJie 
tiiangle ABG or out of that plane, the squares of the sides of the 
tria/ngU fall short of three times the squa/res of the distances of tlie 
angvla/r points froin 0, by the square of three times the distance of 
the mean point from 0, 

Let OA = a, OB = P, OG = y, 

then (Art. U), OG^ = i (a + ^ + y), 

o 

or a' + j8" + 7" + 2AS'(a/3 + /3y + 'ya) = 90G?«. 

Now AB = p^a, BG^y-P, (7il = a-y, 

.-. ^l^ + J5(7' + (7^' = 2(a» + ^ + /)-2^(ajS + i8y + ya) 

= 3(a' + /?+y')~90G^, 
and the Hues 

AB' + BG'+GA'=3 {OA' + OB' + OG') - (30Gy. 

Ex. 7. The sum of the squares of the dista/nces of any point 
from the angular points of the triangle exceeds tlie sum of the 
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squares of its distances from the middle points of the sides hy the 
sum of the squa/res of half the sides. 

Retaining the notation of the last example, and the figure of 
Ex. 4, Art. 7, 

.-. 4 {OD'+OE' + OF') = 2 (a* + /?» + y«) 4- 2aS' (a/3 + jSy + ya) 
.-. 88 lines Oiy-^OI? + OF'+ ^ \ ^^ =OA' + OB'+OC. 

1 

Ex. 8. The squares of tlie sides of any quadrilatercd exceed the 
squa/res oftlie diagonals hy four times the sqiux/re of the line which 
joins the middle points of the diagonals, 

Retaining the figure and notation of Ex. 8, Art. 7, we have 
squares of sides as vectora 

= a'+08-a)' + (y-;8)'+y' 

= 2{a' + p' + y') - 2S (a^ + py), 

and squares of diagonals 

= )8»4.(y-a)« . 
= a'4-/3"4-y'-2ASay; 

therefore the former sum exceeds the latter by 

a« + /?» + y" - 2Sap-2Spy + 2^ay 
= (a + y-)8)» 

= i{OQ-opy 

Therefore as lines the same is true. 

I^ote. The points A, B, C, D need not be in one plane. 
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Ex. 9. Fowr times the squares of tlie distcmces of way point 
whatever Jro7n tJie angular points of a quadrilateral a/re equal to the 
sum of Uie squares of the sides, tlie squares of the diagonals and tJie 
square of four tim^ tlie distance of the point from the mean point 
of the figure. 

With the notation of Art. 14, and the figure of Ex. 7, Art. 7» 
we have 

squares of the sides + squares of the diagonals :. 

= 3 (a'.+ ^ + y' 4- ^) - 2S (a/3 + ay + cS + /3y + /38 4- yS). 

Now (Art. 14) (a + )8 + y + 8)» = {WXf ; 

.*• (40X)* + squai'es of sides + squares of diagonals 
= 4 {OA^ + OB^ + OC^ + 0D% 

Ex. 10. TJie lines which join the mean points of three equila- 
teral triam^Us described outwards on the three sides of any triangle 
form an equilateral triangle whose mean point is the same as that of 
the given triangle. 

Let P, Q, R be the mean points of the equilateral triangles on 
BG, CAy AB', PD=a,DG = ^,GE=^y,EQ=h\ and let the sides 
of the triangle ABG be 2a, 26, 2c. 




•. PG' = (a + /5 + y + S)' 

= a' + )8' + / + 8* + 2Sap+ 2Say + 2Sah 

+ 2SPy + 2Sph + 2AS'y8. 



ABT. 23.] VECTOR MULTIPLICATION AND DIVISION. 43 

Changing all the signs and observing that 

2 
Sa^ = 0,: jS'ay = j^ ah sin C, &c. 

we have (writing the results in the same order), 

lineP<y' = ^ + a« + y + ? + 

2 2 2 

+ —7^ a5 sin (7+ rt a6 COS C — 2a5 cos C + -,« a6 sin (7 + 

4 4 

= « (a* + 6* — a5 COS (7) + — t^ absmC 

= I (a' + 6' + c«) + -|^ area of ABC, 

which being symmetrical in a, 6, c proves that FQB is equilateral. 
Again, G being the mean point of ABC, 

S' 4v' 2 4 4 

... P6^«a«-f|+^-f |^a/3 + pay-f|^/3y, 

and line PG^=-^ + "q + ~?r ■*" o~7q o^ sin C - ^ a6 cos (7 

o V o o ^o y 

2 2 

= Q (a* + 5* + c*) + s— 7q area -4jBC ; 

.-. FG = QG = BG; 

and ^ is the mean point of the equilateral triangle FQE, 

Ex. 11. In any quachilateraZ prism, the sum 
of the squa/res of the edges exceeds the sum* of the 
squa/res of the diagonals by eight timss the squa/re 
of the straight line which joins the points of inter- 
section of the two pairs of diagonals. 

Let 0^ = 0, OB = p, OC = y, 0B = &; 
sum of squares of edges = 

2{a» + ^» + (y-a)»+(y-)8)» + 2S'} 

= 2 {2a» + 2^' + 2y« + 28» - 2*^ay - 2;^^y}, 
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sum of squares of diagonals 

= 2 {a» + )8' + y' + 28»- 2^a)8}. 

Also ^OG^liB^y) 

= vector to the point of bisection of 
CBf and therefore to the point of intersection of OG, CD, 
and vector from to the point of bisection of AF, as also to that 
of BE, and therefore to the intersection of A F, BE 

= l(8 + a + ;8), 

hence Vector which joins the points of intersection of diagonals 

= 2(a + /3-y), 

eight times the square of this vector 

= 2 (a» + 1^ + y» + 2Sap - 2Say - 2^/3y), 

which, added to the sum of the squares of the diagonals^ makes up 
the sum of the squares of the edges. 

24. BepinItion. "We define the quotient or fraction ^, where 

a and P are unit vectors, to be such that when it operates on a it 

produces j8 or — . a = )8. This form of the definition enables us to 

a 

strike out a by a dash made in the direction of ordinary writing, 

3 3 . 

thus — . a = )8. — is therefore that multiplier which, operating 
a a 

on a, or on /3 cos O-^-ysinO (21), j»roduces ^. 

Now cos + €sm6 operating on j8 cos ^ + y sin ^ produces 

)8 cos* ^ + (y + €)8) sin ^ cos ^ + cy sin' 0, 
But a glance at the figure (Art. 21) will shew that 

and ty = )8 ; 
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. •. COS + € sin 6 opel^ting on )8 cos 5 + y sin produces fi ; 

hence — = cos ^ + e sin 0. 

a 

It may be worth while to exhibit another demonstration of 
this proposition : thus 

- . a)8 = )8 . )8 (by the associative law) = — 1 . (1 9 . 1). 

i e. (21 ; 1) ^ . ( - cos ^ + c sin ^) = - 1. 

Now • (cos + cbirO) { — cos ^ + € sin ^) 

= - cos' 6 — sin' 

= -1; 

.•. — = cos^ + €sinft 
a 

Cor. ^ = -/Ja(by 22). 

25. 1. Definition. Still retaining a, )8 as unit vectors, since 

— operating on a causes it to become )8, it may be defined as a 

VERSOR acting as if its axis were along OD (Fig. Art. 21). By 
comparing the result of that article with the definitions of Art. 

17, it is clear that — or cos + e sin ^ is an operator of the same 

a 

character as - A; or c (as we have now called the corresponding 
unit vector) ; with this difference only, that whereas — A; or c as an 
operator would turn a through a right angle, cos + € sin turns it, 
in the same direction, only through the angle : cos ^ + c sin is 
then the veraor through the angle 0, 

2. If a, j8 are not unit vectors, the considerations already 
advanced render it evident that 

— = -—■ (cos ^ -f € sin 0), 
a la ^ ' 

TQ 
Now yjj- is itself of the nature of a tensor, for it is a numerical 
la. 

quantity, hence - is the product of a tensor and a versor. 
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26. ^y comparing the last Article with Art. 22 it appears 
that generally the product or quotient of two vectors may be 
expressed as the product of a tensor and a versor. This product 
Sir W. Hamilton names a Quaternion. 

j CoR. It is evident that a quaternion is also the sum of a 

27. (1) If tt> ^, y are unit vectors in the same plane, c a 
unit vector perpendicular to that plane ; we 

have seen that - operating on a turns it 

round about c as an axis to bring it into the 

position p. If now ^ be a second operator 

about the same axis in the same direction 

acting on j8, it will bring it into the position y. But it is evident 

that - acting on a would at once have brought it into the position 
a 

y. This is equivalent to the fact that -k.—^-X or in another 
' p a a 

form (Art. 24) that 

(cos <^ + € sin <^) (cos ^ -f c sin ^) = cos (0 + <^) + c sin {0 + <f>), 

Erom this it is evident that the results of Demoivi*e's Theorem 
apply to the form cos ^ + c sin 6. 

Further, it is evident that since cos ^ + c sin ^ operating with c 
as its axis, turns a vector through the angle 6, whilst c itself acting 
in the same direction turns it through a right angle, cos ^ + € sin ^ 
is part of the operation designated by c, viz. that part which bears 
to the whole the proportion that 6 bears to a right angle. 

(2) Remembering then that the operations are of the nature 
of multiplication, it becomes evident that cos ^ + € sin ^ as an 

operator may be abbreviated by c^ or €^, 
And since 
(cos 6 + €sm6) (cos + c sin <^) = cos {0 +<^) + e tin (6 + ^), 
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we shall have 

V IT IT ^ ^ > 

€ . € = € 

or the law of indices is applicable to this operator. 

(3) Now we have already seen (19. 1) that €*=—!; 

Conversely, if €" = *€, n must be an odd number ; if c" = - 1, 
n must be an odd multiple of 2 ; and if c" = + 1, w must be an even 
multiple of 2. 

(4) When a, fi are not units, the introduction of the corre- 
sponding tensor can be at once effected. 

We conclude that a quaternion may be expressed as the power 
of a vector, to which the algebraic definition of an index is 
applicable. "^ 

28t Reciprocals of quaternions — unit vectors. 

1. Since a . a = a* = — 1, 

and - . a= 1 (Def. Art. 24) 

a 

= — a . a ; 

1 
.*. - = — a, or a = — a: 
a 

or the reciprocal of a unit vector is a unit vector in the opposite 
direction. 

2. Again, a.- = a(-a) = l= — .a: 

a ^ ' a 

or a vector is commutative with its reciprocal. 

3. If ^ be a versor (say cos 5 + c sin 6, or — j , 

- . ^ = 1 (Def. extended). 

Now ^ = Q'i 

a 

. •. )8 = g'a, by operating on ou 
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Also ^ = - » 

1 
a = - P,hj operating on /3, 

and P = qa = q ,-P; 

111 

or a and - are commutative. 

This is perhaps better demonstrated by observing that 



or that if — = cos 5 + e sin ^, 

then must -r = cos ^ — c sin ^ ; 

P 

factors which are from their very nature commutative. 

As a verification, we have 

3 a 

- . -^ = (cos ^ 4- € sin ^) (cos ^ - c sin ^) 

= (cos ey - €« (sin oy 
= 1 

because €" = --1 (28. 1). 

When the versors are not units the tensors can be introduced 
as mere multipliers without affecting the versor conclusions. 

29. W^e present one or two examples of quaternion division. 

Ex. 1. To express sin {6 + <^) cmd cos {6 + <^) in terms of sines 
and cosines of 6 and <^. 

a, )8, y being imit vectors in the same plane (Fig. Art. 27), we 
have 

- = cos tf + € sin 5, 
a 
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^ = COS + 6 sin <l>, 

^ = cos (^4- ^) + € sin (5+ ^). 

But ^'^V ^. 

a pa 

. •. cos (5 + ^) + e sin (^ + ^) = (cos 5 + c sin fi) (cos ^ + e sin ^) ; 
whence multiplying out and equating^ we have 

sin (0 + ^) = sin ^ cos + cos 6 sin ^, 
cos (^ + <^) = cos 5 cos ^ -T- sin 5 sin ^. 

# 

Cor. If the action of the versors be in opposite directions, 
P lying beyond y, we have (Art. 28) 

- =cos (^ - <^) - € sin (5 - ^). 

But - = cos ^ + € sin ^, 

"5 = cos 5 - € sin fi : 
P 

a a 3 . 

.-. -=-^. - gives 

cos(fi-<;^)-€sin(^-^) = (cosfl-€sinfi)(cos0 + esin^), 
whence sin (^ — <^) = sin ^ cos ^ — cos 6 sin ^, 

cos (5 - ^) = cos 5 cos + sin 5 sin ^. 

Ex. 2. 5^0 find the cosine of the cmgle of a spherical triangle 
in terms of the sides. 

Let a, )8, y be unit vectors OA, OB, 00 not in the same 
plane, then 

y""a 'y* 
ie. taking the scalar of each side, / ^A^^ 

oosa = cosccos& + ^. (V -.F~). 

\ a y/ 

T. Q. 
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Now SV—V- is sin c sin 5 X cosine of the angle between 
ay ° 

perpendiculars to the planes AB, AC, and is therefore 

sin 6 sin c cos -4 ; 

.*. cos a = cose cos 6 + sine sin 6 cos -4. 

The reader will observe that in accordance with the results of 
Art. 21, the sign of the term involving cos -4 is +, seeing that it is 
in fact — cosine (supplement of A), 

Ex. 3. The angles of a triangle are together equal to two right 
angles. 

What we shall prove in fact is that the exterior angles formed 
by producing the sides in the same direction are equal to four 
right angles. 

Let unit vectors' along BC, CA, AB be a, p, y; and let the 
exterior angles formed by producing BC, CA, AB be 6, <^, j/^; 
then 

€'a = /3(27, 1), 

€'P=y, 
2tff 





€»y = a; 




2^ 29 ^' 


and 


2<^ 2<^ 20 2«fr 


so that 


2<^ 2^ 20 
C*^ .€». C^ =1, 


nr 


>'*^' = 1 (27. 2). 



2 
Hence (27. 3), - (^ + ^ + ^) is an even multiple of 2. The 

first value is i ; 

.\ fi + ^ + ^=27r, 

or the exterior angles of a triangle are equal to four right angles. 
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It will be seen that the demonstration here given is of the 
nature of that given by Prof. Thomson in the Notes to his Euclid. 

pSilore directly 

.€» y = -a, 

From these 

€» =-1, 

or A + B+C = 'n'.] 

Ex. 4. In the figure of Ev^lid i, 47 the three lines AL, BK, 
CF meet m a point. 

Let -5(7 = a, CA=P, AB = y; the sides being as usual denoted 
by a, 6, c. 

Let i be the vector which turns another negatively through a 
right angle in the plane of the paper, so that 

BI>=ia, CK^i/3, AG = iy, 
If BKy AL meet in 0, 

BO = xBE:==x(a + ip), 
and BO = BA-hAO=:BA+yBD 

^-y + yia; 
OJ (a + 1)8) = - y + yia, 
xSa (a + 1)8) = — Say, 
__ /Say _ €^cosB 



X 



Sa{a + ip) a* + a6sin(7 



c' 



and xSa^ = ySiafi ; 

_h he 
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wHch being symmetrical in h and c shews that CF, AL intersect 
in the same point in which BK^ AL intersect. 

n Q- BO c» 

Cob. Since ^Z^^Vft^' 



we have 



also 



CO V 



CF d'^hc' 

AO he ^ 
BB^a' + bc' 

AO BO CO c^ + b'-^hc 



1. 



•• BB BK CF a^-^hc 

Ex. 6. If ABGD he a quadriUUeral inscribed in a circle ; 
AB=a, BC^P, CD = y, DA=&; 

then a)37 = — ^~^°* 

Let unit vectors along AB, BC, CD, DA be a , jS', /, S' ; an4 
let the exterior angles at B and Dh^O and ^ respectively ; then 

a')3y = (- cos e + € sin ^) y' (21. 1) 

= (cos + € sin ^) y 

= 8' (25. 1) ; 

therefore, introducing the tensors, 

CoTt^ugate QtuUemiona. 

30. If we designate by g' the expression — cos fl + c sin 5, we 
have seen that it may be regarded as a veraor through an angle $ 
in a certain direction. Now if we write — 5 in place of ^ in this 
expression it assumes the form — cos — c sin 0, which must on 
the same hypotheses be regarded a versor through the angle in 
the contrary direction. 

When the quaternion is completed by the introduction of a 
tensor Tq, if we retain the same tensor to both forms of the 
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versor, we have Sir "W. Hamilton's conjtbgate quaternion defined 
thus : The conjugate of a quaternion q, written Kq, has the same 
tensor, plane and angle as q has, only the angle is taken in the 
reverse way. 

The analogy between q and Kq is precisely the same as that 
which exists between the two forms 

R (cos ^ + ^ - 1 sin <^) and R (cos ^ — ^ — 1 sin ^) ; 

and as the product of the latter form is 7^, so the multiplication 
of the former produces {Tqy, 

If we put q = Sq+ Vq, 

we shall have Kq = Sq-' Vq, 

and q^q-^{Sqy-^{T7q)\ 

for (F^)» = -(TF^)», Art. 20. 

It is almost self-evident that, since the change of order of 
multiplication of two vectors produces no other change than that 
of the sign of the vector part of the product (22), 

K{qr)=^KrKq, 

q and r occurring in a changed order. 

The following is a demonstration. 

Let q=^Tq{-GO^0-\-a sin 6), 

r = IV (- cos ^ + )3 sin ^), 

a and /? being unit vectors; then 

qr—TqTr (cos cos ^ — a sin 5 cos ^ - )3 cos sin <^ 

+ a/3 sin 5 sin ^), 

Zrirgr = T'gTr (- cos «^ - /? sin «^) (- cos fl - a sin ^) 

— TqTr (cos cos <^ + a sin cos ^ + )3 cos ^ sin <^ 

+ ^a sin 5 sin ^). 

Now observing that j8a has the same scalar part with a^, but 
the vector part with a contrary sign, we see that the two gx.- 
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pressions for qr and for KrKq likewise have the same scalar 
part, but that their vector parts have contrary signs. 

Hence ^iST) *= KrKq, 

(See Tait, § 79 et sq.) 

31, We propose, in this Article, to give and interpret one or 
two formulae, relating to three or more vectors, which are indis- 
pensable to our progress, reserving to a separate Chapter the 
demonstration and application of other formulse, the value of 
which the reader can hardly as yet be expected to understand. 

1. To express S . afiy geometrically. 

First suppose c^ )S, y to be unit vectors 0-4, OB, 00, 

Let AOB = 0, and the angle which 00 makes with the plane 
A OB = ff> ; then since 

a/3 = -cos^4-€sin6 (Art. 21), 
where c is perpendicular to the plane A OB, 

S , aPy==S{-cos6 + €sm6)y 
= Scy sin 6, 
Now Sey = — cos . angle between c and y 

= — sin . angle between plane A OB 

and 00 
= - sin ^ ; 

.*. S. o.Py^ — sin ^ sin ft ^* 

Next if a, p, y are not units, but have re- 
spectively the lengths To, Tp, Ty, or a, 5, c; 

we shall have 

S , a)8y = - ahc sin sin ^. 

But ahm\.0 is the area of the parallelogram of which the 
adjacent sides are a, h ; and c sin ^ is the perpendicular from C on 
the plane of the parallelogram ; 

• *. —S , a/3y = a5 sin . c sin ^ 

= volume of parallelepiped of which three con- 
terminous edges are OA, OB, 00. 
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2. From the nature of the case, no change of order amongst 
the -vectors a, )8, y can make any change in the value (apart from 
the sign) of the scalar of the product of the three vectors ; for it 
will in every case produce the volume of the same parallelepiped. 

Cob. 1. The volume pf the .triangular pyramid, of which 0-4, 
OBy 00 are conterminous edges \a.'^-^S , a)3y. 

Cor. 2. If a, )3, y are in the same plane, ^ = ; 

Conversely, if aS' . aj8y = 0, none of the vectors a, )S, y being 
themselves 0, we must have either 6 = or ^ ■= ; hence in either 
case the three vectors are co-planar, 

3. Since Fa)8 = y' (21. 3), a vector perpendicular to the plane 
OAB (fig. of formula 2) ; V^y =.a', a vector perpendicular to 
the plane OBO; and since y\ a are both perpendicular to OB, 
the line along which is the vector ^ ; OB is perpendicular to the 
plane which passes through y, a, and therefore (21. 3) is in the 
direction of FyV ; hence 

F( Fa)8F/3y) = FyV^m)5, 

or the vector of the product of two resultant vectors, one of the 
constituents of each of which is the same vector, is a multiple of 
that vector. 

4. If 0^ = a, OB = 13, OD = B, 0E=€\ and if the planes 
OAB, ODE intersect in OP; it follows, as in (3), that, Fa)3 and 
FSc being both perpendicular to OP, 

F(Fa/3F8€) is along OP and is therefore =nOP. 

5. Connection between the representation of the position of a 
point by a vector and its representation by Cartesian co-ordinates. 

If aj, y, z be the perpendicular distances of a point P in space 
from the planes of yz, zx, xy respectively (fig. of Art. 16); t, J, h 
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unit vectors in the directions of x, y, z; then xi is the vector of 
which the line is x (Art. 3) ; consequently OM along Ox, MN 
parallel to Oy and NP parallel to Oz, being x, y, zaa co-ordinates, 
they are xijyj,zk»a vectors. 

Now vector OF=OM-h MN-^ NP, 

and is therefore p = xi + yj-\-zk. 

The same method of representation is evidently applicable 
when the planes of reference are not mutually at right angles. 
lix,yjZ be the co-ordinates of P referred to oblique co-ordinates; 
a, P,y unit vectors parallel respectively to x, y, z; then 

vector OP = xa-hyP-hzy, 

CoR. When x, y, z are at right angles to one another 

p = xi + yj -hzk 
gives Sip = -Xf Sjp = -y, Skp = '-z; 

.'. (SipY + (SjpY + (SkpY = a:» + 2^ + «• 

Ex. To find the volume of the pyra/mid of which the vertex is 
a given point and the hose the triangle formed by joining three 
given points in the rectangular co-ordinate axes. 

Let A, B, C he the three given points ; 

line Oii=a, OB = b, 00 = c; 
a?, y, z the co-ordinates of the given point P, 
then vector OA = at, OB = bj, 00 = ck; 

and OP=xi + yj + zk; 

.'. PA=:^OA-OP=-{{x-'a)i + yj + zk}, 
PB = -{xi + {y-b)j'^zk}, 
PC==''{xi + yj+(z''C)k}. 
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Now the volume of the pyramid PABC is 

^^S {PA . FB . PC) (31. 2. Cor. 1) 
= — -^S. {{x-a)i-h^-hzk}{xi + (i/-h)j^zk}{xi-hyb-h(z-c)k}. 

Multiplying out and observing that only terms which involve 
all of the three vectors i, j, h produce a scalar in the product, 
we get 

(+ or -) Vol. = - ^ {(a; - a) (f)z + cy — he) -cxy — hxz] 



6 \a c J 



The sign of the result will of course depend on the position 
of P. 



Additional Examples to Chap. III. 

^ 1. If in the figure of Euclid i. 47 DF, GH, KE be joined, 
the sum of the squares of the joining Unes is three times the sum 
of the squares of the sides of the triangle. 

The same is true whatever be the angle A, 

2. Prove that 

iAD^ (Art. 7, Ex. 4) = 2 {AB' + J 67*) - BC. 

3. If P, Q, R, S be points in the sides AB, BG, CD, IDA of 
a rectangle, such that PQ = RS^ prove that 

4. The sum of the squares of the three sides of a triangle is 
equal to three times the sum of the squares of the lines drawn 
from the angles to the mean point of the triangle. 
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5. ■ In any quadrilateral, the product of the two diagonals and 
the cosine of their contained angle is equal to the sum or difference 
of the two corresponding products for the pairs of opposite sides. 

6. If a, b, c be three conterminous edges of a rectangular 
parallelepiped ; prove that four times the square of the area of 
the triangle which joins their extremities is 

7. If two pairs of opposite edges of a tetrahedron be respect- 
ively at right angles, the third pair will be also at right angles. 

8. Given that each edge of a tetrahedron is equal to the edge 
opposite to it. Prove that the lines which join the points of 
bisection of opposite edges are at right angles to those edges. 

9. If from the vertex of a tetrahedron OABC the straight 
line OD be drawn to the base making equal angles with the 
faces OAB, OAG, OBC ; prove that the triangles OAB, GAG, OBG 
are to one another as the triangles DAB, DAG, DBG, 



CHAPTER IV. 



THE STRAIGHT LINE AND PLANE. 



D 




32. Equations of a straight line. 

1. Let P he & vector (unit or otherwise) parallel to or along 
the straight line; a the vector to a given 
point A in the line, p that to any point what- 
ever P in the line, starting from the same 
origin ; then AP ia & vector parallel to j3 ^ 

= x^, say, 

and OF=OA + AP 

gives p = a + xP (l) 

as the equation of the line. 

2. • Another form in which the equation of a straight line 
may be expressed is this : let OA = a, OB = )8 be the vectors to 
two given points in the line ; then 

AB = P-a€iJidAP=-x{P-a); 

.-. p = a + aj(^-a) (2). 

Of course the ^ of No. 2 is not that of "No. 1. The first form 
of the equation supposes the direction of the line and the position 
of one point in it to be given, the second form supposes two points 
in it to be given. 

3. A third form may be exhibited in which the perpendicular 
on the line from the origin is given. 
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Let OD perpendicular to AP = hy then 

i>P = p-8 and aS'S (p-8) = 0, 
because OD is perpendicular to AP (22. 7) ; 

le.SSp = C (3), 
where 67 is a constant. 

(^ote. In addition to this we must have the equation of the 
plane of the paper, in which p is tacitly supposed to lie. This 
may be written as Sep = 0.) 

33. Equation of a plane. 

Let F be any point in the plane, OD perpendicular to the 
plane ; and let 

OD = S, OP = p; 

then p^S = DP, 

which is in a direction perpendicular to OD ; 

.% /S'8(p-8) = 0, 

or SSp=-B% 

or ;S'^ = 1. 

Cor. 1. If SSp = G be the equation of a plane, 8 is a vector 
in the direction perpendicular to the plane. 

CoR. 2. If the plane pass through 0, p can have the value zero, 

.*. SBp = is the equation. 

CoR. 3. Since a vector can be drawn in the plane through i>, 
parallel to any given vector in or parallel to the plane ; if )8 be 
any vector in or parallel to the plane, SSfi = 0. 

34, We proceed to exhibit certain modifications of the 
equations of a straight line and plane, and one or two results 
immediately deducible from the forms of those equations. 

1. To find the equation of a straight line which is perpen- 
dicular to each of two given straight lines. 

Let j3, y be vectors from a given point A in the required line, 
and parallel respectively to the given lines. 
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If OA=a as before, then since (22. 8) VPy is a vector aloog 
the line whose equation is required ; we have 

OT p = a-hxVPyf 
as the equation of the line. 

2. To find the length of the perpendicular from the origin on 
a given line. 

Equation (1) of Art. 32 is' 

p = a + xl3. 

Know p = OD = S; 

we get /S8' = SBa, 

or "OD'^S^; 

US being the unit vector perpendicular to the line. 
CoR. The same result is true of a plane. 

3. To find the length of the perpendicular from a given point 
on a given plane. 

Let Sap = C be the equaticm of the plane, y the vector to the 
given point. 

Then if the vector perpendicular be oca (33. Cor. 1), 

p = y + ica 
gives Say + xa' = C, 

and the vector perpendicular is 

xa = + a~^ {G - Say) ; 

the square of which with a - sign is the square of the perpendi- 
cular. 

4. To find the length of the common perpendicular to each 
of two given straight lines. 



^ r ^^ ^' 1 
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Let P, j3j be unit vectors along the lines; a, a^ vectors to 
given points in the lines ; 

p = a + xp, 

the vectors to the extremities of the common perpendicular S. 

Then since 8 is perpendicular to both lines, it is perpendicular 
to the plane which passes through two straight lines drawn pa- 
rallel to them through a given point ; 

.-. (21. 3)8 = yF)8A. 
But 8 = p-pi = a + aJj3-ai- x^^^ , 

hence S .BI3I3, = S . (a-^a,) jS/S,; 

i.e. S{yYpp,.pp,)^S.{a--a,)pp,, 

because S 7^/3^8/313, = ; 

whence B = yVfifi, is known. 

5. To find the equation of a plane which passes through three 
given points. 

Let a, j3, y be the vectors of the points. 

Then p — a, a-jS, j3 — y are in the same plane. 

.-. (Art. 31. 2. Cor. 2) S. (p-a)(a-)8)(j3-y) = 0, 
or Sp(Vafi+VPyhVya)'-S.a/3y = 

is the equation required. 

Cor. Va^ + VPy + Fya is a vector in the direction perpen- 
dicular to the plane; therefore (No. 3) the perpendicular vector 
from the origin 

= S. al3y . {Vafi -h VPy + Fya)-^ 

6. To find the equation of a plane which shall pass through 
a given point and be parallel to each of two given straight lines. 



ART. 34.] THE STRAIGHT LINE AND PLANE. 63 

Let y be the vector to the given point, p = a + a;j3, p = a^ + x^P^ 
the lines ; then if Hnes be drawn in the required plane parallel to 
each of the given straight lines — ^these lines as vectors will be 
)8, )8j : also p — y is a vector line in the plane ; 

.-. S. PI3,{p -y) = (31. 2. Cor. 2), 

which is the equation required, 

7. To find the equation of a plane which shall pass through 
two given points and be perpendicular to a given plane. 

Let a, )8 be the vectors to the given points, SBp — the equa- 
tion of the plane; then the three lines p — a, a — jS, 8 are vectors 
in the plane ; 

.-. /S'.(p-a)(a-jS)8 = 0, 

or S.p(a-p)S + S.ap8 = 0. 

8. To find the condition that four points ahaU he in the same 
plane. 

1. Let OA, OB, OG, OB or a, j3, y, 8 be the vectors to the 
four points ; then 8 — a, 8 — j3, 8 — y are vectors in the same plane ; 

.-. S. (8~a)(8-j3)(8-y) = (31. 2. Cor. 2), 
or S.Spy-hS.aSy + S.apS^S.a^y (1). 

2. Another form of the condition is to be obtained by as- 
suming that 

dB + CY + hp + aa = (2), ., 

and substituting in equation (1) the value of 8 deduced from 
this equation. The result is 

a h c ^ ^ 



or a + h + C'\-d = (3). 

Equation (1), or the concurrence of equations (2) and (3) is the 
condition necessary and sufficient for coplanarity. 

9. To find the line of intersection of two planes through the 
origin. 
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Let Sap = 0, Spp = be the planes. 

Since every line in the one plane is perpendicular to a ; and 
every line in the other perpendicular to j3; the line required is 
perpendicular to both a and p, and is therefore parallel to Va^^ 
or p = xVap is the equation. 

10. The equation of the plane which passes through and 
the line of intersection of the planes Sap = a, Sfip = 5 is 

Sp(al3-ha) = 0. 

For P it is a plane through ; 2** if p be such that Sap = a, 
then must S^p = h, 

11. To find the equation of the line of intersection of the two 
planes. 

Let p = ma-hnp + xVap 

be the equation required. 

Then Sap = ma^ + nSap = a, 

since Vafi is perpendicular to a, and similarly 

Sl3p:=mSafi + nl3' = hy 

. aP^^hSaP _ hSaP-aP^ 

' • "^^a'P^-^iSaPY - {Vapy ^^^^ ^^' ^^' 

_ aSap-ha' aSap^ha' 
^"{SaPY^a'P"" {Vapy ' 

"35, We offer a few simple examples. 

Ex. 1. To find the locus of the middle joints of aU straight 
lines which a/re terminated by two given straight lines. 

Let AP, BQ be the two given straight 
lines, imit vectors parallel to which are jS, y; 
AB the line which is perpendicular to both 
AP, BQ. 

Let be the middle point of AB; vector 
OA :=a; E the middle point of any line PQ, 
vector on = p ; then 
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But EP-hliQ=^0; 

,\ 2p = xp + yy; 

hence, since Sa^ = 0, Say = 0, 

Sap = is the equation required ; and the locus is a plane passing 
through (33. Cor. 2), and perpendicular to OA (33. Cor. 1). 

Note that, if j3 1| y, we have simply 

and, as there is now but one scalar indeterminate, the locus is a 
straight line instead of a plane. 

Ex. 2. Planes cut off] from the three rectangular co-ordinate 
axes, pyramids of equal volume, to find the locus of the feet of per- 
pendiculars on iliemfroni the (yrigin. 

Here the axes are given, so that i,j, k are known unit vectors. 

Let ai, hj, ck be the portions cut off from the axes by a plane, 
the perpendicular on which from the origin is p. 

Then p — ai is perpendicular to p ; 

.'. Sp(p — ai) = 0, 
or p' = aSip, 

Similarly, p' = bSjp^ 

p* = cSkp, 

Hence p® = ahc Sip Sjp Skp 

= GSipSjpSkp, 

since ahc is by the problem constant. 

If X, y, z be the co-ordinates of p this equation gives at once 

{x^ + ^-ftzy^Cxyz 
as the equation required. ^'^- "-' -^ - r /: .^ ' i -i a "" 

T. Q. 5 
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Ex. '3. To find the locus of the middle points of straight lines 
terminated by two given straight lines and all parallel to a given 
plane, 

Itetaining the figure and notatioii of Ex. 1, let 8 be the vector 
perpendicular to the given plane : we have 

2p=^xP-hyy, 

Now SBQP = (33. Cor. 3); 

.-. SB{2a + xP-t^) = 0; 
_ 2Sa8 S§8 

and 2p = xP^-^y,x-^^y 

where ^="-q~^9 ^= o sj ^^'^ constants; (aS'^S for instance is tlie 

negative of the cosine of the angle between one of the given lines 
and the perpendicular to the given plane). 

Now j3 + 6y is a known vector lying between j3 and y ; call it 
c, and 2p = ay + X€ is the equation required; which is that of a 
straight line, not generally passing through (32. 1). 

Ex. 4. OA, OB are two fixed lines, which are cut by lines 
AB, A'S so that the area AOB is constant; and also the product 
OAy OA' constant. It is required to find the locus of the intersec- 
tions ofAB, A'S. 

Let the unit vectors along OJ, OB be a, )8 respectively. 

OA = ma, OA' = m'a, 
OB^np, Off = n'P) 
then the conditions of the problem are 

mn = m V = C, 
mm' = a. 
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Now ifAB, A'B' intersect in P, and OP = p, we have 

p=OA + AP 

= ma + X (np - wa), 
p = OA' + A'P 
= m'o. + a;' (w'jS — m'a) ; 



and 



or 


P 


= ma-hx{ 


«"- 


majy 




P 


= m'a + ncf 


fS*- 


-m'aj 






.'. m-xm 


, = in - 


- a? m , 






X 


aj' 








711V 


~m" 
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Hence a;= 



m + mf 



m» 



m* + a' 



1— aj = 



m' + a' 



m 



and p = — ^ (aa+C3\ 

and the locus required is a gtraight line, the diagonal of the 
parallelogram whose sides are oa, (7j3. 

Ex. 5. To find the locus of a point such that tlie ratio of its 
distomces from a given point cmd a given si/raight line is constant — 
all in one plane. 

Let S be the given point, JDQ the given 
straight line, SF=eFQ the given relation. 

Let vector SB = a,SP = p, DQ = yy, 
y being the unit vector along DQ^ 

PQ = xa; 

then Tfy^eT(PQ), 

5— ^ 
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gives p' = e'FQ', where FQ is a vector, 

= 6* (xaY 

But p + xa==SQ = SD + DQ 

= o+yy; 
. •. Sap + osa' = a*, for Say = ; 
and a"a*=(a»-/^ap)"; 

hence a*p' = 6" (a* - /Sap)', 

a surfiGLce of the second order, whose intersection with the plane 
S. ayp = is the required locus. 

Ex. 6. The same problem when the points and line are not in 
the same plane. 

Retaining the same figure and notation, we see that PQ is no 
longer a multiple of a ; but 

PQ^SQ-^SP 

= a + yy-p; 

.-. p" = e»(a + yy-p)», 

and because PQ is perpendicular to DQ 

A9y(a + yy-p) = 0; 

.-. (y/, L e.) - y = /Syp,; 

and p* = e' (a - y^Syp - p)', 

a surface of the second order. 

Cor. If e = 1, and the surface be cut by a plane perpendicular 
to DQ whose equation is iSyp = c, the equation of the section is 

a^ + <?-2Sap^0, 

another plane, so that the section is a straight line. 

Ex. 7. To find the hcvs of the middle points of lines of given 
length terminated by each of two given straight lines. 
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Ketaining the figure and notation of Ex. 1, and calling EF c, 
we have 

2p = xp + yy (1), 

and 27?P = ^P-^G = 2a + a?j3-yy (2). 

From equation (1) we have 

Sap^O (22. 7), 
2SPp=^-x-hySI3y, 

because )8 is a unit vector, 

^Syp^xSpyy. 

The first of these three equations shews that p lies in a plane 
through perpendicular to AB (33. Cor. 2). 

The second and third equations give 

2 (Spp+SPy Syp) 



x = 



{SfiyY-l ' 
2(Syp+SPySI3p) 
y- {S^yY-l • 
Now (2) gives, by squaring, 

- 4c" = 4a» -haf^-h y'y' -- 2xy S^y, 
in which, if the values of x and y just obtained be substituted, 
there results an equation of the second order in p. 

Hence the locus required is a plane curve of the second order, 
or a conic section, which by the very nature of the problem must 
be finite 'in extent and therefore an ellipsa 

Ex. 8. If a plane be drawn through the points of bisection of 
two opposite edges of a tetrahedron it vjiU bisect the tetraihedron. 

Let D, Ehe the middle points of OB, 
AC : DFUG the cutting plane : OA, OB, 
00=cL, p, y respectively. 

0G==7nrf, AF =n{p -- a). 

The portion ODGEA consists of three 
tetrahedra whose common vertex is 0, and 
bases the triangles AEF, EFG, FGD. 

I^ow OJ^=i(y + a), 
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OG = my, 
0^=a+w()8-a); 

and 6 times the volume cut off 

+ /S . 2 (a + 7) Wiy { a + w (j3 - a) } 

+ AS'.{a + 7i()8-a)}my;r)3 (31.2 Cor. 1) 

- -^{n -^ rrni -¥ {\ -n)m}S. ay p 

-■x(n'\-m)S, ay)3. 

But since Ey G, D, F are in one plane, and 

2w (1 - w) OE-{\-n) OG + 2rrmOD'-mOF-= 0, 
we must liave (34* 8) 

2m (1 — n) - (1 — w) + 2mn — m = ; 
.'. wi + 7i = 1 ; 

and 6 times tLe whole volume cut off 

^\8.ayP 

1 

= ;r of 6 times the whole volume, 

hence the plane bisects the tetrahedron. 

Cob. The plane cuts other two edges at F and &, so that 

AF^ OG. 
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Additional Examples to Chap. IV, 

1. Straight lines are drawn terminated by two given straight 
lines, to find the locus of a point in them whose distances from 
the extremities have a given ratio. t 

2. Two lines and a point S are given, not in one plane ; find 
the locus of a point F such that a perpendicular from it on one 
of the given lines intersects the other, and the portion of the 
perpendicular between the point of section and P bears to SF 
a constant ratio. Prove that the locus of -P is a surface of the 
second order. 

3. Prove that the section of this surface by a plane perpen- 
dicular to the line to which the generating lines are drawn pei-pen- 
dicular is a circle. 

4. Prove that the locus of a point whose distances from two 
given straight lines have a constant ratio is a surface of the second 
order. 

5. A straight line moves parallel to a fixed plane and is ter- 
minated by two given straight lines not in one plane ; find the 
locus of the point which divides the line into parts which have 
a constant ratio. 

6. Kequired the locus of a point F such that the sum of the 
projections of OF on OA and OB is constant. 

7. If the sum of the perpendiculars on two given planes from 
the point A is the same as the sum of the perpendicular from B, 
this sum is the same for every point in the line AB, 

8. If the sum of the perpendiculars on two given planes from 
each of three points A,B,C (not in the same straight line) be the 
same, this sum will remain the same for every point in the plane 
ABC. 

9. A solid angle is contained by four plane angles. Through 
a given point in one of the edges to draw a plane so that the sec- 
tion shall be a parallelogram. 
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10. Through each of the edges of a tetrahedron a plane is 
drawn perpendicular to the opposite face. Prove that these planes 
pass through the same straight line. 

11. ABO is a triangle formed bj joining points in the rect- 
angular co-ordinates OA^ OB, 00; OD is perpendicular to ABO, 
Prove that the triangle AOB \aB. mean proportional between the 
tnangles ABO, ABD. 

12. Vap Vpp + ( VaPf = is the equation of a hyperbola in p, 
the asymptotes being parallel to a, p. 



CHAPTER V. 



THE CIRCLE AND SPHERE. 




36. Eqibations of tlis circle. 

Let AD be the diameter of the circle, 
centre C, radius = a, F any point. 

If vector (72> = a, CP = p, 
we have p' = -'a' (1). ^ 

If however AF = pf 

GF = p-a, 

we have (p — a)" = -a" (2). 

If be any point, 

OF = p, OC = y, (7P = p-y, 
we have (p-y)*=~a* 

These are the three forms of the vector equation. 

Form (2) may be written 

If OG = c, form (3) may be written 

Examples. 
37* Ex. 1. The angle in a ae/nidrde is a right angle. 

Taking the second form 

p'-2Sap = 0, 
we may again write it 

5p(p-2a) = 0; 



,(3). 
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therefore p, p — 2a are vectors at right angles to one another. 
Butp-2aisi>P; 

.•. DP A is a right angle. 

Ex. 2. If through any point within or without a circle^ a 
straight line be drarmi cutting the circle in the points P, Q, the pro- 
duct OP . OQ is always the same for that point. 

The third form of the equation may be written 

{TpY + 2TpSyUp + c" - a« = 0, 

which shews that Tp has two values corresponding to each value 
of Upy the product of which is c* — a'. Therefore, &g, 

Ex. 3. If two circles cut one another, the straight line which 
joins the points o/ section is perpendicular to the straight line which 
joins the centres. 

Let Of C be the centres, P, Q the points of section ; 

vector OC = a ; a, b the radii ; 

then (as vectors) 

OF'=^-a% 

(0P-a)" = -6"; 

.'. SaOP=C, a constant. 

Similarly, SaOQ = C, the same constant ; 

.-. Sa{OQ^OP)'^0, 

or SaPQ^(i, 

i. e. PQ is at right angles to OC, 

Ex. 4. is afixed poinl, AB a given straight line, A point Q 
is taken in the line OP drawn to a point P in AB, such t/iat 

OP,OQ = k'; 
to find the locus of Q, 

Let OA perpendicular to AB be a, vector a ; 

Oe = p, OP = xp; 
then T{pP.OQ)^k% 

or srp* = — ^!i. 







r 


ABT. 37] 


THE 


CIRCLE AND SPHERE. 


But 




^a(a;p-a) = 0; C i 


hence 




p-J^op 
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is the equation of the locus of Q^ which is therefore a circle, 
passing through 0, 

Ex. 5. Straight lines a/re dravm through ajuced point, to find 
the locus of the feet of perpendicula/rs on tliemfrom another fixed 
point. 

Let 0, A be the points, the lines being drawn through A, 
Let OA = a, and let p = a + ajj8 be the equation of one of the lines 
through Ay 8 the perpendicular on it from 0, 

Then 8 = a + a;j8, 

and ^8« = /S'a8, 

because 8 is perpendicular to fi ; 

Le. 8»-/Sa8 = 0, 

the equation of a circle whose diameter is OA, 

" Ex. 6. A chord QR is drawn pa/rallel to the diameter AB of 
a circle : P is any point in AB ; to prove that 

FQ' + FB' = PA' + FB\ 

Let CQ = py CB = p\ FC = a', 

then PQ' = - (vector FQy 

= ^{a + py=^-{a' + 2Sap + p'), 
FB' = -'{a + py==^{a' + 2Sap'-^p"); 
,', PQ' + PR' =2PC' + 2AC' - 2 (Sap + JSap'). 
But aS'(p + p')(p-p') = andp-p' = ica, 

because QR is parallel to AB; ' 

.'. Sap + Sap' = Oy 
and FQ" + PR' = 2FC' + 2AC 

^PA' + PB'. 
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Ex. 7. If three given circles he cut hy any other circle, the 
cliords of section will form a triangle, the loci of the angvlar points 
of which a/re three straight lines respectively perpendicvZa/r to the 
lines which join the centres of tlie given circles ; and these three 
lines meet in a point. 

Let A, B, O be the centres of the three given circles \ a^h, c 
theii* radii; a, p, y the vectors to A, B, C from the origin 0; 
OAy OB, 00 respectively p, g, r; D the centre of the cutting 
circle whose radius is B, OD = s, vector OI) = S, p the vector to 
a point of section of circle I) with circle A ; then we shall have 

(p-a)« = -a', (p-8)- = -ii-, 

and .-. 2S {S- a) p = B' - a' - s' -hp\ 

Now this is satisfied by the values of p to both points of sec- 
tion; and being the equation of a straight line (32. 3) is the 
equation of the line joining the points of section of circle D with 
circle A — call it line 1, and so of the others; then 

line 1 is 2AS^(S-a)p =i2«-a«-«"+;?^, 

line 2 is 2AS'(S-i8)p'=^-6»-«" + ^, 

line 3 is 2^(8-y)p" = ^-c'-«« + r'. 

If 1 and 2 intersect in P whose vector is p^, 1 and 3 inQ (pj; 
2 and 3 in B {p^, we. shall have by subtraction 

atP, 2AS'(a-)8)pj = a»-6«-jE>* + ^"; 

at ©, 25(y-a)p, = -a"+c»+jp'-r"; 

at A, 2AS^08-y)p3 = 6'-c«-^» + r»; 

therefore (32. 3) the loci of P, Q, B are straight lines, perpen- 
dicular respectively to AB, AG, BO. 

Also at the point of intersection of the first and third of these 
lines, we have, by addition, 

25(a-y)p = a»-c'-y + r", 

which is satisfied by the second : hence the three loci meet in a 
l>oint. 
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Ex. 8. To find Ike eqiuUion qftlie cissoid, 

AQ is a chord in a circle whose diameter is il^, QN perpen- 
dicular to AB. 

AM is taken equal to BN^ and MP is drawn perpendicular 
to -4jB to meet AQin P] the locus of jP is the cissoid. 

Let vector AP = x, AG = Oj AM= ya, AQ = xir; 

then y : 1:: 2-y : oc^hj the construction; 

2 

Now «*7r' - 2a:AS'air = 

is the equation of the circle ; 

_ 2Sair 

Also IT = AM -\- MP 

= ya + y; 
,\ Sa7r = ya*, 
Sair 



hence 



y— 5-; 

a 
2/S<a7r\ Sair 



and (ir" + 2>Sii7r) /S'air = 2a'n% 

is the equation required. 

Ex. 9. If ABCD is a parallelogram^ and if a circle he de- 
scribed parsing through the point A, and cutting the sides AB, AC 
and the diagonal AD in the points F, G, H respectively ; then the 
rectangle AD ,AH is eqiud to the sum of the rectangles AB , AF, 
and AG . A G, 

Let AB = a, AG = P, AD^y 

AF^xoy AG:^yP, AH=zy'y 
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$ the vector diameter of the circle ; then 

whence, since y = a + )8, 

le. AD.AH = AB.AF+AC.AG. 

Ex. 10. What 18 represented hy the equation 

p=(a + a:)8)-M 

If a, )8 be not at right angles to one another, we can put 
Cj + efi for a, and so choose e that Sa^fi = 0. 

We shall therefore consider a, )9 as vectors at right angles 
to each other, and we may, on account of Xy assume their tensors 
equal, and each a unit. 

__ a + 05)8 a + xP 

1 
or, if sin ^ = 



^/l+a^' 

cos ^ = -,^-.=_ , 
VI+jb" 

p = - sin tf (a sin tf + )8 cos 0), 
whence Tp (= r) = sin tf, 

a circle of which the diameter is a unit parallel to a and the 
origin a point in the circumference; and fi a tangent vector at 
the origin. 

Otherwise, Sap = ^ -5 , 

X 



or — p* = (Sop. 
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Or, again^ p~* = a + a:)8 ; 

whence Sap" * = — 1 , 

or F)3 (p-* - a) = 0, 

or 27^=1, 6,1, i/'- --/''- 4 

where U stands for the versor of the quaternion ; 
all of these being, with the obvious condition S . afip = 0, varieties 
of the form of the equation of a circle, referred to a point in the 
circumference, the diameter through which is parallel to a. 

Draw any twq radii p and pj , then we have 

S. Up'-'U{p^"'^p'') = S.Up''U ^'^''/S^ 

Pi 9 

= S.Up-^U^i^P^. 

plp 

Now ^^ ^ 7 a ^ ^^ ^ rendered a unit if we take a unit 
PiP 

vector along each of the three vectors p^, (p - p^), and p ; 

.-. S. Up"U {p;-' - p-') = S .Up-'Up^U (p^ p,)Up 

= S.UpJI(p-p^). 

But pr'-p"'=(^i-i»)i8; 

.-. f7(pr^-p-^)=A 

and S, Up"U{p-' -p-') = SpUp"'=:-'SpUp, 

Hence S.Up.Uip- p J = - SpUp. 

If p be constant whilst p^ varies, the right-hand side of this 
equation is constant, and the equation shews that the angles in 
the same segment of a circle are equal to one another. 

Further, the form of the right-hand side of the equation, viz. 
— SpUp, shews that the angle in the segment is equal to the sup- 
plement of the angle between the chord (p) and the tangent (P). 

38* ^0 draw a tangent to a circle, 

1. K we assume the first form of the equation, the centre 
being the origin, and assume also that the tangent is at right 
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angles to the radius drawn to the point of contact ; we shall have, 
denoting by tt a vector to a point in the tangent, 

for TT — p is along the tangent ; 

.*. Sirp — '-a' 
is the equation required. 

2. Without assuming the property of the tangent, w6 may 
obtain it as follows. 

Let p' be a point in the circle near to F ; then 

from the equation ; 

Le. ^(p' + p)(p'-p) = 0. 

But p' + p is the vector which bisects the angle between the 
vectors to the points of section, and p' — p is a vector aloog the 
secant. 

Now the equation shews (22. 7) that the former of these lines 
is perpendicular to the latter. 

As the points of section approach one another, the tangent 
approaches the secant, and the bisecting line approaches the radius 
to the point of contact : therefore the radius to the point of 
contact is perpendicular to the tangent. 

39. From a point without a circle two tangents are drawn 
to the circle, to find the equation of the chord of contact. 

Let P be thq vector to the given 
point, 

Sirp = - a* 

the equation of a tangent; then since 
it passes through the given point 

/S)8p = -a". 

"Now this equation is satisfied for both points of contact, and 
since it is the equation of a straight line (32. 3) it must be satis- 
fied for every point in the straight line which passes through those 
points : it is therefore the equation of the chord of contact. To 
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avoid the appearance of limiting p to a point in the circle, we may 
writb a- in place of p ; and the equation of the chord of contact 
becomes 



Examples. 

40. ^^ !• J/ chords be drawn through a given point, and 
tangents be drawn at the points of section, the corresponding pairs 
of tangents will intersect in a straight line. 

Let y be the vector to the given point G, the centre C being 
the origin ; fi the vector to 0, the point of intersection of two 
tangents at the extremities of a chord through G ; then the equa- 
tion of the chord of contact is (39) 

and as the chord passes through G we have 

which, since y is a constant vector, is the equation of a straight 
line, the locus of fi. 

Cob. 1. The straight line is at right angles to CG (32. 3). 

Cor. 2. The converse is obviously true, that if through points 
in a straight line pairs of tangents be drawn to a circle, the chords 
of contact all pass through the same point. 



» / 



^U-v-. r^v.^ -r, : l^. .-^ 



Ex. 2. Ant/ clwrd drawn from the point of intersection of 
two tangents, is cut Iharmonically by the circle and <Ae chord of 
contact. 

Let radius = a, 00 = c, OE=p, OS=q, vector 00= a, unit 
vector OR = p ; then 

{ppY-^pSap^c^'^a* 

is the equation of the circle ; 

i.e. p^ + 2pSap + c' - a* == 0, 

T. Q. '6 
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a quadratic eqaation which gives 
the two values of p, viz. OJi and 
OT; 

Saqp = SaON; 
. i.e. q8ap^Sa{0G-NG) 

= -c» + a'(39); 

A-? 

OS^q 

2Sap 

1 1 

+ 




hence 



"OH OT' 

Ex. 3. Iftcmgents be dravm at the angtUar points of a triangle 
inscribed in a circle, the intersections of these tangents with the 
opposite sides of the triangle lie in a straight line. 




Let radius = a, OA = a^ OjB = P, OC = y, then 

OP^a + xAP = P + y{y-p). 
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But a is perpendicular to AF ; 



y=- 



Say — Safi ' 



and 



Similarly, 



/S'ay — SaP 

^ Sap-Sfiy V ' 

^Tj. _ («• + Spy) g - («• + Say) p 

jSfiy — JSay 



Hence 



(Say -SaP) OF + {SaP --Spy) OQ 

+ {SPy--Say)OE = 0, 

whilst {Say - Sap) + (SaP - ^^y) + {SPy - Say) = 0. 

Consequently (Art. 13) F, Q, R are in the same straight line. 

CoR. FQ : FR :: Spy -Say :: Spy -Sap 

:: cos 2£ — cos 2A : cos 2(7 - cos 2A 
:: sin (7 sin (jB - ul) : sm B bid. {0 — A), 

Ex. 4. A fixed circle is cut by a number of circles^ all of which 
pass through two given points ; to prove that the lines of section of 
tihQ faced circle with each circle of the series all pass through a point 
whose distances from the two given poiMs a/re proportional to the 
squa/tcs of the tangevUs dra/umfrom those points to the fixed circle. 

Let be the centre of the 
fixed circle whose radius is a, 
Ay B the given points^ vectors 
a, Py the origin being ; OA = b, 
OB = c; C the centre of a circle 
which passes through A and B^ 
radius r ; 00=py ir the vector to 
any point in the circumference of 
this circle; then the equation of 
the circle is (t— p)*= — r"; 

6—2 




w- 
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hence for the four points A, B^ F^ Q, we have 

0P*-2^.0/V + p" = -r', 

0Q'--2S.0Qp'hp' = -r^. 

From which it follows that 

S{OP-OQ)p^0 (1), 

-6* + c' = a*-/8' = 2;S'(a-)8)p (2), 

2iS(OP-a)p = Oi^-a' = -a«+6* (3). 

Let QP^ AB intersect in J?, OR = o- ; then 

A^crp = aS' {OP + a ((9P - 0^)} p 
= ^.OPpby(l), 
and &rp = ^{a + y(a-)8)}p 



■/» 



* =-S«p + |(-6' + c')by(2); 

* .-. y (- 6" + c") = 2^o-p - 2^ap )( 

= 2^(0P-a)p 
= -a« + 6«by(3), 

i.e. y is independent of p and r; or i^ is the same point for 
every circle : 

and ^il : i^^ :: o-02? : p^-OR :: 6"-a" : d'-a* 

41. The Sphere. 

1. It is clear that there is nothing in the demonstration of 
Art. 36 which limits the conclusions to one plane ; it follows that 
the equations there obtained are also equations of a sphere. 

2. Further if we assume that the tangent plane to a sphere 
is perpendicular to the radius to the point of contact^ the con- 
clusion in Art. 38 is applicable also. 
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The equation of the tangent plane to the sphere is therefore 

Svp = — a*. 

3. Lastly, the results of Art. 39 are also applicable if we 
substitute any number of tangent planes passing through a given 
point for two tangent lines; the equation of the plane which 
passes through the points of contact is therefore 

This plane is the polar plane to the point through which the 
tangent planes pass. 

CoR. Since the polar plane is perpendicular to the line which 
joins the centre with the point through which the tangent planes 
pass, the perpendicular CD to it from the centre is along this 
line and has therefore the same unit vector with it. The equa- 
tion above gives in this case 

S{GO.CD{Upf} = -'a'; 
.'. CO. CD ^ a' (19). 

Examples. 

42. Ex. 1. £very section of a apJt&re made hy a pla/ne is 
a circle. 

Let p* = '-a' be the equation of the sphere, a the vector per- 
pendicular from the centre on the cutting plane; c the correspond- 
ing line. 

Let p = a + TT ; 

then the equation becomes 

7^ + 2Sair + a* = " a\ 

But AS'a7r = 0; 

is the equation of the section, which is therefore a circle, the squai'e 
of whose radius is a" - c*. 

Ex. 2. To find the curve of intersection of two spheres. 
Let the equations be 

p«-25'ap = (7, 

/-2^a'p=C"; 
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.-. 25(a'-a)p=C-C", 

a plane perpendicular to the line of which the vector is a' — a, 
L e. to the line which joins the centres of the two spheres. 

Hence, by Ex. 1, the curve of intersection is a circle, 

Ex. 3. To find the locus a/ the feet a/ perpendiculars from the 
origin on pUmes which pass thnyagh a given point. 

Let a be the vector to the point, 8 perpendicular on a plane 
through it ; then 

is the equation of that plane ; therefore for the foot of the per- 
pendicular 

^(8»-a8)=0; 

or 8»-/S'a8 = 

is true for the foot of eveiy perpendicular and is therefore the 
equation of the sur&ce required. Hence it is a sphere whose 
diameter is the line joining the origin with the given point. 

Ex. 4, Perpendiculars are drawn from a point on the surface 
of a sphere to all tangent planes, to find the hcus of their extremi- 
ties. 

Let a be the vector to the given point, 

Sirp = — a* 

the equation of a tangent plane. 

Since the perpendicular is parallel to p, its vector is 

ir = a + xpi 
.'. {'jr-ay = afp' = afa' 
'=:-afa'; 
because both p and a are vector radii. 

But Svp = — a" gives with ajp = w - a, 

Sir {ir - a) = — a'x, 
(7r'-^a7r)«=aV 

= — a* X — a V 
= -a»(7r-a)». 
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Ex. 5. If the poirUafrom which tangent plcunes are drawn to 
a sphere lie always in a straight line, prove that the planes of sec- 
tion aUpass through a given point. 

Let CU be perpendicular to the line in which the point P 
lies (41), see fig. of Art. 39, 

CE=c, vector C-^-8; 

then fii38 = -c* 

is the equation of the line. 

But Spa^-a* 

is the plane of contact, which is therefore satisfied by 



«• 



i e. the planes all pass through a point G in CB, such that 

or CE.CG^a\ 

Ex. 6. If three spheres intersect one another, their tJiree planes 
of intersection all pass through the same straight line. 

Let a, p, y be the vectors to the centres of the three spheres, 

p*- 2Sap =a, 

their three equations ; 

.-. 25'(a-j8)p = 5-a, 
25^(a-- y)p = c — a> 
2^08-7) p=c -5, 

are the equations of the three planes of intersection. 

Kow the line of intersection of the first and second of these 
planes is obtained by taking p so aH to satisfy both equations, 
and therefore their difference 

2^()3-y)p=c-6, 
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which, being the third equation, proves that the same value of p 
satisfies it also. The three planes consequently all pass through 
the same straight line. 

Ex. 7. To find the locus of a pointy the sum of the sqtvates 
of whose distances from a number of given points has a given 
value. 

Let p denote the sought point ; a, )3,... the given ones ; then 

(p-a)»+(p-j3)» + ikc. = S(p-a)» = -(7. 

If there be n given points ; this is 

np* - 2S. pSa + 2a' = - (7, 



or 



(-i)"=(?)"-^^--*<'> 



2 (a). 



This is the equation of a sphere, the vector to whose centre is 

1 
n 

i e* the centre of inertia of the n points taken as equaL 

Transpose the origin to this point, then (36) 

S.a = 0, 

and p' = -i{S(a«) + (7}. 

Hence, that there may be a real locus, C must be positive 
and not less than the sum of the squares of the distances of the 
given system of points from their centre of inertia. If C have 
its least value, we have of course 

the sphere having shrunk to a point. 

Additional Examples to Chap. V. 

1. If two circles cut one another, and from one of the points 
of section diameters be drawn to both circles, their other extre- 
mities and the other point of section will be in a straight line. 
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''2. If a cHord be drawn parallel to tHe diameter of a circle, 
the radii to the points where it meets the circle make equal angles 
with the diameter. 

3. The locus of a point from which two unequal circles sub- 
tend equal angles is a circle. 

4. A line moves so that the sum of the perpendiculars on it 
from two given points in its plane is constant. Shew that the 
locus of the middle point between the feet of the perpendiculars 
is a circle. 

5. If 0, 0* be the centres of two circles, the circumference 
of the latter of which passes through \ then the point of inter- 
section A of the circles being joined with 0' and produced to 
meet the circles in (7, D^ we shall have 

AC.AD^^AO\ 

6. If two circles touch one another in 0^ and two common 
chords be -drawn through at right angles to one another, the 
sum of their squares is equal to the square of the sum of the 
diameters of the circles. 

7. A^ By Csae three points in the circumference of a circle; 
prove that if tangents at B and G mqet in D, those at and A 
in B, and those at -4 and J? in F; then AD, BE, OF will meet 
in a point. 

8. Ji A, B, C are three points in the circumference of a 
circle, prove that V{AB,BC . CA) is a vector parallel to the tan- 
gent at A, 

9. A straight line is drawn from a given point to a point 
P on a given sphere : a point Q is taken in OP so that 

OP.OQ = Ji^. 

Prove that the locus of Q is a sphere. 

10. A point moves so that the ratio of its distances from two 
given points is constant. Prove that its locus is either a plane 
or a sphere. 
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11. A point moves so that the sum of the squares of its 
distances from a number of given points is constant. Prove that 
its locus is a sphere. 

12. A sphere touches each of two given straight lines which 
do not meet ; find the locus of its centre. 



CHAPTER VI. 



THE ELLIPSE. 



43. !• If we define a conic section as " the locus of a point 
which moves so that its distance from a fixed point bears a con- 
stant ratio to its distance from a fixed straight line " (Todhunter, 
Art. 123), we shall find the equation to be (Ex. 5, Art. 35) 

ay = e'(a'-Sapy (1), 

where SF = ePQ, vector SD = ay SF^p. 

When e is leSs than 1, the curve is the ellipse, a few of whose 
properties we are about to exhibit. 

2. SA, SA! are multiples of a : call one of them xa : then, 
by equation (1), putting xa for p, we get 




* • M> — 



e 



1+e' 



x=- 



l-«' 
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Le. SA=:^SD, 

SA' = ~SD; 
1 — e 

l—e 

the major axis of the ellipse, which we shall as usual abbreviate 
ty 2a. 

If C be the centre of the ellipse 



CS 



^SA'--CA'=(r^-j^SD=^eGA 



and if vector CS be designated by a', CF by p', we have 



a = 



-^a and p' = p + a'; 



whence, by substituting in (1), the equation assumes the form 

aV+(AS'aV)' = -a*(l~e»); 
which we may now write, CS being a and CP p, 

aV+(^ap/ = -a*(l-6') (2). 

3. This equation might have been obtained at once by re- 
ferring the ellipse to the two foci, as Newton does in the Prin- 
cipia, Book i. Prop. 1 1 ; the definition then becomes 

SF + HF=^2a, 
or in vectors, if 

CP=p, (7.S' = a, 

T(p + a) + T(p'-a) = 2a; 

i.e. J- {p + ay + J-{p- ay = 2a ; 

hence, squaring, 

a J— (p — a)' = a' + Sap ; 
i.e. aV + (^ap)» = -a'(l-e'). 
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If now we write d>p for — i i,f , where 4>P is a vector 

a (1 - e) 

which coincides with p onlj in the cases in which either a coin- 
cides with p or when Sap = 0, i. e in the cases of the principal 
axes ; the equation of the ellipse becomes 

jSf)<^p = l (3). 

The same equation is, of course, applicable to the hjrperbola^ 
e being greater than 1. 

44, The following properties of ^p will be veri/ frequently 
employed. The reader is requested to bear them constantly in 
mind. 

1. <!> {p -h a) = <f>p 4- <f>a'. 

2. <f>xp = xtfip, 

„ fy , a^Sap -I- SaaSap 

'^ a (1 — e ) 

= Sp<lxr, 

They need no other demonstration than what results from 
simple inspection of the value of ^p 

a'p + aSap 

45. To find the equation of the tangent to the ellipse 

The tangent is defined to be the limit to which the secant 
approaches as the points of section approach each other. 

Let CP = p, CQ = p\ then 

vector FQ = CQ-CP = p-p = P say; 
P is therefore a vector along the secant. 

Now Sp'4>p' = aS (p + i3) <^ (p +j8) 

= ^(p + )8)(<^p + <^i3) (44.1) 

= Sp<f>p + Spi^p + sp<i>p + sp<i>i3. 
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But Spil>p = 1 = /Sfx^p ; 

.-. Sp<l>p -h SP4>p + SI34>I3 = 0, 

or (44. 3) 2SI3<l>p + Sp<f>l3 = 0. 

Now p<f>p involves the first power of P whilst j3<^j8 involves 
the second, and the definition requires that the limit of the sum 
of the two as P gets smaller and smaller should be the first only, 
even if that should be zero : i. e. when fi is along the tangent, we 
must have 

2SPfl>p = 0. 

[We might also have written the equation in the form 
Thus, however small the tensor of P may be. 



^(p4^) 



is always perpendicular to j3. Whence, finally, 

sp<l>p = 0.] 

Let then T be any point in the tangent, vector CT = tt, then 

TT = p + xfi, 
and Sp<l}p = gives 

S{w--p)<l>p = 0; 

is the equation of the tangent. 

Cor. 1 ^p is a vector along the perpendicular to the tangent 
(32. 3), that is, <^p is a normal vector, or parallel to a normal 
vector at the point p. 

CoR. 2. The equation of the tangent may also be written 
(44. 3) Sp<l^ = 1. 

46. We may now exhibit the corresponding equations in 
terms of the Cartesian co-ordiaateS; as some of the results are 
best known in that form. 
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Let CM=x^ MP = y as usual; tHen, retaining the notation 
of Art. 31 with i, j as unit vectors parallel and perpendicul^^r 
respectively to (7-4, 

vector CM= xi, MP = yj, CS -aei; 
.-. p = od + yj, 

a'p + oiSap 
^ = -a^(l_e') 

_ a* (1 — e') xi + a*2^' 

where 6* = a* (1 - e*) ; 

and 'S'pc^P = - 'S' (a» + J{?) r^ + ^ j 

— 4. ^ • 

"a' 6" 

• + — = 1 

a' 6 
is the Cartesian interpretation of Sp<l>p = 1. 

Again, if a?', / be the co-ordinates of 5^ a point in the tangent, 
and ^^<^P = -^(«^i + 36')(5+|) 






is the equation of the tangent. 
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47. The values of p and <f>p exhibited in the last Article, 



VIZ. 



enable us to write 



w=-»- + -^ ^ ^' 

We shall have 

= -(-^-'f) (3). 

<^"*p = aHSip + h'jSjpy &a 
If, further, we write tj/p for 



we shall have 



/iSip JSjp\ 

= -<^P (4), 

^"'p = — {aiSip -f ljS)p), Ac, 

P = ^" Vp 

= - {aiSiApp '\-hjSj\lrp) (5). 

It is evident that the properties of <f>p (Art 44) are possessed 
by all these functions. 

Now Sp<fyp = 1 

gives Spf (ij/p) = — 1. 

But since Spij/a = /Scr^p, 

this becomes ^^P^P = — ^ > 
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which shews 1. that if/p is a unit vector; 2. that the equation of 
the ellipse may be expressed in the form of the equation of a 
circle, the vector which represents the radius being itself of vari- 
able length, deformed by the function tj/. 

Lastly, Sa<l>P = 

gives Saij/'P = SiffcalfP = ; 

therefore ^a, ^)3 are vectors at right angles to one another. 

48. To find the locus of the middle points of parallel chords. 

Let all the chords be parallel to the vector )8; w the vector 

to the middle point of one of them whose vector length is 2ajj3 ; 
then 

are vectors to points in the ellipse ; 

.*. S{'7r+xP)<f>{'n' + xP) = lf 

multiplying out, observing that (44. 1), 

^ (tt + xP) = <l>v + x^Py &c., 

we get by subtracting, 

Svil>P + Spil>ir = 0, 
or, (Art. 44. 3), 

2S7r<l>p = ; 

.-. STr<l>p = 0, 

i.e. the locus required is a straight line perpendicular to ^j3. 

Now ^j8 is the vector perpendicular to the tangent at the 
extremity of the diameter fi (Art. 45. Cor. 1). 

Therefore the locus of the middle points of parallel chords is 
a diameter parallel to the tangent at the extremity of the diameter 
to which the chords are parallel. 

Cob. If a be the diameter which bisects all chords parallel 
to )3 ; since 

^a^)3 = 0, 

T. Q. 1 
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we have (Art. 44. 3), 

Sfi<l>a = 0, 

which is the equation to the straight line that bisects all chords 
parallel to a. Moreover is parallel to the tangent at the ex- 
tremity of a, for it is perpendicular to the normal ^ 

Hence the properties of a with respect to P are convertible 
with those of P with respect to a: and the diameters which 
satisfy the equation 

Sa<l}P = 0, 

are said to be conjugate to one another. 

49, Our object being simply to illustrate the process, we shall 
set down in this Article a few of the properties of conjugate 
diameters without attempting to classify or complete them. 

1. If CFy CD are the conjugate semi-diaineters a, 0; and 
if DO be produced to meet the ellipse again in JS, and Pi), FB 
be joined ; vector DP = a — j3, vector JSF = a + j3. 

Now 

S{a + l3)<l>{a-P) = S{a-\-l3){it>a-i>0) 

= Sa4>a -'JS04>I3 - Sa<l>l3 +S0<l>a (44. 1 ) 

= 0, 
because Sa<f>a, Sp<f>0f each equals 1. 

Therefore a + j8, a — )8 are parallel to conjugate diameters. 
(Art. 48. Cor.) 

This is the property of Supplemental CJwrda, 

2. Let two tangents meet in T, CT=ic^ and let the chord 
of contact be parallel to j8. If for the present purpose we denote 
CN by a, we have 

/ftr0(a + a3j8) = l, 

/SW^(a + a;, j3)= 1, 
for the two points of contact. 
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Subtracting and applying (44. 1), 

hence ir and j3 ie. CT, QR are conjugate. 

3. The equation of the chord of contact is Scftur = 1. 

For Sptfnr = 1 (45. Cor. 2) is satisfied by the values of p at 
Q and at R^ and since Sp<f>ir=l or ^0-^ = 1 is the equation 




of a straight line, ir being a constant vector (32« 3) it is the 
line QR. 

4. If QR pass through a fixed point E, the locus of 7^ is 
a straight line. 

Let <r be the vector to the point E, then 

Sa'<lyjr=l; 

or the locus of ^ is a straight line perpendicular to ^, ie. 
parallel to the tangent at the point where CE meets the ellipse. 
(45. Cor. 1.) 

The converse is of course true. 

5. Let us now take 

CP = a, CD^P, CN-^xa, NQ^yP, CT^za', 

1—^ 
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then the equation of the tangent becomes 

Sza^ {xa + yfi) = 1 ; 
ie. aizSafJM^l ; 
.*. a»=l, 
or xa,za = a' ; 

geometrically CN. CT = CF*. 

6. The equation of the ellipse gives 

or ofSatfM + y'S/SfliP + ^xySa^^p = 1, 

i.e, «* + ^=l, 

or, since CN is 050, CF = ay Ac., 

the equation of the ellipse referred to conjugate diameters. 

7. a = ^~ ^a = - (aiSiif/a + hjSj\l/a) 

If now we call k the unit rector perpendicular to the plane 
of the ellipse, we get 

• Vij = k. 

And, observing that ^a, iJ/P are unit vectors at right angles ; 
if the angle between i and ifa be 0, that between i and xl/^ 
will be 

^ + fl, &c. &C,f ' 
we shall have (21. 3) 

JSi{l/q, = — COS tf, 
^./r^ = sin tf , 
Sj\j/a = — sin)J, 
Sjij/P = - cos ft ^ 
/. iSt^Vi8-i&>j8^'«^a=cos'(? + sin*e = l. 
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Consequently Vap=^abk; 

Le. Ta.TfismFGD = ab, 
or all parallelograms circumscribing am, ellipse me equaiL 

^0. Examples. 

Ex. 1. To find the length o/theperpendiciiiar/rom the centre 
on the ta/ngent. 

Let CT the perpendicular, wMcli (Art. 45. Cor. 1) is a vector 
along Kjypf he x^p ; then since Z is a point in the tangent^ 

Sinfip = 1 gives Sxfl>pfl>p = 1, 

or X {<t>py= 1 ; 

.-. (x^py{<i>py=i, 

and Cr = T{x<l>py = Tj^, 

(46). 






Ex. 2. The product of the perpendi^sulars from the fod on the 
ta/ngent is equal to the squoflreofthe semi-axis minor, 

» 

We have SY the vector perpendicular =x^pt and as 7 is a 
point in the tangent, and 

CT= a + ajc^p, 

oj(^p)*=l-/8'o0p, 

9P 

Similaxly, EZ=^tI±^; 

9P 
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Now (43. 2) ay = - S^ap - a* (1 - e»), 



«^p 



__ a'p + aSap 



sv > 



/. \« S'ap-a* 

.-. ST.HZ=a'(l-e') = b'. 

Ex, 3. 2%« perpm<U(fular from, the focus on the tartffent in- 
tersects the tangent in the cvreumferenae of the circle described about 
the aads nuyor. 

Betaming the notation of the last example, we have 

CT=a + x4>p 

_ <l>p(l-Sa6p )_ 

(*p)' 

= - aV - a* (1 - e") (last example) 

and the line CT= a. 

Ex. 4. To find the loetta of T when the perpendicidar from 
the centre on the chord of contact is constcmt 

If CT be v, the equation of QE, the chord of contact, is 

S<r4,7r=l (Art. 49. 3), 

and the perpendicular (Ex. 1) is 5^ -r- ; 
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.-. (<A7r)»=-c«, 
or S<l>Tr ,<lyir = -c', 
or /SW<^<^7r = -c" (Art. 44, 3); 

ie. ^^(^+^^) = C(47.3). 

or -i + ^. = c', 
an ellipse. 

Ex. 5. TQ, TR a/re two ta/ngents to an dlipse, and GQ\ OR 
are d/ravm to the eUipae 'pa/raUd respectively to TQy TR ; prove 
that QR! is pa/rallel to QR, 

Let CQ = p, CR=p, CT=a, 

then • Sp<f>a — 1, 

Sp'<l)a = 1. 

Now since CQ' is parallel to TQ, 

CQ'=xTQ = x(p^a). 

Similarly CR -y(p - a), 

and S.CQ'4>{CQ') = l 

gives afS(p-a) tf>(jp — a) — lj 

i. e. »' (SatfHi — 1) = 1, 
and y* (SaKfM - 1) = 1 j 

.-. y = x, 
and Q'R = CR^CQ' = x{p'-'p) 

= xQR; 

hence Q'R^ is parallel to QR. 

CoR. Q'R' : QR' :; a^ : 1 

:: 1 : Sa<l>a - 1 

.. 1 .^ + 3^-1 
where a, y are the co-ordinates of T, 
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Ex. 6. If a pa/raUdogrcmi he inscribed in an ellipse^ its sides 
a/re paraUd to eonjugaie diameters. 

Let PQRS bd the parallelogram. 

PQ = a, PS^P, 
CP = p, CS=p'; 
then CQ = p+a, CB = p' + a; 

.'. Sp<l>p=lf 
AS'(p + a)<^(p + a) = l; 
wherefore 2*S/)<^a + SafJM = 0. 

Similarly 2Sp4}a + Sa<l)a = ; 

.V S{p' — p)<f>a= 0, by subtraction, 
or Sp<l>a = 0, 
and (48. Cor.) )3, a are parallel to conjugate diameters. 



Additional Examples to Chap. VI. 

1. Shew that the locus of the points of bisection of chords to 
an ellipse, all of which pass through a given point, is an ellipse. 

2. The locus of the middle points of all straight} lines of con- 
stant length terminated by two fixed straight lines, is an ellipse 
whose centre bisects the shortest distance between the fixed lines; 
and whose axes are equally inclined to them. - 

3. If chords to an eUipse intersect one another in a given 
point, the rectangles by their segments are to one another as the 
squares of semi-diameters parallel to them. 

4. If PCP", DOB' are conjugate diameters, then PI), PB' 
are proportional to the diameters parallel to them. 

5. If Q be a point in the focal distance SP of an ellipse, such 
that SQ is to SP in a constant ratio, the locus of Q is a similar 
ellipse. 
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t 
I 

6. Diameters which coincide with the diagonals of the paral- 
lelogram on the axes are equal and conjugate. 

7. Also diameters which coincide with the diagonals of any 
parallelogram formed hj tangents at the extremities of conjugate 
diameters are conjugate. 

8. The angular points of these parallelograms lie on an ellipse 
similar to the given ellipse and of twice its area. 

9. If from the extremities of the axes of an ellipse four pa- 
rallel lines be drawn, the points in which they cut the curve are 
the extremities of conjugate diameters. 

* 10. If from the extremity of each of two semi-diameters 
ordinates be drawn to the other, the two triangles so formed will 
be equal in area. 

11. Also if tangents be drawn from the extremity of each 
to meet the other produced, the two triangles so formed will be 
equal in area. 

12. If on the semi-axes a parallelogram be described, and 
about it an ellipse similar and similarly situated to the given 
ellipse be constructed, any chord FQR of the larger ellipse, drawn 
from the further extremity of the diameter CJ) of the smaller 
ellipse, is bisected by the smaller ellipse at Q. 

13. If TF, TQ be tangents to an ellipse, and PCF be the 
diameter through P, then FQ is parallel to CT. 



CHAPTER VII. 



THE PARABOLA AND HYPERBOLA. 



51. As already stated, most of the properties of the hyperbola 
are the same as the corresponding properties of the ellipse, and 
proved by the same process, e being greater than 1. There are, 
however, some properties both of it and of the parabola whi^h 
may be conveniently developed by a process more analogous to 
that of the Cartesian geometry. This process we shall develope 
presently. In the meantime we proceed to give a brief outline 
of the application to the parabola of the method employed in 
the preceding Chapter for the ellipse. 

52. If /^ be the focus of a 
parabola, DQ the directrix, we 
hAYQ SP = PQ, SA = AD = a. 

K SP-^p, SD = a, we have 
(Ex. 5, Art. 35) 

ay^(a'-Sapy (1). 

if^p^:^::^^ (2), 

to which the properties of <^p in 
Art. 44 evidently apply, 
the equation becomes 

Sp (<l>p-^ 2a") = 1 (3). 

If p' be another point in the parabola, p' — p^P, the limit to 
which P approaches is a vector along the tangent; so that if 
05^ = TT - /), TT is the vector to a point in the tangent ; this gives 

<Sr(»-^)(^p + a-) = (4); 
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hence the equation of the tangent become^ 

Sv{<l>p + a-')'^-Sar'p=il (5). 

From (2) it is evident that 

Sa4p = (6), . 

so that ^ is a vector perpendicular to the axis. 

From the same equation 

a 

_ (p - a-^SapY 
a' 

' =«'(«^P)' (7)- 

From (4) the normal vector is 

^p + a"* (8); 

therefore the equation of the normal is 

cr = p + 05 (<^p + a"*) (9). 

Equation (2) when exhibited as 

a ^p = p — a SoLpj 

reads by (6), * vector along irP= 5!?- vector along AN\ which 
requires that 

irP=aVp (10), 

SF= a"Sap ; 

Le. =aiSa~*p (11). 

For the subtangent AT, put asa for via (5), and there results 

i>y (6) 

X + /Sa~*p = 1, 
whence (x — -x\a=^a — aSa'^p; 

ie. vector -45^= -vector ilif (by 11); 
.-. lineiir=ilif i 



s 

^ 
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and ST=xa gives 

(a'^SapY 



a' 



= p'l>y{l); 

.-. line ST=SP, 

whence also the tangent bisects the angle ^PQj sndSQ is per- 
pendicular to and bisected by the tangent. 

From (8) y {<l>p + a") =- PG 

^PN+NG 
= - o?<f>p + za (by 10) ; 
,\ y^-a'y y = za% 
« = -l, 
»a = — a J 
Le. NG^^SD, 
or )inQNG=SD, 

whence the subnormal is constant. 

And vector GP = '' y (<^p + a"*) = a* (<^/) + a~*) ; 

.-. vector ^e = 'Sf2>+i>© 
= SD-^NP 

= a + a^ff>p 

= GP, 
and SQGP is. a rhombuj^ 

1 1 

Lastly, ^{a + a'fl>p)=^^SQ 

.\ AT=^a'<l>p; 
or (10) -iris parallel to^ and equal to half oi NP. 
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53t ^ iiow we substitute Cartesian c(H)rdinates, making 

we shall have 

a'^Sap=xi, 

and equation (3) becomes 

7»~"Z— ^i 



4a' a 
or y' = 4a(a + ai) 

The locus of the middle points of parallel chords is thus 
found. 

Let the chords be parallel to )5, ir the yector of the middle 
point of one of the chords, 

ft 

then ir + a;j3=:p, 

and S{7r + xP)<l>{v-¥xl3) + 2Sa'^(7r+x^ = l; 

which, since the term involving x must disappear, gives 

a straight line perpendicular to <^j9, i. e. (6) parallefl to the axis. 

This equation may be written 

ASj8(<^7r + a-*)=0, 

which shews (8) that the chords are perpendicular to the n9rmal 
vector at the point where p = 7r, ie. at the point where the 
locus of the chords meets the curve : in other words, the chords 
are parallel to the tangent at the extremity of the diameter which 
bisects them. 

54. Examples. 

Ex. 1. If two chords he dravm always paraUel to giDen Imes^ 
and cut one another at points either wUhin or without the parabola. 
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tJie rcUio of the rectangles of their segments is always the same 
whatever he their point of section. 

Let FOpf QOq be the chords drawn through 0, and always 
parallel respectively to j8 and y, which we will suppose to be 
unit vectors. 

Let 8 be the vector to Oy 

then p=:B + xp 

gives from equation (3) 

>S^ (8 + aj/8) (<^8 + «^/8 + 2a"') = 1 ; 

.-. afSI3<l>l3 + SSif^ + 2AS'a-'8 + ulaj = 1, 

the product of the two values of x being 

a constant ratio whatever be 0, 

Cor. Let 0, ff be the angles in which ^ and y cut the axis ; 
then since ^, y are unit vectors, if p be a vector to the parabola, 
drawn from S parallel to POp, which we may now call SF ; 

p = npy <l>p = 4> {n0) = mjip {U. 2), 
will give 

WAP - ^P^P - ^P^P 

iTP 
in which case <l>p is 



a 



... fi)8<^/8 : SV<^ :: sin^^ : emff^^ :: sin«d : sin'^'; 

1 1 

and, OF. Op z OQ . Oq :: -i-^;: : -r-g^. 
^ * sm'^ sinV 

Ex. 2. J^i7u2 ^ Zbcuff o/ the point which divides a system of 
pa/raXid chords into segments whose prodv>ct is constant 
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By tbe last example, the equation of the locus is 

a parabola similar to the given parabola. 

Ex. 3. The perpendicular from A on the tangerUy and the line 
PQ a/re prod,uced to meet in R : find the locus of R. 

By Art. 52. 8, AR = x (tf^p + a"'), 

and FR = ya; 

Operate by S<f>pf 
and X (^p)' = Sp<l>p 

= a' (^p)« (52. 7) ; 



a 



.'. 05 = a 



8 



and '*■ = o "^ **' {'^P + « *) 



= -jr- + a'<l>p is the equation required ; 



and, since S(v — ^]a=0, it is that of a straight line perpendi- 
cular to the axis, at the distance 3a from S. 

Ex. 4. To find the locus of the intersection with the ta/ngent 
of the perpendicular on it from the vertex. 

If v be the vector perpendicular on the tangent from Ay 
we have by (52. 8) 

TT = a? (<^p + a"*) (1), 

and the equation of the tangent gives, putting v + jr in place 

of TT in (52. 5), and multiplying by 2, 

2STr<l>p + 2/Sa-V + 2Sa''p = 1 (2), 

we have also 

/S^p (i^p + 2o-*) = 1 (3). 
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From these three equations we have to eliminate x and p. 

Equation (1) gives 

Sav = x^ 
which gives x, 
and Sir<l>p = X (<l>py^ 

which substituted in (2) gives 

2x {<l>py + 2Sa-^v + 2Sa"p = 1. 

Also, substituting (52. 7) a'(^p)' for Sp<^p, equation (3) 
gives 

a'{^py-^2Sa"p^l; 

therefore by subtraction 

(2aj-a»)(<^p)«+2;Sa-V=0, 

I e. (2A^air - a") (<^p)" + 2^a-*ir = 0, 

which from (1) becomes, multiplying by /S'air, 

{2Sair - a)» (w - a-'Sawy + 25'a7i^ASa- V = 0. 

This equation at once reduces to 

27r'/Sji7r - -ttV + S'av = 0, 

an equation which, when 4a is written in place of a, becomes 
identical with that obtained in Art. 37, Ex. 8. 

The locus is therefore a cissoid, the diameter of the generating 
circle being AD. 

55, It will probably have suggested itself to the reader, that 
there exists a large class of problems to which the processes we 
have illustrated are scarcely if at all applicable. Hence there 
may have arisen a contrast between the Cartesian Geometry and 
Quaternions unfavourable to the latter. To remove this un- 
fSavourable impression, all that is required in a reader familiar with 
the older Geometry is a little experience in combining the logic 
of the new analysis with the forms of the old. He will then see 
how simple and direct are the arguments which he can bring 
to bear on any individual problem, and consequently how little 
the memory is taxed. 
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We propose in this Article to put the reader in the track 
of employing his old forms in conjunction with quaternion 
reasonings. 

We shall work several examples on the parabola and the 
hyperbola* Having applied quaternions pretty fully to the 
ellipse in what has preceded, we will limit ourselves to a single 
example in this case. 

1. The Parabola, If the unit vector along any diameter of 
the parabola be a, and the unit vector parallel to the tangent at 
its extremity be j8; we may write the equation of the parabola 
under the form 

= £" + 2'^ -••••• (!)• 

For the particular case in which the diameter in question is the 
axis, and the tangent at its extremity parallel to the directrix 

P = ^a + y^ (2), 

where a is AS (Art 52). 

This is the most convenient form when the focus is referred 
to. 

In other cases a somewhat simpler form may be obtained by 
supposing a, or if necessary both a and P of equation (1) to 
be other than unit vectors. 

The equation may then be written under the form 

P = ^<^^tp (3). 

To find the equation of the tangent, we have 

p'J-^a + t'p; 

f 

T. Q. 8 
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Now p' — /» is a vector along the secant ; and its limit is a 
vector along the tangent: hence any vector along the tangent 
is a multiple of ta + fi; and the equation of the tangent maj 
be written 

v = '^a + tp-hx{ta + p) (4). 



Examples. 

Ex. 1. If APy AQ he chords drawn at right angles to one 
another from A ; PM^ QN perpendiculars on tJie aads, then the 
IcUus rectum is a mean proportional between AM and AN ; or 
hetnfeen PM and QN. 

l£PM=y,QN^^, 



Now S{AP.AQ) =0(22.7); 



• * 



or yy' = {iay; 
therefore also asac' = (4:a)'. 

Ex. 2. If the rectangle of which AP, AQ are the sides he 
completed, the fiMrther angle will trace out a parabola similar to 
the given parabola^ tite distance between the two vertices being equal 
to twice the latus rectum, 

p=AP+AQ 

Ex. 3. The circle described on a focal chord as diameter touches 
the directrix; and the circle described on any other chord does 
not reach the directrix. 
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Let FQ be any chord, centre 0, 

m 

The equation of the circle with centre 0, radius OP, is 

/ AQ + AP \'' /AQ-AP\' 
V-—2—)='[—2~)> 

or p'-S{AP + AQ)p + S{AP.AQ) = 0. 

At the points in which this circle meets the directrix 

p = — ao + a)8 J 



or 



^_.(y,^.(?-^'=_(y;.„y. 



This equation is possible only when 

L e. when the chord is a focal chord. 

In this case the two values of z are equal, each being ^ J' ; 
and the directrix is a tangent to the circle. 

* 

Ex. 4. Two pa/rahclaa have a common focus and axis ; their 
vertices are turned in opposite directions, A focal chord cuts 
them in FQ, F'Q', so that FF'SQQ' are in order. Frove (1) tliat 
SF.SF'^^SQ.SQ'; (2) that SF : SQ" is a constant ratio; and 
(3) that the tangents at F, F" are at right angles to one another. 

The equations of the parabolas are 
the focus being the origin. 
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Now since p, pi are in the same straight liae when the common 
chord is the focal chord, we have 

.'. (y/ - 4oa') (a y + ay') = 0. 

Taking the former factor, we must have y, y' on the same 
side of the axis with a constant product; therefore 

The second factor gives SP : SQ^ a constant ratio a : a'. 

Lastly, by Equation (4), the tangent vectors at P and P" are 
parallel to 

therefore the tangents are at right angles to one another. 

Ex. b. If a tricmgle be inscribed in a parabola, the three 
points in which the sides a/re met by the tangents at the angles lie 
in a straight line. 

Let OPQ be the triangle. 

Take as the origin, then 

p = -^a + tp, 

ir=^a-¥tp + x(ta + P\ 

t'' 
v'=— a + ^/J + aj'(<'a + j8), 
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are the vectors OP, OQ, and the equations of the tangents at P 
and Q. 

If QO meet in A the tangent at P, 



OA 




tp + x{ta-i 


■^) 






a+fpy, 




• 
• • 


I' + to. 








t + x- 


=^y, 





Similarly if the tangent at Q meets PO in 5, 

If the tangent at meets PQ in C, 

OC=OP + z{PQ) 
= OP + z{OQ-OP) 

But OG = vP; 
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and ^^ = ^^- 

. , 2t-t' 2lf--t e^t'^ ^ 

and also ; r- = : 

t If U' ' 

therefore (Art. 13) -4, 5, Care in a straight line. 

2. The ellipse. If a, )3 are unit vectors along the axes, the 
equation of the ellipse may be written 

V 
where ^ = -j (a'- a*) = w (a"- aj*) ; 

ct 

and the equation of the tangent will be readily seen to be 

IT = oca -hyp + X{ya — mxP), 

A single example will suffice. 

Ex. If tcmgenta he drawn at three points Pj Q, R of an 
ellipse intersecting in R^ Q\ F, prove that 

PR\ QF. EQ' = Pg. QR. RF. 
1£ X, y; x\ y \ a", y" are respectively the co-ordinates of 
P, Qy R\ we shall have 

CR!=^xa-{-yP + X{ya-mxP) 
= x'a + y'p + X' (y'a- ww/jg); 
,'. aj + Xy = aj' + Xy, 
y — mXx = y' — mXx' \ 
.*. mX {ody - y'x) = mxl^ + y" — mxod - yy' 

= 6* — WKCSC' — y^. 

Hence mZ' (ajy' - x'y) = 6' - wioa/ — yy^ 

r=-r forv, 
and .-Yr^=-Z'r^. 
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X PR' 
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Now 



, &C. 



Y pq 

hence the proposition, 

3. The hyperbola. If a, ^ are unit vectors parallel to the 
asymptotes (7X, (7Z, the equation of the hyperbola may be written 

p=zxa.-¥yP 

X 



since 



xy=—r^=G. 



If a, )8 be not both units we may write the eqtiatibn uhder 
the simpler form 

P = «a + | (1). 

To find the equation bi the tangent^ we have as usual a vector 
parallel to the secant 

and a vector parallel to the tangent will be 



t 



(2). 




v = ta+ '^ + X 

V 
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Hence the equation of the tangent is 

('--f) • (»)• 

Cob. It is evident that 

are conjugate semi-diameters. 

Examples. 

Ex. 1. One diagimaZ of a parallelogram whose sides ctre the 
eo-ordincUes being the raditM vector, the other diagonal is parallel to 
the tangent 

We have CN=ta, NQ = ^, 

V 



V 



and the other diagonal is 



fa-f, 



which, equation (2), is parallel to the tangent at Q. 

Ex. % Any diamfieter CP, bisects all the chords which are 
parallel to the tangent at P, 

LetCPbe <a + f, 

V 

then the tangent at P is parallel to 

te-f; 

.-. CQ=C7+7Q = x(ta + ^ + T (ta-^. 

But as Q is a point in the hyperbola, this equation must have 
the form 
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and X«-r«=l, 

an equation wliich gives two equal values of T with opposite 
signs, for every value of X. 

Hence all chords are bisected. 

CoR, X«-y»=lis 



/cry _ /cry 
\cf) \cd) '' 



CD being ta-^^PO. 

V 

This is the ordinary equation of the hyperbola referred to 
conjugate diameters. 

Ex. 3. IfTQy TQ' he two tomgenta to the hyperbola intersect- 
ing in R and terminated at T^ T\ Qy Q; hy the asymptotes; then 
(1) TQ' is parallel to TQ; (2) area of triangle TRT' = area of 
triangle QRQ\ and (3) CR bisects TQ^ and TQ. 

The equation of the tangent 



= ta+|+a:(ta-^). 



gives 

(the coefficient of P being 0), 

therefore Q'T is parallel to QT'. 



V 
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Again, CR = CQ + QR=CQ-\'X {CT^ CQ) 

Also CIi=^ +x'2(at'^^y, 

t t~tf a' 



x = 



t+t" 



a!= ' 



and icos' = (1 - aj) (1 - aj'), 

i.e. QR.QR^RT.RT, 
and the triangles TRT\ QRQ^ are equal. 

or C7? is in the direction of the diagonal of the parallelogram of 
which the sides are CTy CQ' ; and therefore CR bisects TQ' 
and T'Q. 

Ex. 4. If through Q, P, Q' pa/ralleh he drawn to CX meeting 
CY in E^ FyG; GE^ OFy CG a/re in continued proportion, 

CF=ta + ^; 
t 
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CQ' = x(ta^f)-T(ta-f), 





C£=(Z-T)i^, 


• 


CF-I. 




C(? = (X+r)|; 


and 


GE.CG=GF'; 


because 


X'-y'=l (Ex.2). 



Ex. 5. If a chord of . a hyperbola he one diagonal of a 
parallelogram whose sides are parallel to the asymptotes, the other 
diagonal passes through the centre. 

Let the chord be PQ ; p, p the vectors to P and Q ; then 

Now when one diagonal of a parallelogram is ma + n^j the 
other will be ma — nfi. 

Therefore in the case before us, the other diagonal is 

And it is therefore in the same straight line with the line 
which joins the centre of the hyperbola with the middle point 
of PQ -J whence the truth of the proposition. 



«i i^i'ji^T 
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Ex. 6. If two tangents to a hyperbola at the extremities 
Qj Q' of a diameter, meet a tangent at P in the points T, T'; 
and if CD, Ciy are the semi-diameters conjugate to OF, CQ ; 

then (1) FT : QT :: FT' : Q'T' :: CD : CD'; 

and {2) FT. FT' = CD'. 

If t, t'f — if, correspond to P, Q, Q', then 

CT=^ai + ^ + x^-' ^ 
t 






gives t + xt=t'-^ affy 

1 X I of 



t t^t^ «" 
t'^t 

Similarly CT' = at + ^+y (a«-^ 

giyes t + yt=-^-y'if, 

whence y = -, — ; = -y'. 

Kow X : y :: x' : 2/ 

gives FT : QT :: FT' : QT' 

:: CD : CD'. 

And a^=l 

gives FT.FT'=CD\ 

coR. «y=i, 

gives QT.qT'=CD'*. 
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Ex. 7. Straight lines move so that tlie ti^iangular area which 
they cut off from two given straight lines which meet one another 
is constant: to find the loctcs of their ultimate intersections. 

Let OAA', OBB! be the fixed lines, AB^ A'Bi.yjo of the moving 
lines with the condition that 

OA.OB:=^OA'.OJff. 

If a, fi be unit vectors along OA^ OBy 

OA=ta, OB = uP; OA'==t'a, OF = u% 

the point of intersection of AB, AB' gives 

p = ^a + a; (w)3 -- to) 

= t'a. + oj' \y!^ - « a), 



.*. OJW = xu. 



and «(l-a;) = «'(l-a/) 

Now tu — i!v! = c because the triangle has a constant area; 

t-rC la 

1 1^1,. Ipj8 
/. p = ^ta+^up = -^ta+:^—, 

the equation of a hyperbola. 

Additional Examples to Chap. VII. 

1. In the parabola SY' = SP . SA. 

2. If the tangent to a parabola cut the directrix in B, SB ifi 
perpendicular to SP. 

3. A circle has its centre at the vertex ^ of a parabola whose 
focus is S, and the diameter of the circle is 3 AS. Prove that the 
common chord bisects AS. 

4. The tangent at any point of a parabola meets the directrix 
and latus rectum in two points equally distant from the focus. 



126 QUATERNIONS. [CHAP. VII. 

5. The circle described on SP as diameter is touched by the 
tangent at the vertex. 

6. Parabolas have their axes parallel and all pass through 
two given points. Prove that their foci lie in a conic section. 

7. Two parabolas have a common directrix. Prove that 
their common chord bisects at right angles the line joining their 
foci. 

8. The jjortion of any tangent to the parabola between tan- 
gents which meet in the directrix subtends a right angle at the 
focus. 

9. If from the point of contact of a tangent to a parabola 
a chord be drawn, and another line be drawn parallel to the axis 
meeting the chord, tangent and curve ; this line will be divided 
by them in the same ratio as it divides the chord. 

10. The middle points of focal chords describe a parabola 
whose latus rectum is half that of the given parabola. 

11. FSQ is a focal chord of a parabola: FA, QA meet the 
directrix in y, z. Prove that Pz, Qy are parallel to the axis. 

12. The tangent at D to the conjugate hyperbola is parallel 
toCP. 

13. The portion of the tangent to a hyperbola which is in- 
tercepted by the asymptotes is bisected at the point of contact. 

14. The locus of a point which divides in a given ratio lines 
which cut off equal areas from the space enclosed by two given 
straight lines is a hy2)erbola of which these lines are the asymp- 
totes. 

16, The tangent to a hyperbola at P meets an asymptote 
in T, and TQ is drawn to the curve parallel to the other asymp- 
tote. PQ produced both ways meets the asymptotes in E, R : 
RK is trisected in P, Q. 
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16. From any point R of an asymptote, RN^ RM axe drawn 
parallel to conjugate diameters intersecting the hyperbola and its 
conjugate in F and B. Prove that OF and CD are conjugate. 

17. The intercepts on any straight line between the hyper- 
bola and its asymptotes are equal. 

18. . If QQ' meet the asymptotes in R, r, 

RQ.Qr=FO\ 

19. If the tangent at any point meet the asymptotes in X 
and Y, the area of the triangle XCY is constant. 



CHAPTER VIIL 

CENTRAX SURFACES OF THE SECOND ORDER, PARTICULARLY 

THE ELLIPSOID AND CONE. 

56. ^^ Ellipsoid. In discussing central surfaces of the 
second order, we shall speak as if our results were limited to the 
ellipsoid. That such limitation is not, in most cases, necessarily- 
imposed on us, will be apparent to any one who has a slender 
acquaintance with ordinary Analytical Geometry. "We adopt it 
in order that our language may have more precision, and that, in 
some instances, our analysis may have greater simplicity. If the 
centre be made the origin it is clear that the scalar equation can 
contain no such term as ASap, for the definition of a central sur- 
face requires that the equation shall be satisfied both by + p and 
by -p. 

If we turn to the equation of the ellipse (Art. 43), we shall 
see at once that the equation of the ellipsoid mvist have the form 

ap^ + hS'ap + 2cSapSPp + . . . = 1. 

Now if, as in the Article referred to, we put 

<l>p = ap + haJSap + c {aSfip + ^Sap) + . . . 

we shall have 

Sp<l>p = ap' + bS'ap + 2cSapSPp + ... 

the equation required. 

It will be seen that, as in Arts. 32, 33, one form of the equa- 
tion of the straight line was found to coincide exactly with the 
equation of a plane, so a form of the equation of the ellipse 
coincides exactly with the equation of the ellipsoid. 
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It is evident that the three properties of <^p given in Art. 44 
are true of 0p in its present foruL 

57. 7o find the equation of the tangent plane. 

Let a secant plane pass through the point whose vector is pj 
and let p' be the vector to any point of section. 

Put p' = p + p, where j8 is a vector along the secant plane ; 

then Sp<f>p=S(p-^fi)4^(p + p). 

Hence, observing that (44) 

<l>{p + P)=<l>p-^^P, 
and Sp<l>p = SP<l>p, 

we have Sp<t>p = Sp<f>p + 2Sp<l>p + Sfi<l>p ; 

i.a 2Sp<f>p-{-S^if>p=0, 

Kow (45), as the secant plaue approaches the tangent plane, 
the sum of these two expressions approaches in value to the first 
alone : that is, for the tangent plane, Sp<f>p = 0, where ^ is a vector 
along that plane. 

If TT be the vector to a point in the tangent plane, 

7r = p + xP; 
.'. S{ir-p)<fip = xSfi^p 

= 0, 
and Str^p = Sp<f>p 

= 1 

is the equation of the tangent plana 

Cor. <f>p is a vector perpendicular to the tangent plane at the 
extremity of the vector p. 

58. If (^F be perpendicular from the centre on the tangent 
plane ; then, since ^p is a vector perpendicular to that plane, 
Y= XKJip and Sx (<^p)' = I, giving 

OT^T{x^p) = T^^. 

Sir W. Hamilton terms ^ the vector of proximity, [In fact 
vector Or= (^p)"*.] 

T. Q. 9 
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59. I^ tangent planes all pass through a fixed point, the 
curve of contact is a plane curve. 

Let T be the fixed point; vector a ; p the vector to a point of 
contact. 

Then (Art 67) Sa<t>p = 1 ; 

i.e. Sp<l>a=l (44. 3), 

which is the equation in p of a plane perpendicular to ^o. 

Now KJKL is the normal vector of the point where OT cuts the 
ellipsoid; 

.*, the curve of contact lies in a plane parallel to the tangent 
plane at the extremity of the diameter drawn to the given point. 

The plane of contact is called the polar plane to the point. 

60. Tangent planes are all parallel to a given straight line, 
to find the curve of contact. 

Let a be a vector panJlel to the given line ; theA 

is a point in the tangent plane ; 

/. S{p + xa)<f>p= 1; 
and Sa<f>p = 0, 

or JSpfjia = 0, 

the equation of a plane through the origin perpendicular to <f>a : 
that is, the curve of contact lies in a plane through the centre 
parallel to the tangent plane at the extremity of the diameter 
which is pai*allel to the given line. 

61. To ifind the locus of the middle points of parallel chords. 
Let each of the chords be parallel to a, tt the vector to the 

middle point of one of them ; then ir+xa, ir-xa are points in 
the ellipsoid. 

From the first, 

^(w + aki)^(ir + iBa) = l (Art. 56); 

i e. /Stt^tt + 29i>S7rfl>a + sifSa<f>a = 1. 
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From the second, 

/Stt^tt - 2xS7r<l>a + oi?Sa^a = 1 ; 
.'. subtracting, /S7r^a=0 (1), 

Le. the locus is a plane through the centre perpendicular to ^, 
or parallel to the tangent plane at the extremity A of the 
diameter which is drawn parallel to a. 

If we call this the plane BOGy B and G being any points in 
which it cuts the ellipsoid ; and if OB = j3, OG = y, we shall have 

jSI3<l>a = 0, Sy<l>a = 0, 

and therefore /S'a^j^ = 0, 

or a satisfies the equation aSW^j3 = 

of the plane which bisects all chords parallel to OB (Equation 1), 

Let AOG be this plane which bisects all chords paraUel to OB. 

Then, since 0(7 or y is a vector in it, 

Sy<l>l3 = 0y le. SI3<lyY=0. 

But we have already proved that 

Sy<l>a =0, i. e. Sa^fyy = 0, 

because y is in the plane BOG ; 

.'. by equation (1) a, )8 both satisfy the equation of the plane 
Sw<l}y = 0, which is the plane bisecting all chords parallel to y ; 
that plane is therefore the plane AOB: we are thus presented 
with three lines OA, OB, OG such that all chords parallel to any 
one of them are bisected by the diametral plane which passes 
through the other two. 

"We may term these lines conjuga/te semi-diameters, and the 
corresponding diametral planes conjugate diametral planes. 

It is evident that the number of conjugate diameters is 
unlimited. 

CoR. We have the following equations : 

Sfi^ = = Sy<l>l3, 

Sa<lr/ = = Sy<l}a (2), 
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They shew that y is perpendicular to both ^a and <t>p, and is 
therefore a vector perpendicular to their plane ; hence, as in 34. 4, 

y = xVit>aif>p, 

In the same way, since ^y is perpendicular to both a and )9, 
we have 

4>y = y7aP', 

OTf neglecting tensors, we have the following vector equalities : 

y = VkH^P, P = Vit>o4>y, a = Y^P<iiy, 
4>y = Val3, 4>^ = Fay, ^a = V/Sy (3). 

Kote also 

y<t>-'Vap = xV<l>ail>l3, 

upon which Hamilton founded his solution of linear equations. 

62. If as in Art. 47 we write - ij/il/p for ^p, xf/p being still a 
vector, the equation of the ellipsoid assumes the form 

' I e. (44) Sffuffp = - 1 

{^py=-T(fpy=-i (1), 

which, if we put cr^^ipp, becomes Ta—ly the equation of a sphere. 

Hence the ellipsoid can be changed into the sphere and vice 
versd, by a linear deformation of each vector, the operator being 
the function ip or its inverse. 

The equations 

Sail>IS = 0, &c. 

now become Saij/'^ = 0, 

i.e. /S'l/rai/r^ = 0, &c., &c (2). 

(1) and (2) shew that xj/a, iJ/ISf i/^y are unit vectors at right angles 
to one another. 

If we term the sphere Tcr=l the unit-sphere, we may 
enunciate this result by saying that the vectors of the unit-sphere 
which correspond to semi-conjugate diameters form a rectangular 
system. 
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63. I^et "US now take i, /, k unit vectors along the principal 
axes of X, y, z'y then we shall have 

p = od + yj + zk (1), 

.'. Sip = — x, &c. 

so that for the sake of transformations in which it is desirable 
that the form of p should be retained, we may write 

p = -'{iSip+jSjp + kSkp) (2); 

and as <^p is a linear and vector function of p, its vector portions 
along the principal axes will bo multiples of 

iSip, jSjp, kSkp ; 

we may therefore write 

iSip JSjp kSkp 
*^= "a«" "^ "6«" "*■"?" (^^' 

the form a' having been assumed in order to make the equation 

Sp<l>p=^l 

coincide with the Cartesian equation 

X* y' z' ^ 

As il>p = ''ilAl/p (4), 

we require to take if/p so that performing the operation ij/ twice 
on p shall give the same result (with a - sign) as performing the 
operation ^ once. 

Now a comparison of equations (2) and (3) will shew that 
the latter operation introduces -j &c. into p ; it is evident 

therefore that the former operation {ij/) is to introduce - &c. or 

^p = .(^ + &P + !^'j ..(5). 
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It may perhaps be worth while to verify this result. "We have 

a\ a c / 

a 

- -. (]^ A.^3R 4. ^^\ 

" V a« 6» c' J 

= '-4>p. 

<i' =Ath = '^^^'* j^J^P ^Sk<t>p 
9 9 999- a* b* c" 

_ (iSip jSjp kSkp\ . . 

""V"^'^> ■^~?~; ^^^' 

ffr^p = aHSip-¥VjSjp-¥c^kShp (7), 

because ^^"^ produces p. 

\l/~^p = -(aiSip'\-hjSjp + ckSkp) (8), 

p = ^~^\l/p=L^ (aiSiil/p + hjSj^p + ckShJ/p) ♦ . . ^ (9). 

It is evident that the properties of Art. 44 apply to all these 
functions. 

64* Examples. 

Ex. 1. Find the point on an ellipsoid^ tlie tangent plane at 
iohich cuts off equal portiona from the axes. 

Let a5, y, « be the co-ordinates of the pointy p the portion cut 
off, then 

p = xi •¥ yj + zh 

Now pi^ pjf pk are points on the tangent plane ; 

.". Spu^p= 1, 
which gives 

i,5i(*^+...),i, 
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or ~ = 1. 

a 

Similarly ^ = 1, 

X ^ z 1 1 



a' b' c* p J'a'-^b' + d'' 

Ex. 2. To find the perpendicida/r from tJie centre of the 
ellipsoid on a tatigent plane. 



^^'^(^i)'' ^^^^^ 



.•.^ = (2'^p)' = -(0p)' = ^+g+^ (Art 63, 1.3). 

Ex. 3. To find the locus of the points of contact of tangent 
planes which make a given angle vdth the axis ofz. 

We have 

Sk^p =pT<t>p, 

the equation of a cone whose axis is that of z and guiding curve 
an ellipse whose seini-axes are a*, 6*. 

The intersection of this surface with the ellipsoid is the locus 
required. 

Ex. 4. To find tlte locus of a point when the perpendicular 
from the centre on its polar plane is ofconstarU length 

Let TT be the vector to the point, then 

/Sp^7r= 1 is the equation of the polar plane (Art. 59), 

and 5^-— is the length of the perpendicular on it (Art, 5iB) ; 
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.'. /S (^tt)' = — C", by the question. 

But since (44) 

SSifyir = <S^7r<^8, 
if 8 be fjyir, 

S<fyfr<l>Tr = S'7r<l><l>Tr = S'7r<l>'ir ; 

.*. Swff>'7r = - (7' is the equation required ; 

hence the Cartesian equation is (63. 6) 

Ex. 5. 77ie sum of the squares of three conjugate semi-dia- 
meters is constant 

Let a, j8, y be the semi-diameters ; if/a, i/^/S, xjrf are rectangular 
unit vectors (Art, 62). 

Kow a = - (aiSiij/a + hjSjil/a + ckShJ/a) (63. 9) ; 

. •. {Tay = - aV= a' (5i>a)» + h' (6)'i/.a)' + c» (AS^iSji/ra)', 

(Tpy = a" (AS'i./ri8)'+ 6'(^i#)" + c" (^'A;i/ri8)", 

(^7)'= a'{Siilryy + b'{SjilrYy-hc'{Skil;yy: 

adding, and observing that 

{Sixifay + (Siilfpy + (>S'i./7)' = 1 (31. Cor.), 
we get 

{Tay + (Tl^y + (I^y)' = a* + 6» + c», 

i.e. a"+6'« + c'»=a*+6" + c». 

Ex. 6. Tlie sum of the sqriares of the three perpendiculars from 
the centre on three ta/ngent planes at right angles to one another is 
constant. 

We have 

p = <^-'^p = a'iSi^p + VjSj<t>p + <fkSk<l>p (63. 7), 
and ^p = - (iSi^p +jSj<t>p + kSk<l>p) (63. 2) ; 

.-. Sp<l>p = 1 = a* (&'<^p)' + h' (Sji>py + c' (Sk<l>py 

= {T<i>py {a* (^i^^p)' + h' (Sj u<i>py + c» {Sk u<i>py} ) ^ 
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hence if p, p', p" be three vectors so that <^p, ^p', <^p" are at right 
angles to each other ; that is, so that the tangent planes at their 
extremities are at right angles to one another (57. Cor.), 

1 1 1 

{T<t>pY ^ {^pY ^ (npy 
=. a« {{Siu^pY + {Siu<f>py + (Siu<f>p'y} 
+b'{{Sju<i>py+.,,} +... 

= a«+6' + c' (31. Cor.). 

1 
But ,^ , &c. are the perpendiculars from the centre on the 

tangent planes at p, p', p" (58). Hence the proposition. 

Ex. 7. The sum of the squares of the projections of three con- 
jugate diameters on any of tite principal aoces is equal to the sqiuire 
oftliM axis. 

Let a, j8, y be conjugate semi-diameters ; then, since 

a = - {aiSi^a + hjSjilra + ckSk\l/a) (63. 9), 

Sia = aSinj/a, 

Similarly, Sifi = aSiij/fiy 

Siy = aSiij/y ; 

.-. (Siaf + {Sipy + {SiyY = a» {{Sul;ay + (Si^^Y +. {SiiffyY} 

= a' (31. Cor.), 

because i/^a, i/^/S, 1/7 are at right angles to one another (62). 

But —Sia is the projection of Ta along the axis of x; and 
similarly of the others. Hence the proposition. 

Ex. 8. The S2tm of tJie reciprocals of the sqtuires of the three 
perpendiculars from the centre on tangent planes at the extremities 
of conjugate diameters is constant. 

Let O^j, Oj/^, Oy^ be the perpendiculars. 
^. = -(«^)' (58) 

'j^^(f).%(^' (63.3); 
a be* ^ ^ 
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1 _ (Sipy (Sjpy (SkpY . 
L _ (%)' + (?irr + (l*y)' . 

Ex. 9. 7/* through a fixed point within an ellipsoid three 
chords he drawn tnutually aJt right angles^ tJie sum of the redpro- 
cfds of the products of their segments will he constant. 

Let be the vector to the given point ; a, j8, y unit vectors 
parallel to three chords at right angles to each other* 

Then 6-¥xa = p gives 

S{6 + xa)ii>{6'¥xa) = \ 
a quadratic equation in Xy the product of whose roots is 

Sa<l}a ' 

.". the product of the reciprocals of the segments of the chord is 

1 _ Safl>a 1 ^ 

and the sum of the reciprocals of the products of the segments is 

1 (Sa^a SP€I>P Sy4ry\ 

se<i>e - 1 • \{Taf "** {Tpy "^ {Tyyj ' 

Now since Sa<t>a = ^ — ^ + ^ ^/ -f ^— ^ (63. 2, 3), 

a < u c 

the sum of the i*eciprocals of the products 

+ ^ {( W + («W + (%)'} 
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+ 
c 



?{(^y* ••}] 



='sm^lQ-'^h^7) (31- Cor.). 

Cor. If tf be not constant, but S0<l>$ be so, i e. if the given 
point l>e situated on an ellipsoid concentric with and similar to the 
given ellipsoid, the same is true. 

Ex. 10. If the poles lie in a plane pa/raUel to yz, the polaf 
planes cut tlie axis ofx always in tlve same point. 

Let pi be the distance from the origin of the plane in which 
the poles lie, 8 any line in that plane, then tt =|)i + 8 is the vector 
to a pole, and 

/S;o</>(pi + S) = l (59) 

the equation of the corresponding polar plane. 

At the point where this plane cuts the axis of a?, 

p = ad; 
.'. Spxi<l>i + icSi<l}8 = l, 

Now 8 is a vector in a plane perpendicular to <l>i, 

.-. Si<l>8==S&4>i=0; 
and Si<l>i — constant = n suppose ; 

.'. wpaj=l, 
which shews that x is constant 

Ex. 11. Ay B and C a/re three similar and similarly 
sittmted ellipsoids; A and B are concentric^ and has its centre 
on the surface of B. To shew tfiat the tangent plane to B at this 
point is parallel to tlie plane of intersection of A and C, 

Let a be the vector to the centre of (7. 

Sp4>p = (t the equation of J, 

Sp^p = h By 

S {p "Ol) <l}{p^a)'^c^*^,,,C» 



140 QUATERNIONS. [CBAP. Vm. 

Now at the intersection of A and C, p is the same for both ; 
therefore the equation of the plane of intersection is to be found 
by subtracting the one from the other. 

It is therefore 2Sp<l>a = Sa€t>a + a-c; 

and the equation of the tangent plane to ^ at the centre of (7 is 

/S^TT^a —h; 

,\ both planes are perpendicular to <^a, and are consequently- 
parallel. 

Ex. 12. If throtigh a given point chords he drawn to an 
ellipsoid, the intersections of pairs of tangent planes at tlieir ex- 
tremities all lie in a plane parallel to the tangent plane at the 
extremity of the diameter which passes through Hie point. 

Let a be the vector to the point ; a + x^P, a + xJ3f the vectors 
to the points of intersection with the ellipsoid of chords parallel 
to p ; then 

/S'tt^ (a + x^P) = 1, 

are the equations of the tangent planes at these points. 

At the intersection of these planes tt is the same for both ; 
.•. subtracting we get 

S7r<l>IS = 0, 
S7r<t>a = 1 , 

The last equation is that of the line of intersection of the tan- 
gent planes; and that line is perpendicular to ^a, or (57. Cor.) 
parallel to the tangent plane at the extremity of the diameter 
which passes through the given point. 

Cor. S7r<t>P = shews that the line of intersection correspond- 
ing to any one chord is parallel to the tangent plane at the 
exjiremity of the diameter which is parallel to that chord. 

Ex. 13. Two similar and similarly situated ellipsoids are cut 
ly a series of ellipsoids similar and similarly situa,ted to the two 
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given ones ; and in such a manner that the planes of intersection 
are at right angles to one another, SJiew that the centres of- the 
cutting ellipsoids lie on another ellipsoid. 

Let Spfftp^' l.« *(1), 

S{p-a)4,(p-a)^0 12), 

be the given ellipsoids; 

S(p-^)4,{p-^) = x (3), 

one of the cutting ellipsoids. 

<l> is the same for all because the ellipsoids are similar. 

The plane of intersection of (1) and (3) is found hy subtracting 
the equations ; and is therefore 

2Sp<j>ir = S'jr<l>w + 1 — X, 

The plane of intersection of (2) and (3) is 

2Sp (^ir — ^a) = SiTi^TC — Sa<f>a + G — «, 

The former of these planes is perpendicular to <^7r and the latter 
to <^7r-</>a; and, since by the question, the former is perpen- 
dicular to the latter, </>7r is perpendicular to <;f>ir - <fia, 

the equation of the locus of the centres of the cutting ellipsoids. 

This equation will be reduced to the requisite form by ob- 
serving that 

/S^^7r<^a = SaKpf^ir ; 

.-. aS' (tt - a) <^ V = 0, 

the equation of an ellipsoid of which the semi-axes are propor- 
tional to 

a', h% g' (63. 6). 

The Cartesian equation is 
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Ex. 14. Jf a tangent plane he drawn to the inner of two 
sitnilar concentric amd similarly situated eUipsoids the point of 
contact is tlie centre of the elliptic section of the outer eXlipsoid. 

Let ^9^9 = 1 be the equation of ibe inner, 

a*/Sp<^p = 1 of the outer ellipsoid. 
The tangent plane is Sir^^ = 1, 

Kow if <r be the vector to the elliptic section measured from 
the point of eontact, w = p + <r is a point in the outer ellipsoid ; 

/. a'AS'(p + o-)<^(p + cr)= 1. 

But Scr<l}p = (57. Cor.); 

.'. a' + a'Scr<l>cr = 1, 

•= 5 Scfho" = 1, 

1 — a 

the equation of an ellipse of which the centre is the point of 
contact. 

Ex. 15. Find the equation of the curve described by a given 
point in a line of given length whose extremities m^ove in faced 
straight lines. 

First, let the straight lines lie in one plane. 

Let unit vectors parallel to them be a, jS. 

Let the vectors of the extremities of the moving line be 
axi, yl3y and its length I. Then the condition is 

{yP-xay=^-l% 

or ai' + y''¥2xySap = P (1). 

The vector to a point which divides this line in the ratio 

e : 1 is 

p = Qca + e (y^ - oca) 

= aja(l -e)'heyP; 

,% Sap = - (l - e) X + eySaP, 

SPp = il-e)xSal3-ey; 
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which values being substituted in equation (1) give the required 
equation, viz. : 

(l-e)« "^ e" 

+ 2-^^{Sap + Sal3SI3p){SPp + SafiSap) 

But p is subject to the additional condition (31. 2. Cor. 2) 
S . a/Sp = ; and the locus is a plane ellipse. 

When the given straight lines are at right angles td one 
another, the equation is much simplified, for 

and our equations are 

Sap = — (1 — e) «, jSjSp = — 6y ; 

whence #^..^' = Z-, 

(1 - e) er 

an ellipse of which the semi-axes are le and Z (1 — e). 

Generally, if the given lines do not meet, let the origin be 
chosen midway along the line perpendicular to both; then we 
have 

{y + xa-{-y + yP)Y = -i; 

y and — y being the vectors perpendicular to the lines, 

p = (y+ ica) (1 -6) + e (- 7 + yj8). 

The first gives 

and the second gives, as in the simpler case above, 

Sap = '-{\-e)x-{-eySap^ 
Sfip =^ {I- e) xSaP " ey. 
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Hence tbe elimination of x and y again leads to the equation 
of an ellipsoid, the only difference being that T is diminished by 
the square of the shortest distance between the lines; i.e. the 
axes are less than in the former case. 

In the extreme case, where I = 2^y, the equation cannot be 
satisfied except by 

« = 0, y = 0, 

(i.e. the locus is reduced to a single point), unless indeed we have 

for then a; = ± y, 

and the locus is a straight line parallel to each of the preceding 
lines. 

65, The cone. 

1. To find the equation of a cone of revolution whose vertex 
is the origin ■(?. 

Let a be a unit vector along the axis OA, 

p the vector to a point F on the surface of the cone ; 

then Sap = ^Tp cos ^, 

6 being the angle POA. 

But this angle is constant^ 

.*. S^ap = c^p" is the equation required. 

2. The equation of a cone which has circular sections, but 
which is not necessarily a cone of revolution, is thus found. 

Take the vertex as the origin, and let one of the circular 
sections be the intersection of the plane 

Sap^'-a' (1) 

with the sphere 'p'' = SPp (2). 

Since these are scalar equations we may multiply them together ; 
and thus obtain at all the points of the circular section 

ay + SapS^p = (3). 
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Now if xp or p' be written in place of p, the equation is not 
changed, since p occurs twice on each side. It is therefore the 
required equation of the cone. 

Cor. 1. Every section by a plane parallel to Sap = - a* is a 
circle. 

For the equation of a plane parallel to 

Sap = — a' 
is Sap = — aa*, 

which being substituted in the equation of the cone gives 

P* = aSpp, 
the equation of a circle. 

CoR. 2. The plane Sl3p = -hfi' (4) 

also gives a circle whose equation is 

. ay = bfi'Sap (5). 

These two equations give the auhcontrary sections. 

To deduce the relation between the two sections ; let be the 
vertex of the cone, OAB the plane through a, p ; AB the line in 
which the section cuts this plane, AD that in which the sub- 
contrary section cuts it ; 

OA =p, 0B = p\ OD = xp\ 

We have, by (5), V' = -^- ^°-P 

= -6/?,by(l), 
= Spp, by (4), 

= f>^ by (2) ; 
i.6. OB.OD = OA\ 

and the triangles OAB^ OAD are similar, or AD cuts OA at the 
same angle that AB cuts OB, 

66. If €l)p = 2a'p + aSPp + pSap, 

the equation of the cone is reduced to 

Sp<l>p ■» 0. 
T. Q. 10 
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It is evident that all the properties of ^p, Ai-t. 44, are appli- 
cable here. 

As in Art. 57, the equation of the tangent plane is 

JSirif>p = 0. 

67. Examples. 

Ex. 1. Tangent planes are dravm to am, eUipsoid from a given 
external pointy to find the cone which has its vertex at the origin 
[the centre of the ellipsoid], and which passes through all the points of 
contact of the tcmgent planes with the ellipsoid. 

Let a be the vector to the external point, p a point in the 
ellipsoid where a tangent plane through a touches it. 

Then the equation of the ellipsoid is 

Sp<f>p = 1, 

and the equation of the tangent plane 

Sa<f>p=lf i.e. >Sjp<^a = 1. 

The equation 

Sp4>p = {Sp<f>ay, 

a? y* a? _ (Qcx' yr/ zs^\^ 
^^ a» "*" 6* "*" ? ~ V"? "^ 6* ■*■ 7V ' 

represents a surface passing through the points of contact; and 
is the cone required. [For it is homogeneous in Tp^ 

Ex. 2. Of a system of three rectangular vectors two are con- 
fined to given planes, to find the surface traced out by the third. 

Let IT, p, a- be the three vectors, of which two are confined to 
given planes whose equations are 

/S'air = 0, SPp = 0, 
to find the locus of cr. 

Since the vectors are at right angles, we have 

STrp = 0, /S'iro-=0, AS'crp=:0, 
and we have five equations from which to eliminate ir and p. 

Since ASctTr = 0, S^tt = 0, 

TT is at right angles to both a and cr, and therefore to the plane 



O0-; or 



'ir = xVaa', 



ART. 67.] CENTKAL SURFACES OF THE SECOND ORDER. 147 

Since Spp = 0, Sap = 0, 

p is at right angles to the plane ^a-; therefore 

and irp = xy Vac V^fr, 

Now Sirp = 0, 

therefore S . Vaxr YPa = 0, 

or S (ao- - Sao) {pa- -Sfio) = 0, 
or a^Sal3 - Sa(rSI3(r = 0, 

the equation of a cone of the second order, which has circular 
sections (65. 2). 

CoR. The circular sections are parallel to the two planes to 
which the two vectors are confined. 

Ex. 3. T7ie equation p = t'a + u^^ + (^ + u)' y is that of a cone 
of the second order touched hy each of the three planes through 
GAB, OBOy OCA; and the section ABC through the extremities of 
a, p,y is an ellipse toucJied at their middle points hy AB, BC, CA, 

1. If the surface be referred to oblique co-ordinates parallel 
to a, )S, y respectively, we shall have 

p= xa+yP + zy, 
therefore x = t^, y = '^'> » = (^ + tt)', 

or z = {Jx + Jyy = x + y-^2jxy, 

which gives (» - a? - y)* = 4:0cy, 

a cone of the second order. 

2. If ^ = — w, the equation becomes 

the equation of a straight line bisecting the base AB, which since 
it satisfies the equation relative to t, shews that this line coincides 
with the cone in all its length; i.e. the cone is touched in this 
line by the plane OAB. 

Similarly, by putting ^ = 0, w = respectively, we can shew 
that the cone is touched by the plane BOC, COA in the lineti 
which bisect -4(7, CA, 
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3. Restricting ourselves to the plane ABC, we bave the 
section of a cone of the second order enclosed by the triangle 
ABGy which triangle is itself the section of tbree planes each of 
which touches the cone. 

Ex. 4. The equation p = aa-hh^+cy with tlie condition 
ah-hbc-hca=0 is a cone of tlie second order, cmd the lines OA, OB, 
OG coincide throicghout their length with tlie surface, 

1. It is evident that the equation gives 

ajy + y« + 2XB = 0. 

2. That if 6 = 0, c = 0, the question is satisfied by 

f) = aa, 
whatever be a, therefore &c. 

Ex. 5. Find the locus of a pointy the sum of the squares of 
whose distances from a number of given planes is constant. 

Let /S'S,pj = (7p SS^p^ = 0^y &c, be the equations of the given 
planes, p the vector to the point under consideration; then x^S^, 
xj^^, &c. will be the perpendiculars on the planes from the point ; 
provided 

p + ajjS, =pj, p + aA=P3> ^^'J 

therefore S8^ {p + x^S^) = C^ , &c, 

and x,S^' = C^-SB^p, &c., 

x,'B,^ = {G,-SS^py; 

i.e. the square of the line perpendicular to the first plane from 
the given point 

_ / C. - SS,p \' 
\ T\ ) ' 
and, by the question, 

I ' yg ' j + ( j'S J ^ constant. 

The locus is therefore a surface of the second order. 
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Ex. 6. The lines which divide proportionally the pairs of 
opposite sides of a gauche quadrilateral, are the generating lines 
of a hyperbolic paraboloid. 

Let ABGD be the quadrilateral. 

AD, BC are divided proportionally 
in P and R. ^ ^/-^^ /^ 

Let GA = a, CB = P, GD==y) 
CB = mp, I)F = mDA; 
i. e. CF—y = m{a — y); 

therefore i?P = (7P- (7i2 = y + m (a-y)-mj8, 

p = GQ = CR+pRF 

= m/? + j? {y + m (a - y) - m/?} 

= xa-\-yP'\- zy, say; 
therefore x = pm, y = m —pin, » = jo (1 — w); 

therefore m = a + y, p = , 

^ ^ x + y 

X 

z = X, 

x-vy 

or {x + «) (aj + 2/) = a?? 

the equation referred to oblique co-ordinates parallel to a, )8, y. 

• 
Pascal's Hexagram. 

68, Let be the origin, OA, OB, OG, OB, OE five given 
vectors lying on the surface of a cone, and terminated in a plane 
section of the cone ABGDEF, not passing through ; OX any 
vector lying on the same surface. 

Let OA = a, OB = p, OG = y, OI)=S, 0E=€, OX=p. 

The equation 

S. r{Vafin€) V{7Py7€p) F(Fy8Fpa) = (1) 

is the equation of a cone of the second order whose vertex is 
and vector p along the surface. For 
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1. It is a cone whose vertex is because it is not altered 
by writing xp for p. Also it is of the second order in p, since p 
occurs in it twice and twice only. 



2. All the vectors OA, OB, OC, OD, OE lie on its surface. 

This we shall prove by shewing that if p coincide with any 
one of them the equation (1) is satisfied. 

If p coincide with a, the last term of the left-hand side of the 
equation, viz. Kpa, becomes Vaa = Fa' = 0, and the equation is 
satisfied. 

If p coincide with j8, the left-hand side of the equation be- 
comes 

S. V{Vapn€) V{VPyV€p) F(Fy8F^a). (2). 

Now 7{7PyY€p) = '-Y{Y€pYPy), (22. 2), is a vector parallel 
to P (31. 3), call it mP] and 

F.{F(Fa)8FS€) F(Fy8F)8a)}= F{F(Fa)SFS6) V {YaPVyZ% (22. 2), 

= a multiple of Vap, (31. 3), 

-nVaP, say. 
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Hence the product of the first and third vectors in expression 
(2) becomes 

scalar + wFajS, 

and the second is mfi; therefore expression (2) becomes, by 31. 2, 

S . (scalar + n Vafi) mfi 

= mnSpVap 

= 0, 

because Faj8 is a vect6r perpendicular to p. 

Equation (1) is therefore satisfied when p coincides with p. 

If p coincide with y both the second and third vectors are 
parallel to /? (31. 3) ; therefore their product is a scalar, and equa- 
tion (1) is satisfied. 

The other cases are but repetitions of these. 

Hence equation (1) is satisfied if p coincide with any one of 
the five vectors a, /?, y, 8, c; Le. OA, OB, OC, OB, OE are vectors 
on the surface of the cone. 

3. Let F be the point in which OX cuts the plane ABODE; 
then ABCDEF are the angular points of a hexagon inscribed in 
a conic section. 

4. Let the planes OAB, ODE intersect in 0P\ OBC, OEF 
in 0§; OCD, OF A in OR-, then 

V. Vapn€ = mOP,{S1.4), 

r. rpyr€p=nOQ, 

V. VyWpa=pOR', 
therefore 

S. r{VapVS€) V{VPyV€p) Y {7yWpa) = mnpS{0P.0Q.0Ry, 

hence equation (1) gives 

S{OP.OQ.OE) = 0, 

or (31. 2. Cor. 2) OP, OQ, OR are in the same plane. 

Hence PQR, the intersection of this plane with the plane 
ABODEF is a straight line. But P is the point of intersection 
of AB, ED, &c 
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Therefore, the opposite sides (1st and 4th, 2nd and 5th, 3i*d 
and 6th) of a hexagon inscribed in a conic section being produced 
meet in the same straight line. 

CoR. It is evident that the demonstration applies to any six 
points in the conic, whether the lines which join them form a 
hexagon or not. 

Additional Examples to Chap. VIII. 

1. Find the locus of a point, the ratio of whose distances 
from two given straight lines is constant. 

2. Find the locus of a point the square of whose distance 
from a given line is proportional to its distance from a given 
plane. 

3. Prove that the locus of the foot of the perpendicular from 
the centre on the tangent plane of an ellipsoid is 

{axf + {hyy + {czy = (iB» + y» + ^)\ 

4. The sum of the squares of the reciprocals of any three 
radii at right angles to one another is constant. 

5. If 0^1, Oy,, Oy^ be pei-pendiculars from the centre on 
tangent planes at the extremities of conjugate diameters, and if 
Gi> Ga> Qs ^ the points where they meet the ellipsoid; then 

11 1 1 \ l_ 



6. If tangent planes to an ellipsoid be drawn from points in 
a plane parallel to that of ocy, the curves which contain all the 
points of contact will lie in planes which all cut the axis of z 
in the same point. 

7. Two similar and similarly situated ellipsoids intersect 
in a plane curve whose plane is conjugate to the line which joins 
the centres of the ellipsoids. 

8. If points be taken in conjugate semi-diameters produced, 
at distances from the centre equal to p times those semi-diameters 
respectively; the sum of the squares of the reciprocals of the 
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perpendiculars from the centre on their polar planes is equal to ^* 
times the sum of the squares of the perpendiculars from the 
centre on tangent planes at the extremities of those diameters. 

9. If P be a point on the surface of an ellipsoid, PA, PB, 
PC any three chords at right angles to each other, the plane 
ABC will pass through a fixed point, which is in the normal to 
the ellipsoid at P; and distant from P by 

2 
P 

where p is the perpendicular from the centre on the tangent 
plane at P, 

10. Find the equation of the cone which has its vertex in 
a given point, and which touches and envelopes a given ellipsoid. 



CHAPTER IX. 

FOEMULiE AND THEIR APPLICATION. 

69* Pbodtjcjts of two or more vectors. 

1. Two vectors. The relations which exist between the 
scalars and vectors of the product of two vectors have already 
been exhibited in Art. 22. We simply extract them : 

{a) SaP = SPa. (h) Vap^^-^V^a, 

(c) ap + Pa=2Sap, (d) aj3 - )8a = 2 Fa^. 

These we shall quote as formulae (1). 

2. We jnay here add a single conclusion for quaternion 
products. 

Any quaternion, such as aj3, may be written as the sum of 
a scalar and a vector. If therefore q and r be quaternions, we 
may write 

q = Sq'\-Vq, 

r = Sr + Vr ; 

therefore qr = SqSr -hSqVr-h Sr Vq + Vq Vr, 

and S. qr = SqSr + S. VqVr, 

r.qr = Sqrr-hSrrq + r.VqVr, 

where S.VqVr is the scalar part, and V.VqVr the vector part of 
the product of the two vectors Vq^ Vr, 

If now we transpose q and r, and apply (a) and (b) of for- 

mube 1, we get 

S.qr = S.rq \ 

r. qr + V. rq^2 (SqVr + SrVq)) ^''^' 
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3. TJiree vectors. By observing that S, ySa^ is simply the 
scalar of a vector, and is consequently zero, we may insert or 
omit such an expression at pleasure. By bearing this in mind 
the reader will readily apprehend the demonstrations which 
follow, even in cases where we have studied brevity. 

S.al3y = S.{Sap + rap)y 

= S. yFa^, (by 1. a), 

= S.y(Sap-\-ral3) 

= S.yaP (3). 

Again, S.a^y=^S.a {Spy H-FySy) 

= S(rPy.a),(hyl.a), 

==S{SI3yhVPy)a 

= S.I3ya (3). 

The formulae marked (3) shew that a change of order amongst 
three vectors produces no change in the scalar of their product, 
provided the cyclical order remain unchanged. 

This conclusion might have been obtained by a different pro- 
cess, thus : 

In (2) let q = ajS, r = y, there results at once 

S.al3y = S.yafi. 

Again in (2) let q = ya, r = fi, there results 

JS,yaP = S.Pya. 

We have therefore, as before, 

S.aPy=S.yap = S.I3ya (3). 

4. S.aPy = S.aVPy 

= -S.aryp, (byl. 6), 

= -S.ayP .(4). 

Similarly S.afiy^-S.fiay (4), 

or a cyclical change of order amongst three vectors changes the 
sign of the scalar of their product. 
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5. It has already been seen (Art. 31. 1) that -S. a^Sy is the 
volume of the parallelepiped of which the three edges which 
terminate in the point are the lines OA, OB, 00 whose vectors 
are a, )3, y respectively. 

We may express this volume in the form of a determinant, 
thus: 

Let a, )3, y be replaced by 

xi+yj + zk, xi + y'j + zk, x"i + y"j + z*^k (Art. 31. 5) ; 

a?, y, % being the rectangular co-ordinates of A, x, y\ ^ those of -6, 
aj", y", «" those of C, measured from as the origin ; then 

/S. a)Sy = S, {od +yj + zk) 

X (x'i + y'j + z'k) 

x{x"i + y"j-hz'k). 

Now if we observe first that the scalar part of this product is 
confined to those terms in which all the three vectors i, j, k 
appear ; and secondly that the sign of any term in the product 
will by formulae (3) and (4) be - or + according as cyclical order 
is or is not retained, we perceive that we have the exact con- 
ditions which apply to a determinant : therefore 

S.aPy = -- 

(5). 



X , 


y. 


z 


x', 


y', 


z' 


«". 


y", 


z" 



The volume of the pyramid OABO is one-sixth of the above. 

Note relative to the sign of the scalar. 

Since ijk = -l (19), it is clear that if OA, OB, OC assume the 
positions of Ox, Oy, Oz in the figure of Art. 16, aS (OA . OB . 00) 
will have a minus sign, whilst the order of the letters A, B, G is 
right-handed as seen from 0. 

If now we take any pyramid whatever OABO, of which the 
vertex is 0, and assume that S {OA . OB . OC) (which, being pro- 
portional to the volume of the pyramid, we may designate OABO), 
is negative when the order of the letters A, B, is right-handed 
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as seen from 0, we shall find the following general law of signs to 
hold good whatever be the vertex ; viz. tlie sign of the scalar is 
minus or plus according as the order in it of the angles of the base 
of tJie pyramid is rigM-handed or left-handed as seen from the 
vertex. 

For example, CABO =S {OA .CB. CO) 

= -Sapy 
= -OABC, 

which is plus because OABC is minus, and the order of the letters 
A, By B^ seen from C is left-handed. 

6. V.aPy = V.a{Spy\-VPy) 

= aSpy + V.aVPy', 
V.yl3a = V.{SyP + Vyp)a 

= aSPy-V.aVyl3,(l.b)y 
= aSpy-¥V,aVPy,{\. h), 

= r.aPy (6). 

7. r.aPy = V.{SaP+VaP)y 

= ySap --V. yVal3 ; 
r.yaP^V.yiSaP+Vafi) 
= ySal3+V.yVal3', 

therefore . F. a/3y+F. ya^=2yASa/3 (7). 

8. 2r.ari8y=F.a(/?y-yj8), (1. (f), 

= F. aj8y +F. yaj3-(F. ayj8 + F. ya^) 
= F(ai8y+^ay)-F(ayi3 + yai8), (by 6), 
=F. {ap + iSa)y -F. (ay + ya) fi 
= 2ySap-2pSay, (1. c); 
therefore F. aFjSy = y^aj8-j8/Say (8). 
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9. We have, by (8), 

F. aVPy = ySap-pSay, 
r.pVya= aSPy - ySafi, 
V.yVap==pSay''aSPy', 
therefore, by addition, 

r.(aF)S7 + jSF7a + yFa)8) = (9). 

10. F. a)8y = F. a {S^y + VPy) 

^aSpy-^V.aVpy, 
which, by (8), =aSPy- pSay-^ySafi (10). 

Another proof of this important formula is found in the 
identity 

|(ai8y + ri8a)=la(/3y + y^)-|^(ay + 7a) + ly(aiS + M 
which, by (4) and (6), is the theorem itself. 

11. If in (8) we write Vafi in place of a, we get 

F. VapVPy = yS{Vap.p)-pS{Vap.y) 
= yS.aPP''pSaPy 
= --pS.aPy (11). 

12. Fou/r vectors. If in (8) we write Fa8 in place of a, we 
obtain 

r {VaBV^y) = yS . aZI3 -- pS . a&y (12). 

13. By (12) we have 

F(F)8yFa8) - hS.fiya-^aS. jSyS. 

But F(Fi8yFa8) = - F(Fa8F^y). 

Hence, by adding the above result to (12), we get 

SaS'. )8ya - a/S' . )Sy8 + y/S^. aS^ - )8aS^ . a8y = 0, 

which, by (3) and (4), if we adopt alphabetical order, may be 
written 

aS.I3y8^pS.ay8+yS. al38-8S. aPy=0 (13), 

or BS.a^y = aS.Py8-pS.ay8 + yS.al3S (13), 
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or, again, if we adopt cyclical order, 

aS . I3y^ - SS . apy-h yS . SajS - pS . ySa, 
or, finally, SS. apy = aS. fiyB - fiS . ySa -h yS . 8aj8 (13). 

This equation expresses a vector in terms of three other 
vectors. The following equation expresses it in terms of the 
vectors which result from their products two and two. 

14. F(78aj8) may be written, first as F(y . Saj8), and secondly 
as F(yS. ap), and the results compared. These forms give re- 
spectively 

V{y.Sal3)=V.y{S.Sap+V,Ba^) 

= yS.apB+V. y{BSaP - aSSji + pSSa), by (3) and (10), 
= y.S' . a^8 + VySSap - Fyo^S^ + VyfiSBa ; 
F(yS. a^)= F. (^y8+ Fy8) (^a)3+ Va^) 

= VapSyh + VyBSafi + F . Fy 8 Vafi 
= FaiS>^y8+ VySSa^- V. Fa^FyS 
= Ya^Syh + VyhSaP - hS . a)8y + yS . aj8S, by (12). 

The two expressions being equated, and the common terms 
deleted, there results 

BJS.afiy^ Va^SyB -h VPySaB + VyaSfiB (14). 

' 15. S ,apyB = S . {S . apy\-r . al3y)B 

= S.{V.apy)S 

= S. {aSPy-pSay + ySa^) 8, by (10), 
= Sal3SyB-JSaySI3B + SaBSPy (15). 

16. S{Val3ryS) = S.{aP--JSap){yB--SyB) 

= S . al3yB - SapSyB 

= SaBSI3y--SaySpS, by (15) (16). 

17. ^.a^y8=:/S.(Faj8y)8 

= S.BVal3y 

^S.Sapy (17). 
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18. Five vectors. As we do not purpose to exhibit any 
applications of the relations which exist among five or more 
vectors, we shall confine ourselves to simply writing down the two 
following expressions. 

F.aj8y86= F.cSyjSa (18). 

70. Many of these formulae might have been proved differ- 
ently, and some of them more directly, by assuming for instance 
that a, j8, y are not in the same plane. In this case any other 
vector 8 may be expressed in terms of a, j8, y, by the eqitation 

S = xa-hyl3 + zy, (31. 5); 

therefore S . ^yS = xS . j8ya = xS . a^y, (3) , 

S.yBa = 7/S.ypa = -yS.apy,{i), 
S. Sap = zS. yaj8 = zS . aj8y, (3) ; 

therefore S^S^ . afiy = xaJS . aj8y + yfiS . aj8y + ^y^S^ . aj8y 

^ aS . PyS- pS .ySa-^-yS.Sap 
which is formula 13. 

71, Examples. 

Ex. 1.. To express the relation between the sides of a spJierical 
triangle and the angles opposite to tJiem. 

Retaining the notation and figure of Ex. 2, Art. 29, we shall 
have 

Vap Vpy = y' sin c . a' sin a, 

where y', a are unit vectors perpendicular respectively to the 
planes OAB, OBG. 

Therefore V . Faj8 Fj8y = sin c sin a . j8 sin B, 

Also — pS . a^y = ^ sin c sin <^, (31. 1), 

where 4> is the angle between OG and the plane OAB, 

Now these results are equal (formula 11); therefore 

sin ^ = sin a sin J?. 
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Similarly sin ^ = sin h sin A ; 

therefore ^ sin a sin B = sin b sin A, 
or sina : sin 6 :: sin ^ : sin J?. 

Ex. 2. To find the condition that the perpendictdara from the 
angles of a tetrahedron on the opposite faces shall intersect one 
another. 

Let OA, OB^ OC be the edges of the tetrahedron (Fig. of ArL 
31), a, j8, y the corresponding vectors. 

Vector perpendiculars from A and B on the opposite faces are 
Fj8y, Vya. respectively (22. 8). If these perpendiculars intersect 
in G, the three points -4, jB, G will be in one plane, whence 

S.{p-a) F^yFya= (31. 2, Cor. 2), 

Le. AS'.()3-a)F. F)SyFya=0. 

Now F . Fj8y Fya = - y/S^ . )gya (Formula 11), 

therefore aS' . (j8 - a) F. F)Sy Fya = - {S^y - /S'ay) iS^ . jSyo, 

Hence /S)Sy = ^Stiy. 

Now BG'-hOA' = {y--P)'-ha* 

= a'+^ + y'-2SI3y 

= a» + )3* + y»-2AS^ay 

= (y-a)' + ^« 

= AC' + (?J5». 

Consequently the condition that all three perpendiculars shall 
meet in a point is that the sum of the squares of each pair of 
opposite edges shall be the same. 

Cor. Conversely, if the sum of the squares of each pair of 
opposite edges is the same, the perpendiculars from the angles on 
the opposite faces will meet in a point. 

Ex. 3. If F he a point in the face ABC of a tetrahedron, 

from which are dravm Pa^ Phy Pc, respectively parallel to OA, 

OBy DC to meet the opposite faces OBG^ OCA, GAB in a, 5, c; 

then iviU 

Pa n Pc 

OA'^OB'^Oa 
T. Q. II 
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Betaining the notation of the last examples, let OP = 8, 
Pa = -xay Fh = -ypf Pc = -«y; lien 

Oa = 8-a;a, 06 = 8-yA Oc = 8-2fy. 

Now because P, -4, J5, C are in the same plane 

.S.(8-a)(a-iS)(i8-y) = 0, 

Le. S.h{ap-¥Py + ya)=S.apy (1) ; 

and because 0, a, P, (7 are in the same plane 

ie. xSapy^S.Bpy (2); 

also because 0, Ayh, C are in the same plane 

S.{B^l/p)ya = 0, 
i. e. yS . j8ya = aS . 8ya, 

or, by formula 3, yS . aPy = S. 8ya (3) ; 

lastly, because 0, A, B, c are in the same plane 

/S'.(8-«y)aj8 = 0, 
Le. zS . ya/3 = S . Bap, 
or zS.apy=S.BaP (4). 

Adding (2), (3), and (4) there results 

(x + y + z)S. a)3y = AS'. Bpy\-S. 8ya+ iS". 8aj8 

= >S'.a^y,by(l), 

therefore x + y + z=l: 

, Pa Ph Pc ^ 

hence 02^a5'^0^ = ^- 

Cob. 1. If P be in the plane ABO produced below the plane 
OBGy Pa as a vector will have the same sign as OA has; hence 
in this case we shall have 

Pa P6 Pc_- 
OA^ OB"^ 00 
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Cor. 2. If P be outside both the planes OBC^ OCA ; we 

shall have 

_Pa Ph Pc 
OA OB^ 0G~ • 

Ex. 4. Any point Q is joined to the angular poirUs -4, J?, C, 
of a tetraJiedrony and the joining lines, produced if necessary^ 
meet the opposite faces in a, 6, c, o ; to prove that. 

Aa Bb Gc Oo^ ' 
regard being had to the signs of Aa, Bb, <kc,, as in the last example. 

Let QA=a, QB = I3, QG = y, 6^ = 8; Qa = aa, Qb = bp, Qc = cy, 
Qd = dS: then since the points a, 5, c, o are in the planes BGO, 
AGO, ABO, ABG, respectively, we have, as in the last example, 

aS.a(fiy + yB-\-SP) = S.fiyB, 
&;c. &c. 

i.e. aS . (afiy •{• ayB+ a&p)-S . pyS=-.0 (1), 

bS. {pay + pyS-\-l3^)-S. ay8 = (2), 

cS . {yap -^-yPS + ySa)- S ,aPB = (3), 

dS . {BaP -\- Sl3y + Bya)- S . apy = (4). 

Now, if we write 

S.afiy^x, S.ayS = y, S.aSp = Zy S.pyS^u; 
and apply the formulae 3 and 4, we get 

ax + ay + az-^ u=sO, 

— bx— y —bz-^bu^O^ 
cx + cy-^- z — cu-O, 

- X'^dy'-dz + du = 0, 

cb d 

which give =-a5 + j — t«*= 0, 

a— i a — 1 






w— ^ 
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e h 



y-^-T«=o, 



c-l' 6-1 
e d 



»-T— 1« = 0; 



c-1 d-\ 

and, therefore, r + ^ — =- + , + ^ — , = 0, 

a-1 6-1 c— 1 d~\ 

a b e ^ _i 

Ex. 5. If two tetrahedra ABC I), A'ECfjy are so situated thai 
the straight lines, AA\ BB\ CC\ DB' all meet in a point, the lines 
of intersection of the planes of corresponding faces shall all lie in 
the same plane. 

Let A'A, B'B, C'C, IfD meet in 0. 

OA = a, OB = p, OC = y, 02) = ^, 
0A' = 7na, OB'^np, OCr=py, OB'^q^. 

The equation of the plane ABC is (34. 5) 

Sp (Faj8+ Fjffy + Fya)=S. aj8y, 
and ihat of A' EC becomes, after dividing both sides by wnp, 

The vector line of intersection of the two planes is (34. 9) 

i.e. by formula (11), omitting the common factor S . a^y, 

\n pj \p mj \m nj ' 

From this expression the vectors of the intersections of the 
other planes may at once be written down. 
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That of ABD, A'BU is 

i\i2XoiAGD,A'G'D'\s 

\p qJ \q mj ' \m pj ' 
and that of BCD, B'O'D' 



\^ q) \q n) ' \n pJ 



Now to prove that any three of these lines lie in the same 
plane, all that is necessary is to prove (31. 2, Cor. 2) that th<> 
scalar of the product of their vectors equals 0. 

If we take the vectors of the first three, we may write theiiii 
under the form 

aa + 6j8 + cy, ao + 6'j8 + cS, a"a+6y-6S, 

respectively ; so that the scalar of their product is 

S.{aa + bp + cy) (a a + b'^ + c8) (a"a + b'y - bS). 

Now the coefficient of every different scalar in this product is 
separately equal to 0. That of S . aj8y for instance is, omitting 
the common factor b', 

\n pi \q m) \m n) \p q) \p mj \n qJ * 
in which every term vanishes. 

That again of S. fiyS is 

- bcb' + cb'b, 

which is ; and so of the rest. 

Hence the intersections, two and two, of the first three pairs 
of planes lie in the same plane ; and the same may be proved in 
like manner of any other three: whence the truth of the pro- 
position. 
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Ex. 6. CP, CD are conjugate aemi-diametera of an ellipse^ 
as also CP'f CU ; P-P, BD* are joined; to prove that the area of 
the triangle PGP' equals that of the triangle DGD\ 

Let a, j8, a', p be the vectors CP, CD, CFy CB' \ h 9, unit 
vector perpendicular to the plane of the ellipse. 

Since 

a «= ^" Y* = "" (»**S'i^a + hjSjil/a)^ &c., &c. (47. 5), 
therefore Vaa=V. {aiSixf/a + hjSjij/a) {aiSiipa' + bjSjxj/a) 

= ahk (^SiiJ/aSjil/a —Sjij/aJSiil/a') 
= - abkS . ^ F (ij/ail^a). (Formula 1 6.) 
eimilarly V^fi' = - a6M . k V {^pilf^'). 

Now i/ra, \lfp are unit vectors at right angles to one another; 
lUi are also }pa\ xj/l^' ; therefore the angle between xf/a and ij/a is 
the same as that between i/rjS and xj/^^ 

Hence S . kV {il/aiira') = S . kV (ij/pil/^), 

and Faa'=Fj8j8', 

ie. area of triangle PCP'= that of triangle BCD'. 

Ex. 7. 7/ a parallelepiped be constructed on the semi-con- 
jugate diameters of an ellipsoid, the sum of the squares of the areas 
of the faces of the parallelepiped is equal to the sum of the squares 
of the faces of tite rectangular parallelepiped constructed on the 
semi-axes. 

By 63. 9, a = - {aiSiij/a + hjSjil/a + chShj/a) 

j8 = - {aiSi^i;^ + hjSj^f;^ + ckSk^p) ; 

therefore Yap = ahk (Siil/aSjif/lS - Si^pSj^a) 

+ acj (SixlraShj/^ - SiilrpShj/a) 

+ hci {SjilfaShl/p - Sjil/pSkil/a). 

Now Si\l/aSjtlffi'-Sixl;pSj\l/a = SrijVil^l3ilfay Formula (16), 

= ^Shlry, (Art. 17); 
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therefore Va^ = — (abkSkij/y + aajSjif/y + hciSiij/y), 

ypy = — (ahkShpa + acjSjil/a + hdShl/d), 

If now we square and add these expressions, observing that 
because \\/a, xj/^, {Jry are unit vectors at right angles to one another^ 

{Siijfay + (Siil^py + (SiilryY = 1, 
we shall have 

( Va^y + { Vay)' + {Vpy)' = - {(«J)' + (oc)' + (6c)'}, 

which (21. 4) is the proposition to be proved. 

Ex. 8. To find ike locus of the intersections of tangent planes 
at the extremities of conjugate diameters of an ellipsoid. 

Let IT be the vector to the point of intersection of tangeat 
planes at the extremities of a, )S, y : then 

STr<lM= 1, (57), 

gives <S'7n/^a = — 1, 

or Silrmf/a^ — 1, 

Sif/mj/y = — 1. 

From these three equations we extricate ij/ir by means of for- 
mula (14), which gives 

xj/irSil/axl/l^ilry = V^aj^pSil/TTypy + ViplSil/ySilnnj/a 
-\-V^y\lfaS\lf7n^P ; 
therefore ^tt = Vij/aij/p + Vil/pij/y + Fi/^y^a 

(^ir)« = -(l + l + l) 

= -3, 

«^ j^ ^ 
3a' "^ "3^« "^ 3c* ' 

an ellipsoid similar to the given ellipsoid. 
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Ex. 9. 7/*0, A, By (7, 2>, E are any six points in space, 0^ 
any given direction^ 0A\ OB, 0G\ Olf, OE' the projections 
ofOA, OB, OC, OB, OEonOX; BODE, QBE A, DEAB, EABG, 
ABCD the volumes of tite pyramids whose vertices are B, C,I),E,A, 
with a positive or Tiegative sign in accorda/nce with the law given 
in the note fo 69. 5 ; then 

OA'. BCDE+ OB. CDEA + 0C\ DEAB + OD'. EABG 

+ OE\ABCD=:0. 

Let OA, OB, OC, OD, OEhe a, p,y,S, € respectively. 

Write for aASf(y-i8)(8-^)(€-i8) its value 

and similar expressions for pS (a — y)(8 - y) (c — y), &c., and there 
will result, by addition, 

oS- (y - /?) (8 - iff) (« - iS) + )8,Sf (a - y) (8 - y) (. - y) 

+ ©S08-o)(y-o)(8-o) = 0, 

i.e. retaining the notation adopted in the Note referred to, 

OA . BCDE+ OB . CDEA + OC . DEAB + OD . EABG 

+ OE.ABGD==0. 

Now let TT be a vector along OX ; then the operation hy S , ir 
on the above expression gives the result required. 



In some of the examples which follow, we will endeavour to 
shew how a problem should n>ot, as well as how it should, be 
attacked. 

Ex. 10. Given any three planes, ami the direction o/tlie vector 
perpendicular to a /ourth, to find its length so that they may meet 
in one point 

Let Sap = a, SjSp = h, Syp = c be the three, and let 8 be the 
vector perpendicular to the new plane. Then, if its equation be 

SSp = d, 
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we must find the value of d that these four equations may all be 
satisfied by o^e value of p. 

Formula (14) gives 

pS . aj8y = VapSyp + VpySap + VyaSfip 
= cFa/3 + aFj8y + 6Fya, 

by the equations of the first three. Operate hy S ,S, and use the 
fourth equation, and we have the required value 

dS.apy = aS. PyS-\-hS. yaB-hcS.afiS, 

Ex. 11. The mm of the (vector) areas of the faces of any 
tetrahedron, and therefore of any polyhedron, is zero. 

Take one corner as origin, and let a, j8, y be the vectors of 
the other three. Then the vector areas of the three faces meeting 
in the origin are 

2 ^**A 2 ^^' 2 ^'y*"' respectively. 
That of the fourth may be expressed in any of the forms 

lF(y-a)08-a), |F(a-y3)(y-y3), |F08-y)(a-y). 
But all of these have the common value 

which is obviously the sum of the three other vector- areas taken 
negatively. Hence the proposition, which is an elementary one in 
Hydrostatics. 

Now any polyhedron may be cut up by planes into tetrahedra, 
and the faces exposed by such treatment have vector-areas equal 
and opposite in sign. Hence the extension. 

Ex. 12. If tlie pressure he uniform throughout a fluid masSf 
an immersed tetrahedron (and therefore a/ny polyhedron) experiences 
no couple tending to make it rotate. 

This is supplementary to the last example. The pressures on 
the faces are fully expressed by the vector-areas above glveUi and 
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their points of application are the centres of inertia of the areas 
of the faces. The co-ordinates of these points are 

1111 

3(«+^)> 3(/? + r), 3(7+^), 3(^+^+7), 

and the sum of the couples is 

i r. {VajS . (a + jS) + F)8y • O^ + y) + F-ya . (y 4- a) 

+ r(yp + Pa + ay).(a + p + y)} 

= -iF(Faj8.y+Fi8y.a+Fya.j8) = 0, 

hj applying formula (9). 

Ex. 13. What are the conditions that the three planes 

Sap = a, SJSp ~ 6, Syp = c, 
shall intersect in a straight line ? 

There are many ways of attacking such a question, so we will 
give a few for practice. 

(a) pS . a/3y = VaPSyp + VpySap + VyaSPp 

= cVa/S + ari3y + bVya 

by the given equations. But this gives a single definite value 
of p unless both sides vanish, so that the conditions are 

S.al3y = 0, 

and cFaj8 + aFj8y + 6Fya = 0, 

which includes the preceding. 

(6) S (la - mp) p = al-hm 

is the equation of any plane passing through the intersection of 
the first two given planes. Hence, if the three intersect in a 
straight line there must be values of l^ m such that 

la — mp = y, 
la — rnb=c. 

The first of these giveS; as before, 
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and it also gives 

so that if we multiply the second by Faj8, 

laVaP^mhVap^cVaP 
becomes — a Vpy — h Yya. = c Va^ ; 

the second condition of (a). 

(c) Again, suppose p to be given by the first two in the form 

p=pa-}-qP + icFajS, 
^e find a=pa'-h qSa^, because SaVaP = Oy 

h=pSal3-^ql3'; 



therefore 



a' , Sa0 


= a 


a, Sa^ 


+ )3 


a' , a 


Sap. ^ 




b, P' 




Sap, h 



+ xVal3, 



80 that the third equation gives, operating by S , y. 



a\ Sal3 


— Say 


a. Sap 


+ SPy 


a' , a 


Sal3, )8* 




6, P' 




Sap, h 



+ xS . aj8y. 



Now a determinate value of x would mean intersection in one 
point only ; so, as before, 

S,aPy=0, 

C {a'P' - S'aP) = a {p'Say - SapSPy) - b {SapSay - a^Spy), 

The latter may be written 

S.a[c (aP' - pSap) - a {yP' - pSPy) - h {aSPy - ySap)] = 0. 

Now S.a(aP'-pSap) = Sa{p,pa-pSpa) 

= S.a(pVPa) 
= -S.a{pVaP)=--S{apVap). 

Similarly, S . a (y)8» - pSPy) = S (ap VPy), 
and S,a (aSPy - ySaP) = S.a{V. pVya), (formula 8), 

^S{aprya). 
The equation now becomes 

S.aP{crap-haVpy + bVya)=^0. 
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Now since S . afiy = 0, a, j8, y are vectors in the same plane ; 
therefore y may be written ma + n^, 

and cVap + aVPy + hVya 

assumes the form «Fa)9, which, unless e = 0, gives 

S{apVaP) = % 

or Faj8 is in the same plane with a, j8; but it is also perpendicular 
to the plane, which is absurd ; therefore e = 0, or 

cFajS ■\-aVpy + hVya = 0', 

thus the third and prolix method leads to the same conclusion as 
the first. 

Ex. 14. Find ilie surface traced out hy a straight line which 
remains always perpevidicular to a given line while intersecting 
each of two fixed lines. 

Let the equations of the fixed lines be 

tsr = a + x^y ts-, = a^ + x^P^, 

Then if p be the vector of the new line in any position, 

p = m + y (Wj — m) 

= (1 - y) (a + xl3) +y{a^+ x,P,). 

This is not, as yet, the equation required. For it involves 
essentially three independent constants, «, a^, y; and may there- 
fore in general be made to represent any point whatever of 
infinite space. The reader may easily see this if he reflects that 
two lines which are not parallel must appear, from every point of 
space, to intersect one another. "We have still to introduce the 
condition that the new line is perpendicular to a fixed vector, 
y suppose, which gives 

/S' . y (bTj - tsr) = = ^ . 7 [(ttj - a) + x^p^ - xp]. 

This gives x^ in terms of oj, so that there are now but two 
indeterminates in the equation for p, which therefore represents 
a surface, which, it is not difficult to see, is one of the second 
order. 
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Ex. 15. Find tlie condition that the equation 

S . p<f>p = 1 
may represent a surface of revolution* 

The expression <f>p here stands for something more general than 
that employed in Chap. YIII. above, in fact it may be written 

<l>p = aSa^ + pS/S^p + ySy^p, 

where a, a^, fi, j8j, y, y^ are any six vectors whatever. This will 
be more carefully examined in the next chapter. 

If the surface be one of revolution then, since it is central 
and of the second degree, it is obvious that any sphere whose 
centre is at the origin will cut it in two equal circles in planes 
perpendicular to the axis, and that these will be equidistant from 
the origin. Hence, if r be the radius of one of these circles, c the 
vector to its centre, p the vector to any point in its circumference, 
it is evident that we have the following equation, 

Sp<t>p - 1 - C (p* + O = (Sepf - e\ 
where C and e are constants. This, being an identity, gives 

Sp<t.p-Cp^^(S.py]' 

The form of these equations shews that C is an absolute, con- 
stant, while r and e are related to one another by the first ; and 
the second gives 

4>P=Cp-^ €S€p. 

This shews simply that S . cp^p = 0, 

i. e. €, p, and c^p are coplanar, i. e. all the normals pass through a 
given straight line ; or that the expression 

Vp<t>p, 
whatever be p, expresses always a vector parallel to a particular 
plane. 

Ex. 16. If three mutuaUy perpendicular vectors be drawn 
from a point to a plane, the sum of the reciprocals of the squares 
of their lengths is independent of their directions. 
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Let S€p=l 

be the equation of the plane, and let a, jS, y be any set of 
mutually perpendicular unit-vectors, Then, if aa, yfi, zy b^ 
points in the plane, we have 

a:AS'a€=l, y>S')3€=l, zSy€ = l, 
whence - c = aA^a€ + )Sa^^€ + y/^yc (63. 2) = - +^+3^. 

if 

Takiiig the tensor, we have 

Ex. 17. Find iJie equation of tJie straight line which meets^ 
(U right angles, two given straight lines. 

Let to* = a + iCjS, to* = Oj + x^fi^j 

be the two lines ; then the equation of the required line must be 
of the form 

and nothing is undetermined but a,. 

Since the first and third equations denote lines having one 
point in common, we have 

Similarly S . ^8, Vfifi, (o, - a.) = 0. 

Let a, = y^ + y A 

(it is obviously superfluous to add a term in Vpfi^, then 

and, finally, 

Ex. 18. I/Fp=Ta=Tp = l, and S. aPp = 0, shew that 
Interpret this theorem geometrically. 
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We have, from the given equations, the following, which are 
equivalent to them, 

P 



Hence - aj' - y' + 2xySap = - 1, 

(a;-l)a + yi3 



U{p-a) = 



J{x-\y^2{xy-y)Sap^f' 



^{P-P)-1=,=^^^^^M 



Jx'-2 {xij-x)SaP + (y- 1)'' 
S.U{p-a)U{p^P) 

jQf^+f^2x + l-2{xy^y)Sap Jx' +y'-2y+l^2 (xy^ x)Sal3 

x + y-(x + y-l)Sal3-'l 
~ J2^2x + 2ySap J 2 - 2y +2xSap 

{x + y-l){\-^SaP) 



2j{\-x-y){l^SaP)+xy{\-{;SaPY\ 

x + y-l I l-Sa^ 

2 S/ l^x^y + xy{l-\-Sap) 



__ x + y-\ I \-Sa^ 

2 V l-a;~3/ + J(2a;2/ + a;* + y*-l) 

= ^ + yj7^ / \-Six^ ^ 

J2 V l-2(a; + 2/) + a;' + 2^ + 2a:y 

Of course there are far simpler solutions. Thus, for instance, 
the given equations shew that p, a, P are radii of some unit 
circle. Hence the expression is the cosine of the supplement of 
the angle between two chords of a circle drawn from the same 
point in the circumference. This is obyiouslj half th^ angle 
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subtended at the centre by radii drawn to the other ends of the 
chords. The cosine of this angle is 

-Sap, 
and therefore the cosine of its half is 



V 



lil-Sa^. 



Ex. 19. Find the rdative position, at any instant, of two 
points, which are moving uniformly in straight lines. 

If a, p be their vector velocities, t the time elapsed since 
their vectors were a, )8, their relative vector is 

80 that relatively to one another the motion is rectilinear, and 
the vector velocity is 

To find the time at which the muttuil distance is least. 

Here we may wiite 

P = 7 + <8, 
Tp' = -'/'-2tSyS--i^^' 

As the last term is positive, this is least when it vanishes, 
ie. when 

This gives P = 7 — S/SiyS"' 

the vector perpendicular drawn to the relative path; as is, of 
course, self-evident. 

Ex. 20. Find the locus of a given point in a line of given 
length, when the extremities of the line move in drdes in one pkme. 
(Watt's FaraUel Motion.) 
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Let o- and t be the vectors of the ends of the line, drawn 
from the centres a, p of the circles. Then if p be the vector of 
the required point 

p = (a + 0-) ( 1 - 6) + e (/? + t), 

subject to the conditions 

{a + cr-()8+T)K = -ZS 

Sy<r = 0, SyT = Oy 

From these equations cr and t must be eliminated. We leave 
the work to the reader. There is obviously an equation of con- 
dition 

^.y()S-a) = 0. 

Ex. 21. Clxkssify the curves represented by an equation of 
ike form 

_ a + JBjS + a;'y 
^ a + bx + caf ' 

where a, fi, y are given vectors, and a, b, c given sccUars, 

In the first place we remark that x^ in the numerator merely 
adds a constant vector to the value of p, unless c = 0. 

Thus, if c do not vanish, the equation may be written, with 
a change of a and fi and in general a change of origin, 

_ a + jCjS 
'^ a + bx + C5if' 

and this again, by change of x and of a and ^, as 

a + ajjS 
a-bcx* 

It is obvious that this represents a plane curve. 

. , Sap a' + xSa/B 

T. Q. la 
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Hence both numerator and denominator of x are of the first 
degree in Sap, Sfip ; and therefore 



Sap = 



a-\-cx^ 



gives an equation of the third degree in phj the elimination of x. 
When we have Sa^ = 0, 

xl3^ 



a' 



SPp-. 



a + coif' 



whence x= ^fT , 

proap 



a* 



and a (SapY + c^ {S/SpY = a' Sap, 

a conic section. 

If c = 0, then with a change of a?, a, )8, y, the equation may be 
written 

X 

a hyperbola — so long at least as b does not also vanish. 

If b and c both vanish, the equation is obviously that of a 
parabola. 

If a and b both vanish, whilst c has a real value, we have 
again a parabola. 

If a vanish while b and c have real values, we have again 
a hyperbola. 

Ex. 22. Find the locus of a point at which a given finite 
straight line subtends a given angle. 
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Take the middle point of the line as origin, and let *fe a be the 
vectors of its ends. At p it subtends an angle whose cosine is 

This, equated to a constant, gives the locus required. We 
may write the equation 

a'-'p' = cT(p--a)T{p + a). 

This is, obviously, a surface of the fourth order; a ring or 
tore formed by the rotation of a circle about a chord. When 
c = 0, i. e. when the angle is a right angle, the two' sheets of this 
surface close up into the sphere 

p = a*. 

A plane section (in the plane a, )5 (suppose) where Tp = Ta 
and Safi = 0) gives 

p=oca + f/l3, 

or {1 - (^ + y")}' = c» {(x» + 2/» + 1)« - 4a^}, 

or, finally, 1 - (re* + 3^ = =*= -^|^ , 

which, of course, denotes two equal circles intersecting at the 
ends of the fixed line. 

]6x. 23. A ray 0/ light falls on a thin reflecting cylinder^ shew 
t/iat it is spread over a right cone. 

Let a be the ray, t a normal to the cylinder, p a reflected ray, 
P the axis of the cylinder. 

Then t is perpendicular to )S, or. 

SPt = (1). 

Again p and a make equal angles with t, on opposite sides of 
it, in one plane ; therefore 

pBTttT 

or F. TaTp = (2). 



180 QUATERNIONS. [CHAP, IX. 

EUminating r between (1) and (2) we have 

the equation of the right cone of which p is the axis, and a a side. 



Additional Examples to Chap. IX. 

1. Prove that /S'.(a + /3)(/3 + y)(y + a)«2AS'.a/3y. 

2. S . Vap r/3y Fya = - {SaPy)\ 

3. S.V{VapVPy)V{VPyVya)V{VyaVap)=^-{S.apy)\ 

4. S ( VjSyVya) = y^Sa^ - SpySya. 

5. a'iyy^ = (Vapyy-'{Sapyy 

6. = a« (SpyY + ^« (SyaY + y» (Sa^)' - (S'ajSy)' 
- 2SapSl3ySya. 

7. S{yV.aPy)^'/Sap. 

8. (a)8y)» = a'jSy + 2a)8y.S' . ajSy. 

9. S{ Fa/3y F/3ya FyajS) = iSafiSPySyaS . aj8y. 

10. The expression 

Fa/3Fy8+ FayF8j8+ Fa8F/3y 
denotes a vector. What vector 1 

(^ait^s Quaternions, Miscellaneous .Ex. 1.) 

11. SapS. fiyS-SPpS.yia-^SypS.Sap-S^pS. a)Sy= 0. 

12. (a/3y)«= 2a«^y«+ a« 08y)«4./3« (ay^H- y» (a/3)«- iaySafiSfiy. 

(Hamilton, ElemenU, p. 346.) 
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13. With the notation of the Note, Art. 69. 5, we shall 
have 

DABC = OABG- OBCD + OGDA - ODAB, 

14. When A, B, 0, I) are in the same plane, 

a.BOD-l3.CDA+y.DAB^B.ABG = 0, 
where BCI), &c. are the areas of the triangles. 

15. W. a^y + aV . PyS + 13V .ySa + yV . 8a^= 4/?. ajSyS. 

1 6. Vap VyB + VPy VSa + VyB Fa/? + F8aF/3y is a scalar. What 
is its geometrical meaning ? 

17. Find the equation of the sphere circumscribing a given 
tetrahedron. 

18. A straight line intersects a fixed line at right angles, and 
turns uniformly about it while it slides uniformly along it. Find 
the equation of the surface described (1) when the fixed line is 
straight, (2) when it is circular. 



CHAPTER X. 

VECTOR EQUATIONS OF THE FIRST DEGREE. 

With the object of giving the student an idea of one of the 
physical applications of Quaternions, we will treat the solution of 
linear and vector equations from an elementary kinematical point 
of view. For this purpose we choose the problem of the de- 
formation of a solid or fluid body, when all its parts are similarly 
and equally deformed. 

Def. Homogeneous Strain is such that portions of a body, 
originally equal, similar, and similarly placed, remain after the 
strain equal, similar, and similarly placed. 

Thus straight lines remain straight lines, parallel lines remain 
parallel, equal parallel lines remain equal, planes remain planes, 
parallel planes remain parallel, and equal areas on parallel planes 
remain equal. Also the volumes of all portions of the body are 
increased or diminished in the same proportion, as is easily seen by 
supposing the body originally divided into small equal cubes by 
series of planes perpendicular to each other. After the strain, 
these cubes are all changed into similar, similarly placed, and 
equal parallelepipeds. 

It is thus obvious that a homogeneous strain is entirely deter- 
mined if we know into what vectors three given (non-coplanar) 
vectors are changed by it. Thus if a, jff, y become a, jS', y 
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respectively: any other vector, which may of course be expressed as 

is changed to 

P ^ ;S . aBy ^"^'^ ' ^yf^^'^' yap + yS. a^p). 

No needful generality is lost, while much simplification is 

gained, by taking a, ^, y as unit vectors at right angles to one 

another. This is, in fact, the method already spoken of, i. e. the 

imaginary division of the body into small equal cubes, by three 

mutually perpendicular series of equidistant planes. We thus 

have 

p = - (aSap + pSpp + ySyp), 

p' = - (a' Sap + P'Spp + ySyp). 

Comparing these expressions we see that Homogeneoics Strain 
alters a vector into a definite linear and vector function of its 
original value. 

In abbreviated notation, we may write (as in Art. 63, though 
our symbol, as will soon be seen, is more general than that there 
employed) 

<^p = — (a Sap + P^Spp + ySyp\ 

where c^ itself depends upon nine independent constants involved 
in the three equations 

<^a = a 

For a', j8', y may of course be expressed in terms of a, )8, y : 
and, as they are quite independent of one another, the nine co- 
efficients in the following equations may have absolutely any 
values whatever ; 

<^a = a = ^a + c)S + b'y \ 

^^=^' = c'a + J5^ + ay i (a). 

^y =y =ba-\-a'fi + Cyf 
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In discussing tHe particular form of ^ which occurs in the 
treatment of central surfaces of the second order we founds Art. 44, 
that it possessed the property 

S , (r€l)p = S. p<l>(r (6), 

whatever vectors are represented by p and a-. Remembering that 
a, j8, 7 form a rectangular unit system, we find from (a) 

S . P^ = — c 






with other similar pairs ; so that our new value of ^ satisfies (b) 
if, and only if, we have in (a) 

b=h\ (c). 

c=c'J 

The physical meaning of this ^condition, as will be seen im- 
mediately, is that the distortion expressed by ^ takes place without 
rotation. In this case the nine constants are reduced to six. 

But^ although (6) is not generally true, we have 
/S . o-i^p = - (SaaSap + Sfi'aSPp + JSyaSyp) 
= - /S^ . p (oi^a'cr + ^/SJS'cr + yAS'/cr), 

where the expression in brackets is a linear and vector function 
of o-, depending upon the same nine scalars as those in (^ ; and 
which we may therefore express by if/, so that 

<l>a' = -(aSa'a + /3Sp'(r + ySy(r) (d). 

And with this we have obviously 

S . a'(f>p = S » p<l>o' (e), 

which is the general relation, of which (6) is a mere particular 
case. 

By putting a, )8, y in succession for o- in (d) and referring to 

(a) we have 

<^a =Aa + c'p+hy\ 

^'j3= ca + Bp + a'y\ (/). 

4/y^Va + aP + (7y' 
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Comparing {f) with (a) we see that 

whatever be p, provided the conditions (c) be fulfilled. This agrees 
with the result already obtained. 

Either of the functions ^ and ^', thus defined together, is 
called the Conjiigate of the other : and when they are equal (L e. 
when (c) is satisfied) c^ is called dk Self -Conjugate function. As we 
employed it in Chap. VI, ^ was self-conjugate ; and, even had it 
not been so, it was involved (as we shall presently see) in such a 
manner that its non-conjugate part was necessarily absent. 

We may now write, as before, 

4>p = - (a' Sap + pSPp + ySyp), 

and, by (c?), 

4/p = - {aSap + pSp'p + ySyp). 

From these we have by subtraction, 
(<^ - <^') p = <^p - <^'p = aSap - a Sap + fiSfi'p - ^Sfip + ySyp - ySyp 

-F.Faa'p+F.FiSiS'p+F.Fyy'p 

= 2F.€p (g); 

if we agree to write 

2€ = F(aa' + /3i8'+yy') (h). 

We may now express that <j> is self-conjugate by writing 

« = 0, 

the physical interpretation of which equation is of the highest 
importance, as will soon appear. 

If we form by means of (a) the value of e as in (h) we get 

2€ = (cy-^iS) + (aa- cy) +(6)3-ao) 

= (a-a')o + (^-^')i8 + (c-c')y, 

which obviously cannot vanish unless (as before) the three con- 
ditions (c) are satisfied. 
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By adding the values of ^p and <^ p above we obtain 
(* + ^0 p=<^p+<^ p = - (aSap + a'Sap -^pS^p +P'SPp +ySyp+ySyp) 
=^-V(apa' + Pp^ + ypy)-. p{Saa' + SP^ + Syyy 

As we have (by 69. 6) 

V. apa = V . a pa, <fec. 
this new function of p is self -conjugate. 

This will easily be seen by putting <^ + <^' for ^ in (6) and re- 
membering that (by 69. 17) we have 

S . aupa = S . paaa = ^S' . paxra, &c., <kc. 

Hence we may write 

{4>^4>')p^2mp (i), 

where the bar over ^ signifies that it is self-conjugate, and the 
factor 2 is introduced for convenience. 

From {g) and (t) we have 

4>p='TSp-^Y€p\ 

<l>p = 'mp — Y€p) 

If instead of c^p in any of the above investigations we write 
{<l>-\rg)p, it is obvious that ^p becomes {<t>+g)p'' and the only 
change in the coefficients in (a) and (/) is the addition of ^ to 
each of the main series A, B, C. 

We now come to Hamilton's grand proposition with regard to 

linear and vector functions. If <^ be such that, in general, the 

vectors 

p, <^p, <l>'p 

(where <^*p is an abbreviation for c^ (<^p)) are not in one plane, then 
any fourth vector such as <f>'p (a contraction for <^ (<^(<^p))) can be 
expressed in terms of them as in 31. 5. 

Thus il>^p = m^<t}'p — m^<f>p +mp (k)^ 

where m, m^, m, are soalars whose values will be found immedi- 
ately. That they are independent of p is obvious, for we may put 
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a, jS, y in succession for p and thus obtain three equations of the 
form 

<j>\-m^€l>'a-m^<fHi + ma .(Q, 

from which their values can be found. For by repeated applica- 
tions of (a) we can express (l) in the form 

V/ \ff v/ 

^// v/ v/ 

This gives ^ = 0, ^=0, (7 = 0. 



These are three equations connecting m, m^, m^, with the nine 
coefficients in (a). The other two groups of three equations, 
furnished by the other two equations of the form (?), are merely 
consistent with these; and involve no farther limitations. This 
method, however, is very inferior to one which will shortly be 
given. 

Conversely, if quantities m, m^ , m, can be found which satisfy 
(I), we may reproduce (k) by putting 

p — QCa + y^ + zy 

and adding together the three expressions {l) multiplied by a, y, z 
respectively. For it is obvious from the expression for ^ that 

X(f>p «= <^ (xp), x<f>^p = <t>^ (xp), <fec., 

whatever scalar be represented by x. 

If p, <^p, and <^*p are in the same plane, then applying the 
strain c^ again we find ^p, ^*p, ^'p in one plane ; and thus equa- 
tion (k) holds for this case also. And it of course holds if <^p is 
parallel to p, for then <f>^p and <t>^p are also parallel to p. 

We will prove that scalars can be found which satisfy the 
three equations (l) (equivalent to nine scalar equations, of which, 
however, as we have seen, six depend upon the other three) by 
actually determining their values. 

The volume of the parallelepiped whose three conterminous 
edges are A, /x, v is (31. 1) 

— S . Xfiv, 
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After the strain its Yolume is 

— /S. fl>k €f>fl €f>V, 

, - . S . d>X<l>iJi'<hv 

so that the ratio — a—<^- 

O . AfJLV 

is the same whatever vectors X, /i, v may be ; and depends there- 
fore on the constants of <^ alone. We may therefore assume 

X = p, 
and by inspection of (k) we find 

s.Xfiv ~ js.p^p<t>'p " ^ ^' 

which gives the physical meaning of this constant in (k). As we 
may put if we please 

X = a, 

we see by (a) that 

A, c, 5' 
c', B, a 
b, a\ C 






which is the expression for the ratio in which the volume of each 
portion has been increased. This is unchanged by putting 0' for 
^, for it becomes, by (/), 



wi = 



A, 


c'. 


b 


0, 


B, 


a' 


V, 


a, 


G 



Hence conjitgate strains produce eqital changes of volume, 

Becurring to (m) we may write it by (e) as 

S.\<f>'V€tip4v = mS.XVp,v, 
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from which, as X is absolutely any vector, we have 

or <jb V<l>fJi'<li'v =mVfiv 



} H- 



[In passing we may notice that (n) gives us the complete solution 
of a linear and vector equation such as 

where S and <^ are given and <r is to be found. We have in fact 
only to take any two vectors fi and v which are perpendicular to 
8, and such that 

Vfiv = S, 

and we have for the unknown vector 

which can be calculated, as </^ is given.] 

If in in) we put f^ + g for <^ we must do so for the value of m 
in {w). Calling the latter Mg we have 

nr „ ^' (<^ +^) ^ (<A +g^) m(^ +^) y 

S . XtfyfitjiV + ^ . fJL<l>v<l>\ + ^ . v^X^/A 

+g' H 

and by (n) {<f>-^g)V(<l/ + g)ii{i>+g)v^Mg. Vfiv 0?), 

or Mg^m + fi^+fi^ + g'^ \ .. 

{<t> + g) [m<l>-' Vfiv + g (F^>v + Vfi<t>'v) + g' Vfiv] = if^F/AvJ 

From the latter of these equations it is obvious that 

must be a linear and vector function of F/av, since all the other 
terms of the equation are such functions. 
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As practice in the use of these functions we will solve a 
problem of a little greater generality. The vectors 

V/iVy Vfjifiv, and Vfi<f>v 
are not generally coplanar. In terms of these (31. 5), let us 
express Kt>Vfiv, 

Let if>Vfiv = xViJ.v + yV<l>'fiv +zV/ji.<l)v. 

Operate hj S .X, S, fi, S ,v successively, then 

S . fivfjiX = xS . Xfjiv + yS , vXfl/fjL + zS . XfKJ/v, 

S . /ivKl>fi = yS. vfifl}'fi, 

S . flV<l>V = zS . V/JAJiV, 

The two last equations give (by 69. 4) 

y=-l, » = -l, 
and therefore the first gives 

S . fivfjiX + S . vX<f>'fi + S . Xfiff/v 
fS , Xfiv 

Hence, finally, 

il>Vfiv=fi^rfiv-r<i>'fjLv-rfjL<i>v (r). 

Substituting this in (q), and putting <r for VfiVj which is any 
vector whatever, we have 

or, multiplying out, 

(m - 5r^2 + /A^^ - 5r»<^ + 5rm<^-' + ^«<^ + /^^ + /) <r 

that is (- <A' + H-a^ + w^"^) <r = /Ji^o-, 

or (<^»- fi^fji^ + fi^<l>-m)a'= 0. 

Comparing this with (k) we see that 

_ S . Xiiffiv + S , vX<f>fi + S . fiv<f>X 

_ S, Xd>fid>v + aS' . LuhvfhX + /S' . vdiXdiu. \ 
^i=/*i = ^-^^ o^-P- ^^^-^ 

O . AfJLV J 

and thus the determination is complete. 



(»). 
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We may write (^), if we please, in the form 

m<^" V = W2,p - m^<l>p + <l>'p {k')y 

which gives another, and more direct, solution of the equation 
(above mentioned) 

Physically, the result we have arrived at is the solution of 
the problem, "By adding together scalar multiples of any vector 
of a body, of the corresponding vector of the same strained homo- 
geneously, and of that of the same twice over strained, to repre- 
sent the state of the body which would be produced by supposing 
the strain to be reversed or inverted." 

These properties of the function <^ are sufficient for many 
applications, of which we proceed to give a few. 

I. Homogeneous strain converts an originally spherical por- 
tion of a body into an ellipsoid. 

For if p be a radius of the sphere, o- the vector into which 
it is changed by the strain, we have 

and Tp = (7, 

from which we obtain 

T^y-'a- = 0, 

or ^.<^-V<^-V = -C^ 

or, finally, S . o-<^'-^<^- V = - C*. 

This is the equation of a central surface of the second degree ; 
and, therefore, of course, from the nature of the problem, an 
ellipsoid. 

II. To find the vectors whose direction is unchanged by the 
strain. 

Here <t>p must be parallel to p or 

<l>P==gp. 
This gives <t>'p = 5^p, &c., 
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80 that hj (k) we have 

^'-m^ + mj^ — m=0. 

This must have one real root, and may have three. Suppose g^ to 
be a root, then 

and therefore, whatever be A, 

S>Al>p-g^SXp = Oj 

or S.p{ft>'\-g,\) = 0. 

Thus it appears that the operator <^' — g^ cuts off from any vector 
X the part which is parallel to the required value of p, and there- 
fore that we have 

\\{nKt>-'-9A'^.-<l>)+9r'}C 
where f is absolutely any vector whatever. This may be written as 

The same result may more easily be obtained thus : — 

The expression 

(<^" - Wg<^' + m^<cf> - m) p = 0, 
being true for all vectors whatever, may be written 

(<^-i/.)(«^-fl'.)('^-fl',)p=0, 

and it is obvious that each of these factors deprives p of the por- 
tion con*esponding to it : i.e. <^— ^r^ applied to p cuts off the part 
parallel to the root of 

(^ — ^i) o" = 0, &c., &c. 

so that the operator (<^ — ^g) (<^-S'a) "^^®^ applied to a vector 
leaves only that part of it which is parallel to o- where 
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III. Thus ifc appears that there is always one vector, and 
that there may be three vectors, whose direction is unchanged by 
the strain. 

Def. Pure, or non-rotationobl, strain consists in altering the 
lengths of three lines at right amjgles to one another, withotU altering 
their directions. 

Hence if ^p^ = g^p^ 

the strain <^ is pure if, and not unless, p, , p^, p, form a rectangular 
system. [There is a qualification if two or more of g^g^g^ be 
equal.] 

Hence, for a pure strain, we have 

Sp/l>P,=g,Spj>, = 0, 

and fSpi^l^pa = ff^PiPt = : 

or Sp^<l>p^ = Sp/I>p^. 

But we have, generally, 

Sp,<l>p, = 8p^<l>'pr 
As we have two other pairs of equations like these, we see 

that 4^ = ^' 

when the strain is pure. 

Conversely, if ^ = ^' 

the three unchanging directions p^, p„ p, are perpendicular to one 
another. 

For, in this case, the roots of 

JC = 

are real. Let them be such that 

T. Q. 13 
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then 9i9^SpiPt = 'S'<^Pi<^P, 

= ^PlH>P2 

(because, hy hypothesis, the strain is pure) 

= ga'^PiPay 
for ^P, = 9J>, wid ^\ = 9'P»' 

Hence, except in the particular case of 

we must have 

SpiPf = 0, 
whence the proposition. 

When y^ and g^ are equal, p^ and p, are each perpendicular 
to P3, but anj/ vector in their plane satisfies 

4>fT-g^fT = 0. 

When all three roots are equal, every vector satisfies 

^-5^10" = 0. 

IV. Thus we see that when the strain is unaccompanied by 
rotation the three values of g are reaL [But we must take care 
to notice that the converse does not hold. This will be discussed 
later.] If these values be real and different, there are three vectors 
at right angles to one another which are the only lines in the body 
whose directions remain unchanged. When two are equal, every 
vector parallel to a given plane, and all vectors perpendicular to 
it, are unchanged in direction. When all three are equal no 
vector has its direction changed. 

V. There is, however, a peculiarity to be noticed, which dis- 
tinguishes true physical strain from the results of our mathe- 
matical analysis. When one or more of the values of g has a 
negative sign, we cannot interpret physically the result without 
introducing the idea of a pure strain which shall, as it were, pull 
the parts of an originally spherical portion of the body through 
the centre of the sphere, and so form an ellipsoid by turning a 
part of the body outside in. When two, only, are negative we 



[ 



] w. 
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can represent physically the result by introducing the conception 
of a rotation through two right angles about the third axis. But 
we began by assuming that there is no rotation ! Hence, for the 
case considered, all three roots must be positive. See end of next 
section (VI.). 

VI. This will appear more clearly if we take the case of a 
rigid body, for here we must have, whatever vectors be repre- 
sented by p and o-, 

T<f>p = Tp 

Sp(T = fS . ff>p<f^^ 

i.e. the lengths of vectors, and their inclinations to one another, 
are unaltered. In this case, therefore, the strain can be nothing 
but a rotation. It is easy to see that the second of these equa- 
tions includes the first; so that if, for variety, we take <f> as 
represented in equations (a), and write 

p = ara + yy3 + zy, 

we have, for all values of the six scalars x, y, «, ^, rj, ^, the follow- 
ing identity : 

- {x^+yrj + zO = S. {xa! + 2^/? + zy') (^a' + -q^' + ty) 

+ {xrj-^ y$) Sa'p + (yg + zti) S^y' + {z^ + x^) Sy'a\ 



This necessitates 






i.e. the vectors a', ^, y form, like a, jS, y, a rectangular unit 
system. And it is evident that any and every such system 
satisfies the given conditions. But the system a , P\ y must be 
similar to a, j8, y, i e. if a quadrant of positive rotation round a 
changes y3 to y <&c. a quadrant of positive rotation about a' must 
change ^ ix> y &c. 

When this is not the case, the system a , j8', y is the per- 

13—2 
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version of a, )9, y, L e. its image in a plane mirror ; and the strain 
is impossible from a physical point of view. 

This is easily seen from another point of view. The volume 
of the parallelepiped whose edges are rectangular unit vectors 
a, )9, y is —S. ttjSy 

if a positive quadrant of rotation round a brings P to coincide 
with y &c. But, in the perverted system, the volume lias changed 
sign and is expressed by 

VII. It may be interesting to form, for this particular case, 
the equation giving the values of g. We have 

^ S.aPy 

^ S.{a:^g a){p:^gp )W-^gy) 
S ,aPy 

" g'S {apy-^aP'y + a' I3y)+g\ 

Recollecting that a, )3, y ; a', j8', y are systems of rectangular 
unit vectors, we find that this may l>e written 

u\f„ = l-(ff + g')S(aa' + p^ + yy') + ff' 

= {9 + ^)[si'-g{l+S(aa' + ^P' + yy')} + l]. 

Hence the roots of 
are in this case ; first and always, 

which refers to the axis about which the rotation takes place : 
secondly, the roots of 

g'-ff{l+ S{aa' + fi^ + yy')} + 1 = 0. 

Now the roots of this equation are imaginary so long as the 
coefficient of the first power of g lies between the limits * 2. 

Also the values of the several quantities ^aa', S^^y Syy can 
never exceed the limits J= 1. When the system a, j8, y coincides 



X.] VECTOR EQUATIONS OF THE FIRST DEGREE. 197 

with a', )8', y', the value of each of the scalars is -1, and the 
coefficieut of the first power of ^ is + 2. When two of them are 
equal to + 1 and the third to — 1 we have the coefficient of the first 
power of ^ = — 2. These are the only two cases in which the 
three values of g are all real. 

In the first, all three values of ^ are equal to — 1, Le. 

^P = P 
for all values of p, and there is no rotation whatever. In the 
second case there is a rotation through two right angles about 
the axis of the — 1 value of g, 

VIII. It is an exceedingly remarkable fact that, however a 
body may be homogeneously strained, there is always at least one 
vector whose direction remains unchanged. The proof is simply 
based on the fact that the strain-function depends on a cubic equa- 
tion (with real coefficients) which must have at least one real root, 

IX. As an illustration of what precedes (though one which 
must be approached cautiously), suppose a body to be strained so 
that three vectors, a", )8", y" (not coplanar, and not necessarily 
at right angles to one another), preserve their direction, becoming 
e^a", ejjjS", e^y". Then we have 

By the formulae (m, s) we have 

SO that we have by (Jc) 

(^-«;)(<^-e,)(<^-6,)p = 0. 

Though the values of g are here all real, we must not rashly 
adopt the conclusions of (iv.), for we must remember that a", j8", y" 
do not, like a, jS, y, necessarily form a rectangular system. 
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In this case we have 

1^'^ . a"i3"y' = «i V^Y^cl'p + eJy"a"SP'p + e^Va'' p" Sy'' p. 

So that, by (A), 

This vanishes, or the strain is pure, if either 

1. Sa!'P' = aS')8'V' = Sy"a" = 0, 

Le. if a", j8", y" are rectangular, in which case «,,«,, e, may have 
any values ; or 

2. Cj = «g = ^3, in which case 

i^>5'. o"i3"y' = ^1 { V^YSa"p+Vy'a"S^'p + Fa")8".S'y"p} 

= 6,p5.a")3'y'by (69. U), 
80 that 

^'p = «,P = ^P 

for every vector : a general uniform dilatation unaccompanied by 
change of direction. 

3. Cj = e^,, and a" and )8" both perpendicular to y". 

From what precedes it is evident that for the complete study 
of a strain we must endeavour to distinguish in each case between 
the pure strain and the merely rotational part. If a strain be 
capable of being decomposed into Ist a pure strain, 2nd a rotation, 
it is obvious that the vectors which in the altered state of the 
body become the axes of the sti^ain-ellipsoid (i.) must have been 
originally at right angles to one another. 

The equation of the strain-ellipsoid is 

and in this it is obvious that <^"* is self-conjugate, or at least is to 
be treated as such : for a non-conjugate term in tfT'p would be (g) 
of the form Fcp, 

and would therefore not appear in the equation. 
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For the proper treatment of rotations, the following simple 
but excessively important proposition, due to Hamilton, forms the 
best starting-point. 

Jf qhe any quaternion, the operator q { ) q"^ turns the vector, 
quaternion, or body operated on round an axis perpendicular to the 
plane of q and through an angle equal to double that of q. 

For the proof we refer the reader to Hamilton*s Lectures, 
% 282, Elements, § 179 (1), or Tait, § 353. It is obvious that the 
tensor of q may be taken to be unity, i. e. q may be considered as a 
mere versor, because the value of its tensor does not affect that of 
the operator. 

[A very simple but important example of this proposition is 
given by supposing q and r to be both vectors, a and ^ let us say. 
Then 

is the result of turning j8 conically through two right angles about 
a, i. e. if a be the normal to a reflecting surface and ^ the incident 
ray, — aySa"^ is the reflected ray.] 

Now let the strain <^ be effected by (1), a pure strain '^ (self- 
conjugate of course) followed by the rotation q{^ ) q~^. We have, 
for all values of /o, 

whence ^p = 5 ((f^pq). 

The interpretation is that, under the above definition, the con- 
jugate to any strain consists of the reversed rotation, foUotoed by the 
pure strain. 

We may of course put, as in Chap, vi, 

wp = e^aSap + e^pSpp -I- c^ySyp, 

where a, ^, y form a rectangular system. Hence 

# = e^qaq-^Sap + e^qfiq-^Sfip + e^qyq'^Syp. 
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Here the axes are parallel to 

qaq'\ qPq'\ qyq'\ 
and we have 

S . qaq''qpq-' = S . qapq'^ = Sap = 0, &c. 

So far the matter is nearly self-evident, but we now come to 
the important question of the separatum of the pure strain Jrom 
the rotation. 3j the formulsB above we see that 

^'^P = mq^^il>pq 

= '^q'"{qmpq-')q 

so that we have in symbols, for the determination of ^, the 
equation 

That is, as we see at once from the statements above, any 
strain, followed hy its conjicgatey gives a pure strain, which is the 
sqiuire (or the result of two applications) of the pfwre pa/rt of 
either. 

To solve this equation we employ expressions like (^). ^'^ 
being a known function, let us call it (d, and form its equation as 

o)' - m,(o' + m^o) - m = 0. 

Here the coefficients are perfectly determinate. 
Also suppose that the corresponding equation in ^ is 

where g, g^, g^ are unknown scalars. By the help of the given 

relation ^ = <o, 

we may modify this last equation as follows : 



whence -or = 



^i + w 
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ie. ^ is given definitely in terms of the known function a>, as 
soon as the quantities g are found. But our given equation 



W*=0) 



may now be written 



V^. + o/ 



As this is an equation between ca and constants it must be 
equivalent to that already given : so that, comparing coefficients, 
we have 

9»-2gi =w„ 
9'''2gg^=^i^ 

from which, by elimination of ^ and g^, we have 



ei^)'--^^. 



The solution of the problem is therefore reduced to that of this 
biquadratic equation ; for, when g^ is found, g^ is given linearly 
in terms of it. 

It is to be observed that in the operations above we have not 
been particular as to the arrangement of factors. This is due to 
the fact that any functions of the same operator are commutative 
in their application. 

!Q!aving thus found the pure part of the strain we have at once 
the rotation, for (t;) gives 

4^~' P = 9P9'\ 
or, as it may more expressively be written. 

If instead of (t;) we write 

il>p=lSi(rpr''') (v'), 
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we assume that the rotation takes place first, and is succeeded by 
the pure strain. This form gives 

and 4^'p ^ *^P9 

whence Ja is found as above. And then (i/) gives 

Thus, to recapitulate, a strain ^ is equivalent to the pure 
strain v <ji'<ji followed by the rotational strain <^ ~/-f=^ > or ^ *^® 

rotational strain - . . ^ followed by the pure strain Jit><l>. 

This leads us, as an example, to find the condition that a given 
strain is rotational only, ie. that a quaternion q can be found 
such that 

* = !?( )?"^ 

Here we have tf/ = 9""* ( ) Qy 

or <^' = <^~* • {'w). 

But TOffr^ = Wj - m^4^ + <^^y 

or mtfi 

whose conjugate is m^ 

and the elimination of </i' between these two equations gives 






»»<A = ^1 - ^' K - wi,<^ + <A') + ^ K - ^a^ + *^T> 



i.e. 
= 



(m'Wj — mm^m^ + mi") = 
by using the expression for ^* from the cubic in ^ 



- (m® — mm^ + 2mjm^ — m) <^ 
+ (2mj + TTij* — wwij — mj ^* 
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Now this last expression can be nothing else than the cubic 
in <^ itself, else ^ would have two different sets of constants in the 
form (^), which is absurd, as these constants, from the mode in 
which they are determined, can have but single values. Thus we 
have, by comparing coefficients, 

m^ = 2mj + m^ — mm^ — m^ 

mrrig = m^m\ — mm^7n^ + m' 
The first gives 

by the help of which the second and third each become 

m^ — 7n = 0. 
The value 

m=0 

is to be rejected, as otherwise we should have been working with 
non-existent terms ; and m, as the ratio of the volumes of two 
tetrahedra, is positive, so that finally 

m=- 1, 

and the cubic for a rotational strain is, therefore, 

<^*-ma<^' + ma<^-l =0, 
or (<^-l){<^* + (l-m,)<^ + l} = 0, 

where m^ is left undetermined. 

By comparison with the result of (vii.) we see that in the 
notation there employed 

The student will perhaps here require to be reminded that 
in the section just referred to we employed the positive sign in 
operators such as <l> + g. In the one case the coefficients in the 
cubic are all positive, in the other they are alternately posi- 
tive and negative. The example we have given is a particularly 
valuable one, as it gives a glimpse of the extent to which the 
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separation of symbols can be safely carried in dealing with these 
questions. 

Def. a simple shear is a homogeneous strain in which all 
planes parallel to a fixed plane are displaced in the same direction 
parallel to that plane, and therefore through spaces proportional 
to their distances from that plane. 

Let a be normal to the plane, fi the direction of displacement, 
the former being considered as an unit- vector, and the tensor of 
the latter being the displacement of points at unit distance from 
the plane. 

We obviously have, by the definition. 

Sap = 0. 

Now if p be the vector of any point, drawn from an origin in 
the fixed plane, the distance of the point from the plane is 

— Sap, 

Hence, if o- be the vector of the point after the shear, 

(r = <l}p = p — l3Sap, 

This gives 

€f>p = p- aSPpy 

which may be written as 

= p--Tp.aS. Upp, 

so that the conjugate of a simple shear is another simple shear 
equal to the former. But the direction of displacement in each 
§hear is perpendicular to the unaltered planes in the other. 

The equation for <^ is easily found (by calculating m, 7n^, m 
from (m), («)) to be 

<^'-3<^' + 3<^-l=0. 

Putting <^'<^ = i/r, we easily find (with b = Tp) 
^3- (3 4.5«) ^ + (3 + 5«) ^» 1 = 0. 

Solving by the process lately described, we find 
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If 6 = 2, this gives ^j = 1, and the farther equation 

y.»+<,,«-13<,.-21 = 0, 

of which ^j = — 3 is a root, so that 

5^i'- 2^71-7-0, 

and g^=^ldc2j2. 

We leave to the student the selection (by trial) of the proper 
root, and the formation of the complete expressions for the pure 
and rotational parts of the strain in this simple and yet very 
interesting case. 

As a simple example of the case in which two of the roots of 
the cubic are unreal, take the vector function when the strain is 
equivalent to a rotation $ about the unit vector a ; the others of 
the rectangular system being )8, y. 

Here we have, obviously, 

<^)3 = j8 cos fl + y sin tf , 

^ = y cos fl - j8 sin tf, 
whence at once 

- <l}p=:aSap + (jScostf + ysin 0) Sfip -^ (y cos 6 — fi an 0) Syp 

= (1 - cos 0) fluSap — p cos 0-Vap sin ft 

Forming the quantities m, m,, rn^ as usual, we have 
<^'- (1 + 2 cos fl) «^' + (1 + 2 cos tf) «^ - 1 = 0, 
or {<l> - 1) (^■-2 cos tf ^ + 1) = 0, 

or («^-l)(«^-cosfl-7^sinfl)(«^-costf + V^sintf) = 0. 

Now 
-(«^-l)p = (l-costf)((tSap + p)-sinfl Vapf 

- («^ - cos tf - J-^ sin fl) p = (1 - cos fl) aSap + sin fl (p J^ - Fop), 

- (<^- cos + J- lsinfl)p«(l-oo8fl) aSap - sin fl (p J^+ Vap). 
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To detect the components which are destroyed by each of these 
factors separately, we have, by (ii.), for (<^— 1), the vector 

(<^' - 2 cos tf «^ + 1 ) p = - 2 a/S'ap ( 1 - cos ^ ; 

80 that (^ -- 1) a = 0, 

which is, of course, true. Again 

(<^-l)(<^ - cos ^- ^=T sin ^)p= - sin tf (1 - €-«V^) (yrra+ 1) Fop, 
which we leave to the student to verify. The imaginary directions 
which correspond to the unreal roots are thus, in this case, parallel 
to the Bivectors 

(a*y^)Fap. 

Here, however, we reach notions which, though by no means 
difficult, cannot well be called elementary. 

A very curious case, whose special interest however is rather 
mathematical than physical, is presented by the assumptions 

a' = )8 + y, 

for then '<^p = ()8 + y) Sap + (y + a) S^p + (a + )8) Syp 

= (a + )3 + y) S{a + jS + y) p - (ouS'ap + pSPp + ySyp) 

= dSSSp + p, 

where 8 is a known unit vector. This function is obviously self- 
conjugate. Its cubic is 

<^'-3<^ + 2 = = (^-l)'(<^ + 2), 

which might easily have been seen from the fjEWjts that 

1st, <^8 = -28, 

2nd, <f>a = a, if AS'a8 = 0. 

The case is but slightly altered when the signs of a', j3', y are 
changed. Then 

<l>p = — 38/S8p — p, 
and the cubic is 

^»-3<A-.2 = (<^ + l)'(<^-.2) = 0. . 
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These are mere particular cases of extension parallel to the single 
axis 8. The general expression for such extension is obviously 

<^p = p ~ BoSBpy 

and we have for its cubic 

(^-l)'{^-(l+e)} = 0. 

We will conclude our treatment of strains by solving the 
following problem : Find the conditions which must he satisfied hy 
a simple shear which is capable of reducing a given strain to a pure 
strain. 

Let <f> be the given strain, and let the shear be, as above, 

then the resultant strain is 

= <t> + fiS.<f/a. 
Taking the conjugate and subtracting, we must have 

= 2F.c-F.(Ffaj8), 
so that the requisite conditions are contained in the sole equation 

2€=F^a)8. 
This gives (1) /S'.jSc^O, 

(2) S<l>a€=0 = Sa<f>€. 
But (3) Sa/B = (by the conditions of a shear), 

so that xa= V. )3^€. 

Again, (4) 2c' = /S' . ^'a ySc = /S' . a<^ (ySc) 

or — ma= 2F. j8~'^€. 

Hence we may assume any vector perpendicular to € for j8, and 
a is immediately determined. 
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When two of the roots of the cubic in ^ are imaginary let us 
suppose the three roots to be 

Let P and y be such that 

Then it is obvious that, by changing throughout the sign of 
the imaginary quantity, we have 

These two equations, when expanded, unite in giving by 
equating the real and imaginary parts the values 

To find the values of a, )8, y we must, as before, operate on 
any vector by two of the factors of the cubic. 

As an example, take the very simple case 

<^p = e Yip, 

Here it is easily seen by (m), («), that m = 0, m^ = + c', m^ = 0, 

80 that <^' + c*<^ = 0, 

that is <^ (<^ + ej^) (<^ -e^^^^) = 0. 

As operand take 

p = {x +ji/ + kZf 

then a\\r{<l> + ej^){<l,--ej^)p 

\\eV.{<i> + eJ^){hy^jz-pJ^) 
II {-jy -hz + p) 

Again 

)8-yy^||<^(^ + ey3r)p^ 

||e^(%-i» + >/-lp) 

II -jy -kz-hj '-l{ky -jz) 

Wjy ^hz- J'^ (Jz-hy). 
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With a change of sign in the imaginary part, this will repre- 
sent 

SO that p =jy + kzy 

y =jz - ky. 

Thus, as the student will easily find by trial, P and y form 
with a a rectangular system. But for all that the system of 
principal vectors of ^, viz. 

OjP^yJ'^ 

does not satisfy the conditions of rectangularity. In fact we see 
by the above values of j8 and y that 

It may be well to call the student's attention at this point to 
the fact that the tensors of these imaginary vectors vanish, for 

This gives a simple example of the new and very curious 
modifications which our results undergo when we pass to Bi- 
vectors ; or, more generally, to Biqtiatemions. 

As a pendant to the last problem we may investigate the 
relation of two vector-functions whose successive application 
produces rotation merely. 

Here <^ = if/x'^ 

is such that by (w) 

i.e.x'~y=X'A~S 
or ^x = ^V = ^9 

since each of these functions is evidently self-conjugate. This 
shews that the pure parts of the strains xj/ and x ^^ ^^^ same, 
which is the sole condition. 

One solution is, obviously, 
T. Q. 14 
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L e, each of the tvo is itself a rotation ; and a new proof that any 
niimber of successive rotations can be compounded into a single 
one may easily be given from this. 

But we may also suppose either of ^^ x? suppose the latter, 
to be self-conjugate, so that 

or «AV=^> 

which leads to previous results. 



Examples to Chafteb X. 

1. If a, j3, y be a rectangular unit system 

and therefore vanishes if <^ be self- conjugate. State in words the 
theorem expressed by its vanishing. 

2. With the same supposition find the values of 

Sr. Va<j>a. Vpff>P and of S/S'. Fa<^aFj8^j8. 
Also of 2 . aSaKfia, 

3. When are two simple shears commutative ? 

4. Expand ^j in powers of <f>, and reduce the result to 

1 — e<p 

three terms by the cubic in ^. 

5. Shew that ^' F . <t>p<t>'p = ^'J'Pf'pfp r. p^p 

= m Vpffip, 

6. Why cannot we expand <^' in terms of <^°, ^, ^*? 

7. Express Vp<f>p in tenns of p, <^p, <^'p, and from the result 
find the conditions that ff>p shall be parallel to p. 



10. Ifm = 
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8. Given the coefficients of the cubic in <^, find those of the 
cubics in <^*, <^^, &c. <^". 

9. Prove 

(<^ + m,)F.a<^a=Fa<^'V 

A, b, c \ shew that M^ = may be written as 
a, JB, c 
a', b', G 

or €^(^"^"*) 7/1 = 0. 

11. Interpret the invariants m^ and m^ in connexion with 
Homogeneous Strain. 

12. The cubics in ^i/r and \p<l> are the same. 

13. Find the unknown strains ^ and p( from the equations 

<^ + X = 'nr, 

14. Shew that the value of V {^f^o-x^ + <l>PxP "^ i^TXY) ^ *^® 
same, whatever rectangular unit system is denoted by a, )8, y, 

15. Find a system of simple shears whose successive applica- 
tion results in a pure strain, 

16. Shew that, if ^ be self-conjugate, and ^, tj two vectors, 
the two following equations are consequences one of the other : — 

V ^ F. i<t>i 
From either of them we obtain the equation : 
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17. Shew that in general any self-conjugate linear and vector 
function may be expressed in terms of two given ones, the 
expression involving terms of the second order. 

Shew also that we may write 

where a, h, c, x^ y, z are scalars, and vr, cd the given functions. 
What character of generality is necessary in m and ci> 1 How is 
the solution affected by non-self -conjugation in one or both 1 

18. Solve the equations : 

(a) F.apj8=F.ayj8, 

(6) op + p^ = y, 

(c) p-k-apP^aP, 

id) apa-^ + i8p^-^ = ypy-', 

(«) appp = pap p. 



APPENDIX. 

We have thought it would be acceptable to many students 
if we should give as an Appendix a brief, and in some cases 
even a detailed, solution of the most important and most difficult 
of the Additional Examples. In doing so, we would add as 
a word of advice, that our solutions be employed simply for the 
purpose of comparison with those which shall occur to the student 
himself. 

Chap. II. 

Ex, 4. If AB^a, BG^P, AF=^ma, Ar = m'a, BQ=mp, 
&C', then 

AE^AF + xPQ^AF-^-x'F'Q^ 

gives ma + x{(l-m)a-h m^} = w'a + re' {(1 - w') a + m')8}, 

whence x = m\ and PE^m'PQ, 

Ex. 6. ABCD is a quadrilateral; AB = ay AC = Py -42) = y, 
AF = ma, BQ = m(fi — a), &c. 

The condition P^ + J?/^ = 

gives (1 - 7w) a + m ()8 - a) + (1 - m) (y - j8) - wy = 0, 

or (l-2w)(a-j8 + y) = 0; 

an equation which is satisfied either when l-2m = 0, or when 
a-j8 + y = 0. 

The former solution is Ex. 5; the latter gives ABCD a 
parallelogram. 
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Ex. 10. Let Of by e he the points in which the bisectors of 
the exterior angles at A, B, C meet the opposite sides. Iiet xmit 
vectors along JBC, CA, AB be a, j8, y; then with the usual nota- 
tion we have 

aa + 6j8 + cy = (1). 

Now Aa = x{l3 + y) = -bp-hf/{bp + cy) 

be 



gives 05 = 



b-c' 



and i!a = ^— ^(^ + y). 
Similarly Bb = (y + a), 

be 

therefore Ab = ft (by 1), 

c — a 

J be 

Ae= ^y. 

a— ' 

Hence (J)-'c)Aa'¥{e- a) Ab'\-{a- b) Ae = 0, 
and also (5 - c) + (c - a) + (a - &) = 0, 

therefore (Art. 13) a, 6, c are in a straight lina 

CoR. ba : ea :: b — a : c — a. 

Ex. 12. If the figure of Ex. 11, Art. 23, be supposed to re- 
present a parallelepiped; then, with the notation of that example, 

the vector from to the middle point of OG is ^ (a + iS-nS), 

which is the same as the vector to the middle point of AF^ viz. 

a + ^()8-l-8-a). 



APPENDIX. 215 

Ex. 13. With the figure and notation of Art. 31, the former 
part of the enunciation is proved by the equation 

a + j8 + y _ 1 / g + )g + y a + P P + y y + a \ 
4 ~i\ 3 "*■ ~3~ **■ ~3~" "^ ~3~; • 

Also, if the edges AB, BO, CA be bisected in c, a, 5, the mean 
point of the tetrahedron Oahc is evidently 

1 /a + ^ 5 + y , y + a\ 
4V 2 "^T ^ 2 )' 

which proves the latter part of the enunciation. 

Ex. 14. Here we have to do with nothing but the triangles 
on each side of OD, 

If 0Q = a, QA=pa, AP = I3, FD = qp; 

1 



gives X = 



pq-V 

Similarly, if OS=a, SB=pW, BR^p\ RD=q'l3'', 

TO = x'OD 

1 

gives X 



pq^l 

1 wi 
But the data are - = —,« = mq'\ hence 

q jp 

pq=p'q'y and x = x'; 

therefore T* coincides with T. 

Ex. 15. lfAB = a, AC =13, MN=^pa, PQ^qp, jRS==r(fi^a), 
we shall have, by making A0 = AP + PO = AIi + RO, 

(l.^)a + (l-;,)^ = ra + (l-;>)08-a); 
therefore p + q + r =^2. 

Ex. 17. Let 5^ = 0, RB=P, AP^moy AD=pa + ql3; then 

Pl)=pa + qP''ma, 
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and BS^BF-^ FS= RQ + QS gives 

(l+wi)a + a; {pa ■{■qP- ma) ={l -^ m) P + y {pa + q/3 - mjS) , 

1 +m 
whence x = , 

7/* 

and i?5^=l±^ (pa + gP) = 1±^^Z>. 



[Or thus : 



I)Q = ma .'. JJ^ = -^{P-¥ma\ 



^ 1 



^ii=(l-m)a; ©^^ = 2 08 + 1- wa), 



1 



DR^ ^{P + \ -¥ ma)y 



Chap. III. 

Ex. 5. Let ABCD be the quadrilateral; DA, BB, DC, a, j8, y 
respectively. 

Now i8(y-a)+(y-a))8 = y(i8-a) + (^-.a)y 

+ a(y-)8)+(y-^)a. 

Taking scalars, and applying 22. 3, there results, 
>y^(y-a)=.S'y(^-a)+^a(y-i8), 
which is the proposition. 

Ex. 6. If a, j8, y be the vectors 0-4, OB, OC corresponding 
to the edges ayh, c\ we have 

V{CA.GB)^V {a-y){P-y) 
= F(aj8 + j8y+ya) 
= ahk + &a + caj, 
the negative square of which is the proposition given. 
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Ex. 7. If Aya()8-y) = and Sp{a-y) = 0, then, by sub- 
traction, will Sy (a - j8) = 0. 

Ex.8. K a« = (j8-y)», ^• = (y-a)",/ = (a-j8)«; then wiU 

for these are the same equations in another form; and they prove 
that the corresponding vectors are at right angles to one another. 

Ex. 9. If OA, OB, OG, OB are a, A Ti S; 

triangle BAB : BAG :: tetrahedron OBAB : OB AG 

:: Saps 2 Say& 

:: triangle Oil J5 : OAG, 

because the angles which 8 makes with the planes OAB, OAG are 
equal. 



Chap. IV. 

Ex. 1. Let be the middle point of the common perpendi- 
cular to the two given lines ; a, — a, the vectors from to those 
lines, unit vectors along which are j8, y ; p the vector to a point 
P in a line QR which joins the given lines ; F being such that 
IiF=mPQ', therefore 

p + a - yy = m (a + (BjS — p). 

Now since a is perpendicular to both ji and y, the equation^ 
gives (1 + m) Sap = (»i — 1) a* ; a plane. 

Ex. 2. Eetaining what is necessary of the notation of the 
last example, let 0S= 8. 

If FE perpendicular on y meet ^ in Q, we have 
— a + yy + EF=p, which gives yy* = Syp ; 
RQ = 2a + acjS - yy, which gives yy* = xSPy ; 
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and 5i» = e'PC* gives 

-'•("*^f/-')'> 

which being of the second degree in p shews that the locus is a 
surfjEU^ of the second order. See Chap. YI. 

Ex. 3. The equation of the plane is 

Syp = a, 

which, being substituted in the equation of the surface, gives 
what is obviously the equation of a circle. 

Ex. 4. With the notation of Ex. 1, let S, 8' be the perpen- 
diculars on the lines, 

then p'¥S = a + xp gives FjSS = - Fj8 (p - a), 

and the condition given may be written 

F')38 = e»FV; 

Now (22. 9) 

whence p'-2Sap + a'-hS'Pp. = e' {p' + 2Sap + a'' + S^yp)^ 
a surface of the second order. 

Ex. 6. Sp (P + y) = Cf a plane perpendicular to the line which 
bisects the angle which parallels to the given lines drawn through 
make with one another. 

Ex. 7. a, )8 the vectors to the given points A, B, • 

Syp = a, JSSp'^b 

the equations of the planes, y, 8 being unit vectors. 

xy, y8 the vector perpendiculars from A on the planes, then 

x = Say — af y = Sa& — by 

.-. x + y^Sa{y-^B)-{a+h) (1). 
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Hence by the question 

or S(J3-a){y + B) = (2). 

Now equation (1) will give the sum of the perpendiculara on 
the planes from any other point in the line -4-S by simply writing 
a-hz{P — a) in place of a ; and from equation (2) this will pro- 
duce no change. 

Ex. 8. If ^ be the vector to C, equation (2) of the last 
example gives 

S{l3-a)(y + S) = 0, S{^-a){y + 8) = 0. 

Now the sum of the perpendiculars from any other point in 
the plane will be found from equation (1) by writing 

in place of a. Hence the proposition. 

Ex. 10. Tait's Quaternions, Art. 213. 

Ex. 11. Let a, )S, y, 8 be the vectors OA, OB, OC, OD ; 
then (34. 5, Cor.) 

& = S. aPy.{VaP + Vl3y + rya)" 

ahc (bci + caj + (ibk) ^, x 

" {ctby~T(bc)'+Jm)'' * ^ ^* 

Now 

« 

triangle ABD : triangle ABO 

: : tetrahedron OABD : tetrahedron OABO 
: : S. a^B : S. a)Sy 
:: S , ahijB : S . ahcijk 

:: {ahy : (ab)' + (bcf + (cay 

: : (triangle AOBy : (triangle ABO)\ 

(Chap. III., Additional Ex. 6.) 



i 
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Ex. 12. This ifl merely the equation 

with t eliminated by taking the product of Fap, Vpp, (See 55. 3.) 

Chap. V. 

Ex. 3. Let a, a' be the radii of the circles ; a, p the vectors 
from the centre of one of them to that of the other, and to the 
point whose locus is required ; then 

Tp T(p-a) 



a a' 



Ex. 7. This is the polar reciprocal of Ex. 3, Art. 40. 

Ex. 8. Let A be the origin, AB = j8, AC = y, the vector to 
the centre a : then 

•-r(AB.£G.CA) = V.p{y^P)y 

= 2pSay — 2ySaP from the circle; 
.-. S.aV{AB.BG.GA) = 0. 

Ex. 9. Tait, Art. 222. 

Ex. 10. Tait, Art. 221. 

Ex. 11. Tait, Art. 223. 

Ex. 12. Tait, Art. 232. 

Chap. YI. 

Ex. 1. Let 8 be the vector to the given point, ir the vector to 
the point of bisection of a chord, p a vector parallel to the chord, 
all measured from the centre ; then 

S7r<l>S ^ SiTKfiv (48); 
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fro 


m which 


by 


making 

^•^P + 9^' 


we 


get 




Spf^p = — Shf^j 
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an ellipse whose centre is at the point of bisection of the line 
which joins the given point with the centre of the given ellipse. 

Ex. 2. Let 26 be the shortest distance between -the given 
lines ; 6 their angle of inclination ; 2a the line of constant length ; 
then as in Ex. 2, Chap* IV., 

- 4a" = (2a + a;j3 - yy)', 

the former gives 

«» + y'-2a;ycostf = 4(a*-6") (1), 

the latter 

4p = (a! + y)(/J + y) + (aj-y)(^-y), 

which, since /? + y> /? — y are vectors bisecting the angles between 
the lines and therefore at right angles to one another, is an equa- 
tion of the form of that in Art. 55. 2 ; whilst equation (1) satisfies 
the condition 

(a? + y)" + w (sc - yf = c, 

which is requisite for an ellipse. 

Ex. 3. Let a be a vector semi-diameter, parallel to a chord 
through ; 8 the vector to : then 

p = 8 + oja 

gives S^& + 2a;/S8<^a + aj'^a<^ = 1, 

which, since Sa<j)a=l, 

shews that the product of the two values of x is constant ; hence 
the rectangle by the segments of the chord varies as a\ which ib 
the proposition. 
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Ex. 4. With the usual notation, let CE, CE' be semi- 
diameters parallel to BF^ B'F^ and let their vectors be m (a -- j8), 
n (a + /3) ; then since P, i), E^ W are points in the ellipse, 

w'^(a-/3)<^(a-/3) = l, 

. •. 2m* = 1. Similarly 2n" =1, m = n, 

and i)P : i)'P :: r(a-/3) : T{a-¥p) 

: Tm{a-p) : rn(a + )8) 

Cor. Since rn = -j^, CE : BF :: I : ^2. 

Ex. 5. Put wa', 7i/ in place of a, p in equation (1), Art. 43. 

Ex. 6, 7. With everything as in Ex. 4, CE, CE' being now 
semi-diameters in the direction of diagonals of the parallelogram, 

SCE<t>CE' = ^S{a-li)<t>{a + p) 

= 0; 
hence CE, CE' are conjugate. 

Ex. 8. S {a-¥ P) <j> {a + P) sz 2 gives an ellipse, whose equation 
is 

Sp<j>p = 1, where <^' = ^ ; 

hence the diameters of the locus are to those of the given ellipse 

:: J2 : 1. 

Ex. 9. If y be a unit vector to which the lines are parallel, 
p, p' points in which the lines cut the ellipse, 

p = ai + my, p' = bj + ny, 

and /Sp<^p = l gives 



Similarly 2hSj^y + nSy^y 



2aSi<f}y + mSyifyy = 0| .- . 

2bSjd>y + nSyd>y = 0) ^ ^' 
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Now Sp<l>p' = an Si(l>y + hmSj<t>y + mnSy<l>y 

= 0, by equations (1) ; 

/. p, p' are conjugate. 

Cob. The same demonstration applies when the diameters 
from whose extremities parallels are drawn, are any conjugate 
diameters whatever, i, j being parallel to those diameters. 

Ex. 10. Let (7P, OF' be any two semi-diameters, their vec- 
tors being a, a'; FQ the semi-ordinate to C-P; CQ = 7utf ; then 

S{FQ. ^a') = 
gives S{a — no!) <^a' = 0, 

Now the area of the triangle QCF is proportional to 

VifiP.CQ), 
ie. to nYaua! or to 

Satpa' . Faa', 

which, being symmetrical in a, a', proves the proposition. 

Ex. 11. If the tangent at F^ meet OF produced in T, 

CT=ma; 
then, since F^T is perpendicular to <t>a\ 

1 
oa<pa 

and area F'GT is proportional to V(CF^ ,CT), i.e. to cr-r/> 
which is symmetrical in a, a'. 

Ex. 12. Let a, ^ be the vector semi-diameters of the larger 
ellipse ; the centre ; the centre of the smaller ellipse, whose 
equation is 

Sp<l>p = c, 
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y a vector along PQR ; then 



■■• K-¥-''H'^*'r)- 



C 



Syff>y ' 
and since CQ = a + j8 + a^y, 

bence FB is conjugate to CQ, and therefore bisected at Q. 
Ex. 13. This is simply a combination of 49. 2 and 49. 1, 

Chap. VII. 

Ex. 3. The equation of the circle is 

/ ay 9 , 



which by 52. 1 gives 



5 
(a* — tSapy — a'Sap = y^ a*, 



a" 



wluch (52. 11) is the proposition. 

Ex. 5. If be the centre of the circle, Q a point at which it 
meets the tangent at A ; then, with the notation of 05. 1, 

i.e. «*-«y + ^ = 0, 
which gives two equal values of z ; hence the proposition. 
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Ex. 6. With any point as origin, let /?, y be the vectors to 
the two given points, tt the vector to the focus of one of the 
parabolas. Write aa in place of a in equation (1), Art. 52, a 
being a unit vector ; 

then -(fi--7ry = {a + Sa(fi-7r)Y (1) 

whence, by subtraction, 

P''-y'-2S^(l3-y) = -Sa{p--y){2a-\-Sa{p-y)^2Saw}, 

which gives a by a simple equation in tt; and then equation (1) 
becomes a quadratic in tt. 

Ex. 8. If two tangents meet at T, it is easy, as in Ex. 5, 
Art. 55, with the notation available for the focus, to find 

4a 2 '^ 

and S(ST, ST') = will follow at once, from the fact that 

yy" + 4a«=0. 

Ex. 9. Let P be the point of contact, PQ the chord, TEF the 
line parallel to the axis cutting the curve ia. JSj ; U the origin ; 

FP=^a + t/3, FT=~^a, 
whence 



z 


t 


, y = - 


'2' 




• 
• • 


PF : 


FQ :: 


t : 


t' 






• • 


• 

2 • 


2 






• • 

• • 


TE 


: EF. 



Ex. 10. This is evident from equation (1), Art. 52. 
T. Q. 15 
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Ex. 11. With the notation of Art 52, let 

.\ aj'(a-2p)=a + 8, 
aJ' (a* - 2;S'ap) = a*. 

But p, -xp being vectors to the parabola, equation (1), Art 
52, gives 

of (a" - Sap)' = (a" + xSap)% 

, \ X (a* — Sap) = a* + xSap, 

X (a* - 2Sap) = a\ 
• • X •— X , 
and the proposition is true (Euc. YI. 2). 

Ex. 14. Tait, Art 43, Cor. 2. 

Ex. 15. 

C7P= a< + f gives CT= 2at, 

V 

CQ = 2at-^xp=at^ + ^, = 2at + §-, 

t Jit 



so that the equation of RQPR is 



p = ai + ^+x(ot-Q, 



whence for E and E' the yalnes of x are 2 and — 1 ; therefore 

A t 
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Ex. 16. If CR = aa; a + mp, a-mfi vectors parallel to the 
given conjugate diameters, 

OF = aa + a; (a + mfi) = a« + — , 

CD = aa + a' (a - mfi) =at'-Z, 

give t^t'; therefore OP, CD are conjugate 

Ex. 18. Adopting the figure and notation of Ex. 2 of the 
hyperbola, Art. 55, we have 

t 
therefore QE = {X- 7) fta - ^\ , 



•e=(z+r)(«a-^, 



and rQ. QE= (Z' - F*) (ta-^ 

= P0', since X"-F«=l. 

As an example of combining not merely the forms but the 
results of the Cartesian Greometry with Quaternions, we will add 
one more example. 

If GFy CD; CFy CD he two pairs of conjugate semMiametera 
of cm ellipse, PD' wiM he parallel to PD. 

Let CFy CF be denoted, as in Art. 55. 2, hj xa + yfi, x'a-^y^p 
respectively; then CD, CD^ will be represented by 

a h ^ a . h ,n 

with the conditions 

aY + h'a'^a'y, aY' + b'a^'=a'b' (1). 

Now vector iyp=(x + -^i/ja+ (y--a{\p, 

16—2 
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2)P'=(x'-.|y)a+(y'-^)A 



But equations (l).give, by subtraction, 

a , b , / a /ft 

0^ a 0^ ^ a 

therefore D'P is a multiple of DP* and consequently parallel to it. 
Cor. PD' : FD :: oiZ+fta; : ay-k-hx. 

Chap. VIII. 

Ex. 1. With the notation of Additional Ex. 1, Chap. IV., 
the perpendiculars are 

p-a-jr^, p + a-yy, 

so that S^p = xp\ Syp = y/; 

and by the question, 

{p-a- p-'S^p)' = e* (p + a - y-^yp)', 
a surface of the second order in p. 



Ex. 3. The equations Sp<l>p= 1, Sv<l>p=lf with the condition 

7r = ak^p, give 

1 _ tt" 

-^S7r<t> V = l, — = 1 respectively, 



therefore /S^^ V = 7r*, 

whence the Cartesian equation. 

Ex. 4. If a, )8, y are the vector radii, 

{Tay" a' '^ b' '^ c* ' 
(fee. = (fee. 

Adding and observing that AS'o<^a= 1, &c., there results 

1 1 1111 

+ ---. — + = — + — 1_ 



(^a)^ {Tpy (Tyy " a' b' c'' 
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Ex. 5. As in Ex. 8, Art. 64, 



and if vector OQ^ — a5<^o, the ellipsoid gives 

afS<l>a<j>^a= 1. 

_ (SiaY (SjaY {SkaY 
'^ a^ If c^ ' 

and, since 

{SiaY + (SipY + i^iyY = <^' 
(Ex. 7, Art. 64), the result required is obtained by simply 
adding. 

Ex. 6. Let pk be the vector distance from the origin, of the 
plane parallel to asy, ir a point in it; then Sk{n—pk) = gives 
Sirk = const. 

Now ASp<^7r = 1 is the equation of the plane of contact, and if 
zk be the point in which this plane cuts the axis of z, zSk<fyir = 1, 
i. e. zSTTKJik = 1, gives z, 

Now ffik IS & multiple of k, and since Svk is constant, z is 
constant. 

Ex. 7. The equations of the ellipsoids 

Sp<t>p = l, S(p-a)<l>(p-a) = l, 
give /S/x^a = const, as the plane of contact. 

Ex. 8. If pa be the vector to the point in the line OA ; the 
equation of its polar plane is Spa<l>p = 1 ; and the square of the 
reciprocal of the perpendicular from the centre on this plane is 
"P^ (</)a)*. Hence the conclusion by Ex, 8, Art. 64. 

Ex. 9. Let p be the vector to P ; a, ^, y vector radii parallel 
to the chords ; then 

p + xa, p + yp, p + 27. 
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will be the vectors to -4, ^, C; and Bince P, A, B, C sre 
points in the ellipsoid 

2iSfM^ + « = 0. 
The equation of the plane ABG is (34. 5) 

S.{ir~p) {xyaP + yzfiy + zocya) = xyzS , ajSy, 
and since a, )8,'y are at right angles to one another^ 

therefore the equation of the plane ABO becomes 
« . r 1 y 1 _a_ J_ /3 \ g 

which is satisfied by 

TT — p = 71Kf>pf 

where 

and therefore Ex. 4 aboTC gives 

2 



1 1_ 1* 



Chap. IX. 
Ex. 2 and 3. Employ formula 11. 
Ex. 5. Since 

formulae 4 and 6 give the required result. 

Ex. 6. Apply formula 10 to Ex. 5. 

Ex. 8. (ajSyY = a)Sy . afiy = a/Jy {S,aPy + V. a/?y) 

= a^y(/S'.a/?y + F.y)Sa) 
= a/?y (y^a + 2S . ajSy) 
= a»j3V+2aj8y^.a^y. 
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Ex. 9. Formula 10 gives the vector of the product of three 
vectors a, jS, y, under the form a' - )8' + y where a = aSfiy, &c. 

Hence the required scalar may be written 

S.{a'-l3: + y'){a' + ^-y'){-a' + ^ + y'); 

and as the scalar part of this product is that which involves all of 
the three vectors a , )8', y we have exactly as in the demonsk^ 
tion of formula 5, 

S (Val3yVpyaVyal3) 
= ^. a, -^', y 

=^4tS.a:pfy\ 

10. The scalar part, by formula 16, is reduced to 
SahSpy - Say S 138 - SaSSfiy + Sa/3SyB + Say Spy - SapSyS, 
which is identically 0. 

The vector part, by formula 12, is 

aS.yBP-pS.y8a + aS.Bl3y-yS.Bpa + aS.py&-&S,pya, 
which, by formula 13, reduces to 

2aS. pyS. . 

12. If, for brevity, we denote >S'. a^y, F. a^y respectively by 
S and r, we have, by formula 7, 

2a«)8»y» + a» 08y)» + i8» (ay)» + y» (a^S)" - (a^y)» 

= 2aj8y . yiSa + )Sya . a^y + ay^ . /3ay + a^y . ya^ - (ajSy )' 

• =2(;S'+F)(->y+F) + (^-F + 2cu^^y)(>S' + F) 

+ ( -. ^ _ F+ 2aSpy) (- ^ - F + 2y^a/?) 
+ (;S^+F)(/S-F+2yA^ai8)-(;S'+F)' 
= ^aySapSPy. 

The student is recommended to verify a few examples such as 
the above, by putting 

a = ^, P = ai + lij + ck, y==a'i + b'j + c'k, 
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with the conditions 

a« + 6« + c« = l, a'» + 6'» + c" = l. 

The quaternion equality will then reduce itself to four alge- 
braic equalities, one of which is obvious, and the others are 

2?' + r" - a" - a* + 2aa'm = 0, 
pq - m/r + ac' -^ac- 2ac'm = 0, 
qr + mp + a'b' 4- ah — 2ab'm = 0, 
where m = oa' + 66' + cc', p=ab' ^ a'b\ 

q = hc' — h'c, T — ca!'- c'a, 

Ex. 13. 

S . {a-h)(fi-h){y-'h) = S . a^y-S , py^-\- S .y^- S .^p. 

Ex. 14. By 34. 8, we have 

a S.hpy ^ BCD 
d" S.apy""^ ABO' 

therefore the same Article gives 

ri^a.BCDd.p.GI)A^y.I)ABd.S.ABC = 0; 

and ' since the scalar of the product of this vector by the vector 
perpendicular to the plane in which A, B^ 0, D lie gives the right- 
hand side of Ex. 13, we obtain 

a.BCI)-p.CDA + y.DAB-B.ABG = 0. 
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PLATO.— LACHES. By M. T. Tatham, M.A. 2s. 6d. 

THE REPUBLIC. BOOKS I.— V. By T. H. Wabben, M.A., President of 
Magdalen College, Oxford. 6s. 

PLAUTUS.— MILES GLORIOSUS. By R. W. Tyrrell, M. A. , Regius Professor of 
Greek in the University of Dublin. 2d Ed., revised. 5s. 
AMPHITRUO. By Abtudb Palmeb, M.A., Professor of Latin in the University 
of Dublin. 58. 
FLINT.- LETTERS. BOOKS I. and IL By J. Cowan, M.A., Assistant Master 
at the Manchester Grammar SchooL 58. 
LETTERS. BOOK IIL By Prot John E. B. Mayob. With Life of Pliny by 
G. H. Rendall, M.A. 58. 
PLUTARCH.— LIFE OF THEMISTOKLES. By Rev. H. A. Holden, LittD. 58. 

LIVES OF GALEA AND OTHO. By E. G. Hardy, M.A. 6s. 
POLYBIUS.— THE HISTORY OF THE ACHiEAN LEAGUE AS CONTAINED IN 

THE REMAINS OF POLYBIUS. By W. W. Capes, M.A. 6s. 6d. 
PBOPERTIUS.— SELECT POEMS. By Prof. J. P. Pobtoate, LittD., FeUow of 

Trinity College, Cambridge. 2d Ed., revised. 68. 
8ALLUST.— CATILINA and JUGURTHA. . By C. Merivale, D.D., Dean of Ely. 
4s. 6d. Or separately, 2s. 6d. each. 
BELLUM CATULIN^ By A M. Cook, M.A., Assistant Master at St Paul's 

School 4s. 6d. 
JUGURTHA. By the same Editor. [In preparation, 

TACITUS.— THE ANNALS. BOOKS I. and II. By J. S. Reid, Litt.D. 

[7n preparation. 
THE ANNALS. BOOK VL By A. J. Church, M.A., and W. J. Bhooribb, 
M.A 2a. 6d. 
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THI HISTORIES. BOOKS I. and IL Bjr A. D. Qodlkt, M.A., Fellow of 

KagdAlen College, Oxford. 6e. BOOKS UL-V. By the same. 5e. 
AGBIOOLA and GERMAN LA. By A. J. CauncH, M.A., and W. J. Bbodbibb, 
Iff ^A^ 88. 6d. Or leparately, Si. each. 
TEBBMOB.— HAUTON TIMORUMENOB. By E. & Shucuuboh, M.A. Sa. 
With TianaUUon. 4m, «d. 
PHORMIO. By Rer. Jomr Boin>, M. A., and Rer. A S. Walfoia, K.A. iM. 6d. 
THD07DIDE8.— BOOK L By 0. Bbtans, M.A. [In preparation. 

BOOK IL By E. 0. Mabohaht, M.A., Aaaiatant Master at St Paul*! SchooL 

[In preparation. 
BOOK III. By 0. Brtakb. [In prepanOum. 

BOOK IV. By G. S. Gravis, M.A., Claasieal Leetoief at St John's College, 

Cambridge. 5s. 
BOOK v. By the sam e Edit or. [In Oe Pros. 

BOOKS VL AHD VII. THE SICILIAN EXPEDITION. By Rer. Pxboival 

Fnoer, M.A. With Map. 5s. 
BOOK VIII. By Prof. T. G. Tuckxb, M.A. [In praparaHoH. 

TIBULLnS.— SELECT POEMS. By Prof. J. P. Postoatb, UttD. [Inprtparation. 
yiBGIL.— £NEID. BOOKS IL and IIL THE NARRATTVB OF iENEAS. 

By E. W. HowsoN, M.A., Assistant Master at Harrow. 8s. 
ZENOPHOM.— THE ANABASIS. BOOKS I.-IV. By Profb. W. W. GooDwni 
and J. W. Whitk. Adapted to Goodwin's Greek Grammar. With Map. 68. 
HELLENIOA. BOOKS L and IL ByH. Haxi^tonk, B.A. With Map. 48. 6d 
CTROP^DIA. BOOKS VII. and VIIL By A. Goodwin, M.A., Professor of 

Classics in University College, London. 5s. 
MEMORABILIA SOCRATIS. By A. R Clukb, B.A., Balliol OoUege, Oxford. 

68. 

HIERO. By Rev H. A. Holdsn, LittD., LL.D. Ss. 6d. 
OBCONOMICUS. By the same. With Lexicon. 08. 

OliASSIOAL lilBBABT. 

Texts, Edited with Introductions and Notes, for the use of 
Advanced Students ; Commentaries and Translations. 

JESOHTLUS.— THE SUPPLICES. A Revised Text, with Translation. By T. 

G. TucKXR, M.A., Professor of Classical Philology in the Univenity of Mel- 

boome. 8vo. 10s. 6d. 
THE SEVEN AGAINST THEBES. With Translation. By A. W. Vmrrall, 

LittD., Fellow of Trinity College, Cambridge. 8vo. 7s. 0d. 
AGAMEMNON. With Transhition. By A W. Vkbrall, LittD. 8vo. 128. 
AGAMEMNON, CHOEPHORCE, AND BUMENIDES. By A. O. Pricka&d, 

M.A., Fellow and Tntor of New College, Oxford. 8vo. [In preparation. 

THE EUMENIDES. With Verse Translation. By Bxbnard Draki, M.A 

8vo. 58. 

ANTONINUS, MARCUS AUREUUS.— BOOK IV. OF THE MEDITATIONS. 

With Translation. By Hastings Crosslet, M.A. 8vo. 6s. 
ARISTOTLE.— THE METAPUTSICS. BOOK I. Translated by a Cambridge 

Graduate. 8vo. 5s. 
THE POLITICS. By R D. Hicks, M.A., FeUow of Trinity College, Cambridge. 

8vo. [In thit Preu. 

THE POLITICS. Tranihited by Rev. J. E. C. Wklldon, M.A., Headmaster of 

Harrow. Cr. 8vo. 10s. 6d. 
THE RHETORIC. Translated by the same. Cr. 8vo. 7s. 6d. 
AN INTRODUCTION TO ARISTOTLE'S RHETORIC. With Analysis, Notes, 

and Appendices. By E. M. Copk, Fellow and late Tutor of Trinity College, 

Cambridge. 8vo. 148. 
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THE ETHICS. Translated by Bey. J. B. G. Wklldon, M.A. Or. Svo. 

[In jn-e2>arcU(<m. 

THE SOPHISTIOI BLENGHI. With Translation. By B. Posts, M.A., Fellow 

of Oriel OoUege, Oxford. Svo. Ss. 6d. 

ARISTOPHANES.— THE BIRDS. Translated into BngUsh Verse. By B. H. 

KsNNEDT, D.D. Or. Svo. ds. Help Notes to the Same, for the Use of 

Students. Is. 6d. 

ATTIO OBATOES.— PROM ANTIPHON TO ISAEOS. By R. 0. Jebb, LlttD., 
Regins Professor of Greek in the University of Cambridge. 2 vols. Svo. 25s. 

BABSIUS.— With Lexicon. By Rev. W. G. Ruthxrford, M.A., LL.D., Head- 
master of Westminster. Svo. 12s. 6d. 

OIOERO.— THB AGADEMIGA. By J. S. Rkid, LittD., Fellow of Cains College, 
Cambridge. Svo. 15s. 

THE ACADEMICS. Translated by the same. Svo. 5s. 6d. 
SELECT LETTERS. After the Edition of Albbbt Watson, M.A. Translated 
by G. E. JsAKS, M.A., Fellow of Hertford College, Oxford. Gr. Svo. 10s. 6d. 
BUBIPmES.— MEDEA. Edited by A W. Verrall, Litt.D. Svo. 7s. 6d. 
IPHIGENIA IN AULIS. Edited by E. B. Enolamd, M.A. Svo. [In the Press. 

INTRODUCTION TO THE STUDY OF EURIPIDES. By Professor J. P. 

Mahaitt. Fcap. Svo. Is. 6d. (CUusical Writers). 
HERODOTUS.— BOOKS I.-IIL THE ANCIENT EMPIRES OF THE BAST. 

Edited by A. H. Satcx, Deputy-Professor of Comparative Philology, Oxford. 

Svo. 16s. 
BOOKS lY.-IX. Edited by R. W. Macak, M. A., Lecturer hi Ancient History at 

Brasenose College, Oxford. Svo. [In preparaiton. 

THB HISTORY. TransUited by G. C. Macaulat, M.A. 2 vols. Gr. Svo. ISs. 

HOMER.— THB ILIAD. By Waltib Leaf, LlttD. Svo. Books L-XIL 148. 
Books XIII.-XXIV. 14s. 
THB ILIAD. Translated into English Prose by Andrew Lang, M.A., Walter 
LsAT, LittD., and Ernest Mtbrs, M.A. Gr. Svo. 12s. 6d. 

THB ODYSSEY. Done into English by S. H. Butcher, M.A., Professor of 
Greek in the University of Edinburgh, and Andrew Lang, M.A. Gr. Svo. 6s. 

INTRODUCTION TO THB STUDY OF HOMER By the Right Hon. W. E. 
Gladstone. ISmo. Is. (Literature Primers.) 

HOMERIC DICTIONARY. Translated firom the German of Dr. G. Autenbieth 
by R. P. Keep, Ph.D. Illustrated. Gr. Svo. 6s. 

HORACE.— Translated by J. Lonsdale, M.A., and S. Lee, M.A. Gl. Svo. Ss. 6d. 

STUDIES, LITERARY AND HISTORICAL, IN THE ODES OF HORACE. 
By A. W. Verrall, LittD. Svo. Ss. 6d. 
JUVENAL.— THIRTEEN SATIRES OF JUVENAL. Bv John E. B. Mayor, 
M.A., Professor of Latin in the University of Cambridge. Gr. Svo. 8 vols. 
10s. 6d. each. VoL I. 10s. 6d. VoL IL IDs. 6d. 

THIRTEEN SATIRES. Transhited by Alex. Leeper, M.A., LL.D., Warden of 
Trinity Coll^;e, Melbourne. Gr. Svo. Ss. 6d. 

KTESIAS.— THB FRAGMENTS OF THE PERSIKA OF KTESIAS. By John 
GiLMORB, M.A. Svo. Ss. 6d. 

LIVY.— BOOKS I.-IV. Translated by Rev. H. M. Stephenson, M.A. 

[In preparation, 
BOOKS. ZXI.-ZXy. Translated by A. J. Church, M.A., and W. J. Brodribb, 
M.A. Cr. Svo. 7s. 6d. 

INTRODUCTION TO THE STUDY OF LIVY. By Rev. W. W. Capes, M.A. 
Fcap. Svo. Is. 6d. (ClassUxd Writers.) 

MARTIAL.— BOOKS I. and II. OF THB BPIGRAMa By Prof. Johh B. B. 
Mayor, M.A. Svo. [In the Press, 

PAUSANIAS.— DESCRIPTION OF GREECE. Transhited with Commentary 
by J. G. Frazer, M. A., Fellow of Trinity CoU^;e, Cambridge. 

[In pr^patration. 
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PHB7NI0HU8.— THB NEW PHBTNIOHUS ; being a B«TiMd Tirt of the Bflloga 
of the Grammarian Phrynichoa. With Introdacaon and Oomunsntarj by Rev. 
W. O. BuTHXRroKD, M.A., LL.D., Headmaater of Westminster. 8to. Ub. 
PDIDAB.-THB EXTANT ODES OF PINDAB. Tnuuriated by BsinBar Uykbb, 
M.A. Cr. 8yo. 5s. 
THE OLYMPIAN AND PTTHIAN ODES. Edited, with an Introdnetory 
Essay, by Basil Qildkbslbkyk, Professor of Greek in the Johns B<q|>1dn8 
University, U.S.A. Cr. 8vo. 7s. tfd. 
THE NEMEAN ODES. By J. B. Bubt, M.A., FeUow of Trinity OoUege, 
Dublin. 8vo. {In Oe Prsn. 

PLATO.— PELfiDO. By R. D. Aschkb-Hihd, ILA., Fellow of TMnity OoUege, 
Cambridge. 8vo. 8s. 6d. 
PELfiDO. Bv W. D. Okddes, LL.D., Principal of the Univsnity of Aberdeen. 

8vo. 8s. 6d. 
TIMAETJ& With Translation. By R. D. Ahohsb-Hiiip, M.A. 8va 10s. 
THE REPUBLIO OF PLATO. Translated by J. Ll. Datixb, M.A., and D. J 
Vauohak, M.A. 18mo. 4s. 6d. 

EUTHYPHBO, APOLOGY, CRITO, AND PHiSDO. Translated by F. J. 
Chuhoh. 18ino. 4s. 6d. 

PHfiDBUS, LYSIS, AND PROTAGORAS. Translated by J. Wrioht, M.A. 

18mo. 4s. 6d. 
PLAUTUS.— THE MOSTELLARIA. By William Rambat, M.A. Edited by 

G. 0. Rambat, M.A., Professor of uomanity in the Univenity of Glasgow 

8vo. 148. 
PUNT.— CORRESPONDENCE WITH TRAJAN. C. Plinii Okedlil BMondl 

Bpistal» ad Traianmn Imperatorem com Eiusdon Responsis. By E. G. 

Habdt, M.A. 8vo. 10s. 6d. 

POLYBIUS.— THE HISTORIES OF POLYBIUa Translated by B. a Shuck- 

BUBOH, M.A. 2 vols. Cr. 8vo. 248. 
SALLUST.-CATILINB AND JUGURTHA. Translated by A. W. Pollabd, B. A 

Cr. 8vo. 6s. THE CATILINE (separately). 8s. 
SOPHOCLES-(EDIPUS THE KING. Translated into English Verse by E. D. A. 

Morshead, M.A., Assistant Master at Winchester. Fcap. 8vo. 8s. (hi. 
TACrrUS.— THE ANNALS. By G. O. Holbbooks, M.A., Professor of Latin in 
Trinity CoUege, Hartford, U.S.A. With Maps. 8yo. 168. 
THE ANNALfi. Translated by A. J. Chxtbch, M.A., and W. J. Bbodbibb, M. A 

With Maps. Cr. 8vo. 7s. 6d. 
THE HISTORIES. By Rev. W. A. Sfoonkb, M.A., Fellow of New College, 
Oxford. 8vo. [In Ike Prsn. 

THE HISTORY. Translated by A. J. Ohuboh, M.A., and W. J. Bbodbibb, 

M.A. With Map. Cr. 8vo. 68. 
THE AGRICOLA AND GERMANY, WITH THE DIALOGUE ON ORATORY. 
Translated by A. J. Chubch, M.A., and W. J. Bbodbibb, M.A. Wii^ Maps. 
Cr. 8vo. 4s. 6d. 
INTRODUCTION TO THE STUDY OF TACITUS, fiy A. J. Chubch, M.A., 
and W. J. Bbodbibb, M.A. F cap. S vo. Is. 6d. (CZostiool Writert.) 
THEOCRITUS, BION, AND MOSCHUS. Translated by A. Lano, M.A. 18mo 
4s. 6d. 

*«* Also an Edition on Large Paper. Cr. 8vo. 9s. 
THUCYDIDES.— BOOK lY. A Revision of the Text, Illastrating the Principal 
Causes of Corruption in the Manuscripts of this Author. By Rev. W. G. 
Rdthbrfobd, M.A., LL.D., Headmaster of Westminsteor. 8to. 7b. 6d. 
BOOK VIII. By H. C. Goodhart, M.A., FeUow of Trinity CoUege, Oambridge. 

[In t^ Press. 
VIRGIL.— Translated by J. Lonsdale, M.A., and S. Lkx, M.A. Gl. 8vo. 8s. 6d. 

THE .fiNEID. Translated by J. W. Mackail, M.A., Fellow of Balliol College, 
Oxford. Cr. Svo. 7s. 6d. 

ZBNOPHON.— Translated by H. G. Dakynb, M.A. In four vols. Vol. I., con- 
taining "The Anabasis" and Books I. and II. of "The Hellenica." Cr. 8va 
10s. 6d. [VoL II. in (he Piysi 
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GRAMMAR, OOMPOSITION, & PHILOLOGY. 

BBLOHBB.— SHORT BXBBOISBS IN LATIN FBOSB OOHFOSITION AND 

BZAMINATION FAFBB8 IN LATIN GRAMMAB. Part L By Bev. H. 

Bklchxr, LL.D., Bector of the High School, DTmedin, N.Z. ISmo. li. 6d. 
KBT, for Teachen only. 18mo. 8a. 6d. 
Part IL, On the Syntax of Sentence!, with an Appendix, Indading BXBBOISBS 

IN LATIN IDIOMS, etc. ISmo. 28. KEY, for Teachers only. ISmo. 8a. 
BLAOKIE.-^BBBE AND BNGLISH DL/LLOQUBS FOB USB IN SOHOOLS 

AND COLLEGES. By John Stuart Blackik, Bmeritoa Profesaor of Greek 

in the University of Edinburgh. New Edition. Fcap. 8vo. 2s. 6d. 
BBYANS.— LATIN FBOSB BXBBOISBS BASBD UFON CABSAB'S GALLIC 

WAB. With a Classification of CsBsar's Chief Fhrases and Grammatical Notes 

on Gsesar's Usages. By CuooDrr Bbtans, M.A., Assistant Master at Dolwich 

College. Ex. fcap. 8yo. 2s. 6d. KEY, for Teachers only. 4s. 6d. 
QBBEK FBOSB BXBBCISBS based upon Thacydides. By the same. 

[In pr^paraUon. 
OOOB^SON.— A LATIN SYNTAX. By Chbistophsb Cookson, M.A., Assistant 

Master at St Fanl's SchooL Syo. [In preparation. 

OORNELL UNIVSB8ITT STUDIES IN CLASSICAL PHILOLOOY. Edited by 

L Flaoo, W. G. Hals, and B. I. Whxkijeb. L The CUJf-Constructions : their 

History and Functions. ByW. G.Halk. Fart 1. CriticaL Is. 8d. nett. Part 

2. Constractive. 8s. 4d. nett II. Analogy and the Scope of its Application 

in La ngna ge. By B. I. Whxklbr. Is. 8d. nett 
EIOKB.— FIBST LESSONS IN LATIN. By E. M. Eickb, B.A., Assistant Master 

at Oondle SchooL GL 8vo. 2s. 6d. 
SNQLAMD.— BXBBCISBS ON LATIN SYNTAX AND IDIOM. ABBANGED 

WITH BBFEBBNCB TO BOBY'S SCHOOL LATIN GBAMMAB. By B. 

B. Bnolaxd, Assistant Lectcurer at the Owens College, Victoria University, 

Manchester. Cr. 8vo. 2s. 6d. KEY, for Teachers only. 2s. 6d. 
GILES.— A MANUAL OF GBBEE AND LATIN PHILOLOGY. By P. Gius, 

M.A., FeUow of Gonville and Cains Coll^^, Cambridge. Cr. 8vo. 

[In (hs Presi. 

QOODWIN.— Works by W. W. Goodwin, LL.D., D.C.L., Professor of Greek in 

Harvard University, U.S.A. 
SYNTAX OF THB MOODS AND TENSES OF THB GBEBK VBBB. New 

Bd., revised and enlarged. Svo. 14s. 
A GBEBK GBAMMAB. Cr. Svo. 6b. 
A GBEBK GBAMMAB FOB SCHOOLS. Cr. Svo. 8s. 6d. 
GBBENWOOD.— THB ELEMENTS OF GBEBK GBAMMAB. Adapted to the 

System of Crude Forms. By J. G. Gbexnwood, sometime Principal of the 

Owens College, Manchester. Cr. Svo. 58. 6d. 
HADLET AND ALLEN.— A GBEBK GBAMMAB FOB SCHOOLS AND 

COLLEGES. By James Hadlky, late Professor in Yale College. Bevised 

and in part rewritten by F. dx F. Allxn, Professor in Harvard College. 

Cr. Svo. 6s. 
HODOSON.— MYTHOLOGY FOB LATIN VBBSIFICATION. A brief ricetch of 

the Fables of the Ancients, prepared to be rendered into Latin Verse for 

Schools. By F. Hodgson, B.D., late Provost of Eton. New Ed., revised by 

F. C. Hodgson, M.A. 18mo. 8s. 
JAOKSOM.— FIBST STEPS TO GBEBK FBOSB COMPOSITION. By Blomtixld 

Jackson, M.A., Assistant Master at King's Collie SchooL 18mo. Is. 6d. 

KEY, for Teachers only. 18mo. 8s. 6d. 
SECOND STEPS TO GBEBK FBOSB COMPOSITION, with Miscellaneous' 

Idioms, Aids to Accentuation, and Examination Papers in Greek Scholarship. 

By tiie same. ISmo. 2s. 6d. KEY, for Teachers only. ISmo. 8s. 6d. 
ETNASTON.— BXBBCISBS IN THE COMPOSITION OF GBEBK LIMBIC 

VEBSB by Translations fh)m English Dramatists. By Bev. H. Ktnaston, 

D.D., Professor of Qassics in the university of Durhun. With Vocabulary 

Ex. fcap. Svo. 5s. 
KEY, for Teachers only. Ex. fcap. Svo. 4s. 0d. 
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LUFTOM.- AN INTRODUOTION TO LATIN BLBGIAO VSB8B GOMPOBI- 
TION. By J. H. Luftok, Sor-Master of St Pftul's SchooL OL Svo. 2b. 6d. 

KEY TO PART IL (XXV.— a) GL 8to. Ss. 6d. 

AN INTRODUOTION TO LATIN LTRIO VKR8B COMPOSITION. By the 
same. QL 8yo. 8e. KEY, for Teachen only. GL 8to. 4a. 6d. 
MAQKIE.— PARALLEL PASSAGES FOR TRANSLATION INTO GREEK 
AND ENGLISH. With Indexes. By Rer. Exxu 0. Macki^ ILA., daasical 
Master at Heversham Grammar SchooL GL 8to. 4a. 6d. 

MAOMILLAN.— FIRST LATIN GRAMMAR. By M. G. Macmillav, M.A. 

Fcap. 8yo. Is. 6d. 
MAOMILLAN'S GBEBK OOUSSB.— Edited by Rev. W. G. Ruthsbiord, M.A., 
LL.D., Headmaster of Westminster. GL 8yo. 
FIRST GREEK GRAMMAR- ACCIDENCE. By the Editor. 2a. 
FIRST GREEK GRAMMAR— SYNTAX. By the same. 2a. 
ACCIDENCE AND SYNTAX. In one volome. 8s. 6d. 

EASY EXERCISES IN GREEK ACCIDENCE. By H. G. Underbill, M.A., 

Assistant Master at St. Paul's Preparatory SchooL 2s. 
A SECOND GREEK EXERCISE BOOK. By Rev. W. A. Hxard, M.A., 

Headmaster of Fettes College, Edinburgh. 2s. 8d. 

MANUAL OF GREEK ACCIDENCE. By the Editor. [Jn preparation. 

MANUAL OF GREEK SYNTAX. By the Editor. [In preparation, 

ELEMENTARY GREEK COMPOSITION. By the Editor. [In preparation. 

MAOMILLAN'S GREEK BBADEB.— STORIES AND LEGENDS A First Greek 

Reader, with Notes, Vocabulary, and Exercises. By F. H. Couok, M.A., 

Headmaster of Plymouth Collie. GL 8vo. 88. 

BCAOMILLAN*S LATIN OOUBSB.— By A. M. Cook, M.A., Assistant Master at 

St Paul's SchooL First Part GL 8vo. 3s. 6d. Seoond Part 2s. 6d. 

[Third Part in preparation. 
MA0MILLAN*8 SEOBTEB LATIN COURSE.— By A. M. Cook, M.A. Being an 

abridgment of '* Macmillan's Latin Course," First Part GL 8yo. Is. 6d. 
MAOMILLAN'S LATIN READER.— A LATIN READER FOR THE LOWER 

FORMS IN SCHOOL& By H. J. Hardt, M.A., Assistant Master at Win. 

Chester. GL Svo. 2s. 6d. 

BCABSHALL.— A TABLE OF IRREGULAR GREEK VERBS, olassifled according 
to the arrangement of Curtius's Greek Grammar. By J. M. Mabshall, M. A., 
Headmaster of the Grammar School, Durham. 8yo. Is. 

MAYOR.— FIRST GREEK READER. By Prof. John E. B. Matob, M.A., Fellow 
of St. John's CoU^^, Cambridge. Fcap. Svo. 48. 6d. 

MAYOR.— GREEK FOR BEGINNERS.— By Rev. J. B. Matob, M.A., late 

Professor of Classical Literature in King's College, London. Part I., with 

Vocabulary. Is. 6d. Parts II. and III., with Vocabulary and Index. Fcap. 

8yo. 8s. 6d. Complete in one VoL 4s. 6d. 
fllXOM.— PARALLEL EXTRACTS, Arranged for Transhition into English and 

Latin, with Notes on Idioms. By J. B. Nixon, M.A., Fellow and Classical 

Lecturer, King's College, Cambridge. Part I.— Historical and Epistolary. 

Cr. 8yo. 8s. 6a. 
PROSE EXTRACTS, Arranged for Translation into English and Latin, with 

General and Special Prefaces on Style and Idiom. By the same. L OratoricaL 

IL HistoricaL IIL Philosophical. IV. Anecdotes and Letters. 2d Bd., 

enlarged to 280 pp. Cr. 8yo. 48. 6d. 
SELBCTIONS FROM PROSE EXTRACTS, including Easy Anecdotes and 

Letters and Notes and Hints. By the same. 120 ]^p. 8s. 
Translations of about 70 Extracts 

on application to the Author : and 

Is. 6d. post tree. 
PANTIN.— A FIRST LATIN VERSE BOOK. By W. E. P. Pahtih, M.A, 

Assistant Master at St Paul's School. GL 8yo. Is. 6d. 

PEILB.— A PRIMER OF PHILOLOGY. By J. Pule, Litt D., Master of Ohrisf a 
College, Cambridge. 18mo. Is. 



die same. 120 pp. 8s. 
can be supplied to Schoolmasters (2b. 6d.X 
about 40 similarly of "ParaUel Bztxacts,^ 
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POSTQATE.— SERMO LATINUS. A short Guide to Latin Prose Compoflition. 

By Prot J. P. PosTQATK, Litt-D., Fellow of Trinity College, Cambridge. GL 

Svo. 2a. 0d. KBY to " Selected Passages." Gl. 8yo. Ss. 6d. 
POSTGATB AND VINOB.— A DICTIONARY OF LATIN ETYMOLOGY. Bj 

J. P. PosTGATB and C. A. Vincs. [In preparation, 

POTTS.— HINTS TOWARDS LATIN PROSE COMPOSITION. By A. W. Porra, 

M.A., LL.D., late Fellow of St. John's College, Cambridge. Ex. fcap. Svo. Ss. 
PASSAGES FOR TRANSLATION INTO LATIN PROSE. Edited with Notes 

and References to the above. Ex. fcap. 8yo. 2s. 6d. KEY, for Teachers only. 

2s. 6d. 

PRESTON.— EXERCISES IN LATIN VERSE OF VARIOUS KINDS. By Rev. 

G. Pbsston. gl Svo. 2s. 6d. KEY, for Teachers only. GL Svo. 5s. 
BEID.— A GRAMMAR OF TACITUS. By J. S. Reid, Litt. D., Fellow of Cains 
College, Cambridge. [In tht Press. 

A GRAMMAR OF VIRGIL. By the same. [In preparation, 

ROBY.— Works by H. J. Robt, M.A., late Fellow of St. John's College, Cambridge. 
A GRAMMAR OF THE LATIN LANGUAGE, from Plaatus to Saetonios. Part 
I. Sounds, Inflexions. Word-formation, Appendices. Cr. Svo. 9s. Part II. 
Syntax, Prepositions, etc. 10s. 6d, 
SCHOOL LATIN GRAMMAR Cr. Svo. 6s. 

RUSH.— SYNTHETIC LATIN DELECTUS. With Notes and Vocabulary. By E. 
Rttbh, B.A. Ex. fcap. Svo. 2s. 6d. 

RUST.— FIRST STEPS TO LATIN PROSE COMPOSITION. By Rev. G. Rust, 
M.A. ISmo. Is. 6d. KEY, for Teachers only. By W. M. Yatks. ISmo. 
3s. 6d . 

RUTHERFORD. —Works by the Rev. W. G. Ruthkrford, M.A., LL.D., Head- 
master of Westminster. 
REX LEX. A Short Digest of the principal Relations between the Latin, 
Greek, and Anglo-Saxon Sounds. Svo. [In preparation, 

THE NEW PHRYNICHUS ; being a Revised Text of the Ecloga of the Gram- 
marian Phrynichus. With Introduction and Commentary. Svo. ISs. (See 
alao MaamiUan's Ortek Course.) 

SHUOKBUBGH.- PASSAGES FROM LATIN AUTHORS FOR TRANSLATION 
INTO ENGLISH. Selected with a view to the needs of Candidates for the 
Cambridge Local, and Public Schools' Examiuations. By E. S. Shuckbxjroh, 
M.A. Cr. Svo. 2s. 

SIMPSON. — LATIN PROSE AFTER THE BEST AUTHORS: CiBsarian Prose. 
By F. P. Simpson, B.A. Ex. fcap. Svo. 2s. 6d. KBY, for Teachers only. 
Ex. fcap. Svo. 5s. 

STRAOHAN AND WILELINS.— ANALBCTA. Selected Passages for Translation. 
By J. S. Stbaohan, M.A., Professor of Greek, and A. S. Wilkikb, Litt. D., 
Professor of Latin in the Owens College, Manchester. Cr. Svo. 5s. 

THRINO.— Works by the Rev. E. Thriko, M.A., late Headmaster of Uppingham. 
A LATIN GRADUAL. A First Latin Construing Book for Beginners. With 

Coloured Sentence Maps. Fcap. Svo. 28. 6d. 
A MANUAL OF MOOD CONSTRUCTIONS. Fcap. Svo. Is. 6d. 

WELCH AND DUFFIELD. — LATIN ACCIDENCE AND EXERCISES AR- 
RANGED FOR BEOINNBRS. By W. Welch and C. G. Duitikld, 
Assistant Masters at Cranleigh SchooL ISmo. la. 6d. 

WHITE.- FIRST LESSONS IN GREBK. Adapted to Goodwin's Greek Gram- 
iCAB, and designed as an introduction to the Anabasis or Xenophon. By 
John Williams White, Assistant-Professor of Greek in Harvard University, 
U.S.A. Cr. Svo. 48. 6d. 

WmOHT.— Works by J. Wright, M.A., lata Headmaster of Sutton Coldfleld 
SchooL 
A HBLP TO LATIN GRAMMAR ; or, the Form and Use of Words in Latin, 

with Progressive Exercises. Cr. Svo. 4s. 6d. 
THB SEVEN KINGS OF ROME. An Easy Narrative, abridged flrom the First 
Book of Livy by tiie omission of DilQcult Passages ; being a First Latin Read- 
ing Book, with Grammatical Notes and Vocabulary. Fcap. Svo. Ss. 6d. 
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FIRST LATIN STBPS; or, AN INTRODUCTION BT A SBRIBS OF 
VXAMPLBS TO THE STUDY OF THB LATIN LANGUAGB. Or. 8vo. 8r. 

ATTIC PRIMBB. Ananged for the Use of Beginners. Bz. fcap. 8vo. 
28. 6d. 

A COMPLBTB LATIN COURSB, compriaing Roles with Bzamples, Bxercises, 
both Latin and Bnglish, on each Rule, and vocabularies. Gr. 8to. 28.. 6d. 

ANTIQUITIBS, ANCIENT HISTORY, AND 

PHILOSOPHY. 

ARNOLD.— A HANDBOOK OF LATIN BPIGRAPHY. By W. T. Arnold, 

M. A. [In preparation. 

THB ROMAN SYSTEM OF PROVINOIAL ADMINISTRATION TO THE 

ACCESSION OF CONSTANTINB THE GREAT. By the same. Or. Syo. 6e. 
ARNOLD.— THE SECOND PUNIC WAR Being Chapters from THB HISTORY 

OF ROME by the hite Thomas Arnold, D.D., Headmaster of Rugby. 

Edited, with Notes, by W. T. Arnold, M. A. With 8 Maps. Cr. 8to. 8s. 6d. 
BEESLY.— STORIES FROM THB HISTORY OF ROME. By Mrs. Bxsblt. 

Fcap. 8yo. 28. 6d. 

BURN.— ROMAN LITERATURE IN RELATION TO ROMAN ART. By Rev. 

Robert Burn, M.A., late Fellow of Trinity Collie, Cambridge. Hlustrated. 

Ex. cr. 8yo. 148. 
BURY.— A HISTORY OF THB LATER ROMAN EMPIRE FROM ARCADIUS 

TO IRENE, A.D. 896-800. By J. B. Burt, M.A., Fellow of Trinity College, 

Dublin. 2 vols. 8vo. S2s. 

OLASSIOAL WRITEBS.— Edited by John Richard Qruen, M.A., LL.D. Fcap. 
Syo. Is. 6d. each. 

SOPHOCLES. By Prof! L. Campbxll, M.A. 
EURIPIDES. By Prof. MAHAnr, D.D. 
DEMOSTHENES. By Pro! S. H. Butghxr, M.A. 
VIRGIL. By Prot Nbttlrship, M.A. 
LIVY. By Rev. W. W. Capes, M.A. 

TACITUS. By Prof. A. J. Church, M.A., and W. J. Brodribb, M.A. 
MILTON. By Rev. Stopford A. Brookk, M.A. 
FREEMAN.- Works by Edward A. Frkeman, D.C.L., LL.D., Regius Professor of 
Modem History in the University of Oxford. 
HISTORY OF ROME. (Historical Cowrse Jbr Schools.) 18mo. [In preparation, 
HISTORY OF GREECE. {Historical Cou/nc for Schools.) 18mo. [In preparation. 
A SCHOOL HISTORY OF ROME. Cr. 8vo. [In preparation. 

HISTORICAL ESSAYS. Second Series. [Greek and Roman History.] 8vo. 
10s. 6d. 
FYPFB.— A SCHOOL HISTORY OF GREECE. By C. A, Fvrra, M.A. Cr. 8vo. 

[In preparation. 
GARDNER.— SAMOS AND SAMIAN COINS. An Essay. By Percy Gardner, 
LittD., Professor of Archeology in the University of Oxford. With Illustra- 
tions. 8vo. 7s. 6d. 

GEDDBS.-THE PROBLEM OF THE HOMERIC POEMS. By W. D. Gsddes 

Principal of the University of Aberdeen. 8vo. 148. 
GLADSTONE.— Works by the Rt. Hon. W. E. Gladstone, M.P. 
THB TIME AND PLACE OF HOMBR. Cr. 8vo. 6a. 6d. 
A PRIMER OF HOMER. 18mo. Is. 
QOW.— A COMPANION TO SCHOOL CLASSICS. By James Gow, LlttD., 

Master of the High School, Nottingham. With Illustrations. 2d Ed., revised. 

Cr. 8vo. 6s. 
HARRISON AND VERRALL.— MYTHOLOGY AND MONUMENTS OF ANCIENT 

ATHENS. Translation of a portion of the " Attica " of Fansanias. By 

Maroaret de G. Verrall. With Introductory Essay and Archseological 

Commentary by Jane B. Harrison. With Illustrations and Plans. Or. 

8vo. 16s. 
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JBBB.— Works by B. 0. Jxbb, Litt.D., Professor of Gre«k in the University of 
Cambridge. 
THE ATTIC ORATORS PROM ANTIPHON TO ISABOS. 2 vols. 8vo. 25s. 
A PRIMER OP GREEK LITERATURE. 18mo. Is. 

(See also CkuHocU Series.) 
KIEPBBT. — MANUAL OP ANCIENT GEOGRAPHY. By Dr. H Kie- 

PXBT. Or. 8vo. 58. 
LANOIANI.— ANCIENT ROME IN THE LIGHT OP RECENT DISCOVERIES.— 
By RoDOLFO LANciAia, Professor of Archseology tn the University of Rome. 
lUnstrated. 4to. 24s. 
BIAHAFFT.— Works by J. P. Mahatft, D.IX, Pellow of Trinity College, Dnblin, 
and Professor of Ancient History in the University of Dnblin. 
SOCIAL LIPE IN GREECE ; lh>m Homer to Menander. Cr. 8vo. Qs. 
GREEK LIPE AND THOUGHT; firom the Age of Alexander to the Roman 

Conquest. Cr. 8vo. 12s. 6d. 
THE GREEK WORLD UNDER ROMAN SWAT. Prom Platarch to Polybins. 
Cr. 8vo. [In the Press, 

RAMBLES AND STUDIES IN GREECE. With Illnstrations. With Map. Ci; 

8vo. lOs. 6d. 
A HISTORY OP CLASSICAL GREEK LITERATURE. In 2 vols. Or. 8vo. 
Vol. L The Poets, with an Appendix on Homer by Prot Satck. 9s. VoL 
II. The Prose Writers. In two parts. 
A PRIMER OP GREEK ANTIQUITIES. With Illnstrations. 18mo. Is. 
EURIPIDES. 18mo. Is. 6d. (Classi/xd Writers.) 
MAYOR.— BIBLIOGRAPHICAL CLUE TO LATIN LITERATURE. Edited 
after HObngr. With large Additions. By Prof. John E. B. Mayor. Cr. 8vo. 
10s. 6d. 
NEWTON.— ESSAYS IN ART AND ARCHiBOLOGY. By Sir Charubs Nkwton, 

K.C.B., D.C.L. 8vo. 12s. 6d. 
SAYCB.— THE ANCIENT EMPIRES OP THE EAST. By A. H. Sator, M.A, 

Deputy-Professor of Comparative Philosophy, Oxford. Cr. 8vo. 6s. 
SHUCKBUBGH.— A SCHOOL HISTORY OP ROME. By E. S. Shuokburoh, 
M.A. Cr. 8vo. {In pr^Ktraiion, 

STEWART.— THE TALE OP TROY. Done into English by Aubret Stewart. 

GL 8vo. 8s. 6d. 
WALDSTBIN.— CATALOGUE OP CASTS IN THE MUSEUM OP CLASSICAL 
ARCHiBOLOGY, CAMBRIDGE. By Charles Waldstbin, University Reader 
in Classical Archseology. Cr. 8vo. Is. 6d. 

*^* Also an Edition on Large Paper, small 4to. 5s. 
WILKINS.— Works by Prof. Wilkins, littD., LL.D. 
A PRIMER OP ROMAN ANTIQUITIES. Illastrated. 18mo. Is. 
A PRIMER OP ROMAN LITERATURE. 18mo. Is. 
WILKINS AND ARNOLD.— A MANUAL OP ROMAN ANTIQUITIES. By 
Prot A. S. Wilkins, LittD., and W. T. Arnold, M.A. Cr. 8vo. Illustrated. 

[Tn preparation. 

MODERN liANOUAOEB AND 
LITERATURE. 

EngUsh ; Fremdh. ; German ; Modem Greek ; Italian ; Spanish. 

ENGLISH. 

ABBOTT.— A SHAKESPEARIAN GRAMMAR An Attempt to Illustrate some 
of the Differences between Elizabethan and Modem English. By the Rev. E 
A. Abbott, D.D., formerly Headmaster of the City of London School. Ex. 
fcap. 8vo. 6s. 

BACON.— ESSAYS. With Introduction and Notes, by P. G. Selbt, M.A., Profes- 
8or of Logic and Moral Philosophy, Deccan College, Foona. GL 8vo. 89. 6d. 
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BUBKB.— RBPLBCnONS ON THB FRBNOH BBYOLUTION. By the same. 'j 
01. 8yo. [In July. 

BBOOKB.— PRIMBR OF BNOLISH LITRRATUBB. By Ber. Stopfobd A. l' 

Bbooke, M.A. 18mo. Is. {. 

EARLY ENQLISH LITBRATUBB. Bytheiame. 8vol8.8vo. [In pnparation. '| 

BUTLEB.— HUDEBRAS. With IntrodaotioD and Notes, by Alfred Hium, 1 
M.A. Ex. fcap. Svo. Part L 8s. Cd. Parts 11. and IIL 4s. 6d. 

OAMFBBLL.— SELBGTIONS. With lutrodoetion and Notes, by Omoil H. 

Barrow, M.A., Principal and Professor of Bnglish and Classics, Doveton i 

College, Madras. OL 8yo. [In preparation. ' 

OOWPEB.— THB TASK : an Bpistle lh> Joseph Hill, Bsq. ; TzBocunnic, or a Re 

view of the Schools ; and Tbjb HdntORT of Johv Qilpik. Bdited, with Notes, j 

by W. Bekham, B.D. OL 8yo. Is. iQM)eBMdingMfnm Standard Authors.) ■ 
THB TASK. With Introduction and Notes, by F. J. Bowl M.A., and W. T. 
Webb, M.A., Professors of Bnglish Literature, Presidency Coll^, Oalcntto. 

[/r preparation. t 

DOWDEN.— 8HAEBSPERE. By Prof. Dowdkn. 18mo. Is. ■ 

DBTDEN.—SBLBCrr PROSE WORKS. Edited, with Introdactton and Notes, by I 

Prot C. D. ToNOK. Fcap. Svo. 2s. Od. j 

OLOBB BBADEB8. For Standards L-VI. Bdited by A. F. Kubuov. Illustrated. [ 

OL Svo. 



Primer I. f48 pp.) 8d. 

Primer II. (48 pp.) 8d. 

Book I. (96 pp.) 6d. 

Book II. (186 pp.) 9d. 



Book IIL (888 pp. 
Book lY. r828pp. 
Book V. (416 pp.' 
Book VI. (448 pp. 




THB SHORTER OLOBB BBADEB8.— Illnstrated. OL 8vo. 

Primer I. (48 pp.) 8d. 

Primer II. (48 pp.) 8d. 

Standard I. (92 pp.) 6d. 

Standard II. (124 pp.) 9d. 



Standard IIL (178 pp. 
Standard lY. (188 pp. 
Standard V. (316 pp. 
Standard VI. (888 pp. 




* This Series has been abridged ftom " The Olobe Readers " to meet the demand « 

for smaller reading books. f ( 

GOLDSMITH.— THE TRAVELLER, or a Prospect of Society ; and the Dkkrtid ^ 

Village. With Notes, Philological and E^lanatory, by J. W. Hales, M.A. 
Cr. Svo. 6d. 
THB VICAR OF WAKEFIELD. With a Memoir of Goldsmith, by Prof! 
Mabson. 01. Svo. Is. (Globe Beadingifrom Standard Aufhore,) 

SELECT ESSAYS. With Introduction and Notes, by Pro! C. D. Yoeoe 
Fcap. Svo. 2s. 6d. 

THE TRAVELLER AND THB DBSEBTBD VILLAOB. With Introduction and 
Notes. By A. Barrett, B.A., Professor of English Literature, Elphinstone 
College, Bombay. 01. Svo. Is. 6d. 

THE VICAR OF WAKEFIELD. With Introduction and Notes. By H. Little- 
dale, B.A., Professor of History and Bnglish Literature, Baroda College. OL 
Svo. [In preparation. 

GOSSE.-A HISTORY OF EIGHTEENTH CENTURY LITERATURE (1660-1780). 
By Edmund Oosse, M.A. Cr. Svo. 7s. 6d. 

GRAY.— POEMS. With Introduction and Notes, by John Bradshaw, LL.D. | 

01. Svo. [In preparaiUm. j 

HALES.— LONGER BNGLISH POEMS. With Notes, Philological and Explana- | 

tory, and an Introduction on the Teaching of English, by J. W. Hales, M. A., t 

Professor of English Literature at King's College, London. Ex. fcap. Svo. 4b. 6d. ^ 

HELPS.— ESSAYS WRITTEN IN THE INTERVALS OF BUSINBS& With i 

Introduction and Notes, by F. J. Rowe, M.A., and W. T. Were, M.A.. i 

01. Svo. 2s. 6d. i 

JOHNSON.— LIVES OP THE POETS. The Six Chief Lives (MUton, Diyden, J 
Swift, Addison, Pope, Gray), with Macaulay's " Life of Johnson." with Pre- 
face and Notes by Matthew Arnold. Cr. Svo. 4s. 6d. 



I. 
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LAMB.— TALES FROM SHAESPEARE. With Pre&ce by the Rev. Gakov 

AixoER, M.A., LL.D. GL 8yo. 28. (Globe Readings from Standard Authors.) 
UTERATUBB PRIMERS.— Edited by John Richard Green, LL.D. 18mo. 

Is. each. 
ENGLISH GRAMMAR. By Rey. R. Morris, LL.D. 
ENGLISH GRAMMAR EXERCISES. By R. Morris, LL.D., and H. 0. 

BowxN, M.A. 
EXERCISES ON MORRIS'S PRIMER OF ENGLISH GRAMMAR. By J 

Wbthkrkll, M.A. 
ENGLISH COMPOSITION. By Professor Niohol. 
QUESTIONS AND EXERCISES ON ENGLISH COMPOSITION By Prof. 

Niohol and W. S. M'Cormick. 
ENGLISH LITERATURE. By Stoppord Brooke, M.A. 
SHAKSPERE. By Professor Dowdbn. 
THE CHILDREN'S TREASURY OP LYRICAL POETRY. Selected and 

arranged with Notes by Francis Turner Palgrave. In Two Parts. Is. each. 
PHILOLOGY. By J. Peile, LittD. 
ROMAN LITERATURE. By Prof. A. S. Wilkins, LittD. 
GREEK LITERATURE. By Prof. Jebb, LittD. 
HOMER. By the Rt Hon. W. E. Gladstons, M.P. 
A BISTORT OF BNOUSH LITERATURE IN FOUR VOLUMES. Or. 8yo. 
EARLY ENGLISH LITERATURE. By Stopford Brooke, M.A. [InpreparaHon. 
ELIZABETHAN LITERATURE. (1660-1666.) By George Saintsburv. 7s. 6d. 
BIGHTBBNl'H CENTURY LITERATURE. 0^60-1780.) By Edmund Gossk, 

M.A. 78. 6d. 
THE MODERN PERIOD. By Prot Dowdbn. [In preparatUm. 

MAOMILLAN'S BEADINO BOOKS. 



PRIMER. 18mo. 48 pp. 2d. 
BOOK I. for Standard I. 96 pp. 4d. 
BOOK n. for Standard II. 144 pp. 

6d. 
BOOK IIL for Standard HI. 160 

pp. 6d. 



BOOK 17. for Standard IV. 176 pp. 
8d. 

BOOK V. for Standard V. 880 pp. 
Is. 

BOOK VI. for Standard VI. Cr. 8vo. 
480 pp. 28. 



Book VI. is fitted for Higher Classes, and as an Introdaction to English Liter- 
atore. 

MAOMILLAN*S OOFT BOOKS.— 1. Large Post 4to. Price 4d. each. 2. Post 
Oblong. Price 2d. each. 

1. Initiatort Exercises and Short Letters. 

2. Words oonsistino or Short Letters. 

*8. (jONG Letters. With Words containing Long Letters— Figures! 

*4. Words containing Long Letters. 

4a. Practising and Revising Cofy-Book. For Nos. 1 to 4. 

*5. Capitals and Short Half-Text. Words beginning with a Capital. 

*6. Half-Text Words beginning with Capitals— Figures. 

*7. Small-Hand and Half-Text. With Capitals and Figures. 

*8. Small-Hand and IIalf-Text. With Capitals and Figures. 

8a. Practising and Revising Copy-Book. For Nos. 6 to 8. 

*9. Small-Hand Single Headlines— Figures. 

10. Small-Hand Single Headlines — Figures. 

11. Small-Hand Double Headlines— Figures. 

12. Commercial and Arithmetical Examples, &c. 

12a. Practising and Revising Copy-Book. For Nos. 8 to 12. 
* These numbers may be had xoith Goodman's Patent Sliding Copies. Large Post 
4to. Price 6d. each. 

MARTIN.— THE POET'S HOUR : Poetry selected and arranged for Children. By 
Frances Martin. 18ino. 2s. 6d. 

SPRING-TIME WITH THE POETS. By the same. 18mo. 8s. 6d. 
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MILTOy.— PARADTBW LOST. Books L and II. With Intoodnetion and Notes, 
br HioHASL Macmxllah. B.A., Professor of Logic and Moral Philosophy, 
Klphinstons Ctollege, Bombay. OL 8yo. 8s. 6d. Or separately, la. 6d. each. 
L'ALLEaRO, XL PSN8BROSO, LTOIDAS, ARCADES, SONNBTB, &C. With 
Introduction aad Notes, by W. Bbll, M.A., Professor of Philosophy and 
Lc^e, Goyemment Ctollege, Lahore. OL 8yo. 8s. 
OOMXTS. By the same. OL Svo. Is. 6d. 
8AMS0N AOONISTE& By H. M. Psbcital, M.A., Professor of English Liter- 

atore, Presidency Ool lege, Oalcatta. OL 8yo. 8s. <kL 
INTRODUOnON TO THE STUDY OF MH/TON. By Btofiobd Bbookk, 
M.A. Fcap. 8vo. Is. M. (CUmieal Writen.) 
MORLBT.— ON THE STUDY OF LITERATURB. Address to the Students of 
the London Society for the Extension of University Teaching, deUvered at Hat 
Mansion Hoose, February 86, 1887. By John Moblkt. GL Syo, cloth. Is. 6d. 
* Alao a Pop%dar EdUion in Pamphlet Jbrm M I>i'Mbuti<m, price Sd. 
APHORISMS. Address deliyered before the Philosophical Society of Edinburgh, 
November 11, 1887. By the same. OL 8to. Is. 6d. 
MORRIS.— Works by the Rev. R. Morris, LL.D. 
PRIMER OF ENGLISH GRAMMAR. 18mo. Is. 

ELEMENTARY LESSONS IN HISTORICAL ENGLISH GRAMMAR, con- 
taining Accidence and Word Formation. 18mo. 8s. M. 
HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, comprising Chapters 
on the History and Development of the Luignage, and on word Formation. 
Ex. fcap. 8yo. 68. 
MORBIB AND KRT.T.NRR.— HISTORICAL OUTLINES OF ENGLISH SYN- 
TAX. By Rev. R. Morris and Dr. L. Kxixnkr. [In preparation, 
NIOHOL.— A SHORT HISTORY OF ENGLISH LITERATURE. By Frot Johk 
NiOHOu GL 8yo. [In pr^paratUnk 
OUPHANT.— THE OLD AND MIDDLE ENGLISH. By T. L. EnraroM 
Oliphaht. New Ed., revised and enlarged, of "The Sonroes of Standard 
En glish." GL8V0. 9s. 
THE NEW ENGLISH. By the same. 8 vols. Cr. 8vo. 81s. 
PALGRAVE.— THE CHILDREN^ TREASURY OF LYRICAL POETRY. 
Selected and arranged, with Notes, by Fraitois T. Paloravs. 18mo. 8s. 6d. 
Also in Two Parts. Is. each. 
PATMORB.— THE CHILDRBN*S GARLAND FROM THE BEST POETS. 
Selected and arranged by Covrmtrt Patmorr. GL 8vo. 8s. (Globe Beadinfft 
from. Standard Arwiore.) 
PLUTARCH.— Being a Selection from the Lives which illustrate Shaken>eare. 
North's Translation. Edited, with Introductions, Notes, Index of Ii(aines, 
and Glossarial Index, by Prot W. W. Skkat, LittD. Cr. 8vo. 6s. 
RANSOMB.— SHORT STUDIES OF SHAKESPEARE'S PLOTS. By Ctril 
Ransomk, Professor of Modem History and Literature, Yorkshire College, 
Leeds. Or. 8vo. 8s. 6d. i 
RTLAND.— CHRONOLOGICAL OUTLmSS OF ENGLISH LITERATITRE. 
By F. Ryland, M.A. Cr. 8vo. [In the Frees. 
SAINTSBUBY.— A HISTORY OF ELIZABETHAN LITERATURB. 1560-1066. 

By Gkorox Saintbbitrt. Cr. 8vo. 78. 6d. 
800TT.— LAY OF THE LAST MINSTREL, and THE LADY OF THE LAKE. 
Edited, with Introduction and Notes, bv Framoxs Turkxr FALaRAVR. GL Sro. 
Is. (Globe Beadingt from Stcmdard Authors.) 
THE LAY OF THE LAST MINSTREL. With Introduction and Notes, by 
G. H. Stuart, M.A., Professor of English Literature, Presidency College, 
Madras. GL 8vo. Cantos I. to III. Is. 6d. Introduction and Canto 
I. 9d. 
MARMION, and THE LORD OF THE ISLES. By F. T. Paloravx. GL 8vo. 

Is. (Globe Headings from Standard Authors.) 
MARMION. With Introduction and Notes, by Micharl Macuillan, B.A. 

GL 8vo. 88. 6d. 
THE LADY OF THE LAKE. By G. H. Stuart, M.A. [In the Preu. 
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BOEBBT. With Introduction and Notes, by Michael Maomillan, B.A. 

GL Sto. 86. 6d. 
8HAKE8PBABB.— A SHAKESPEARIAN GRAMMAR By Rev. E. A. Abbott, 

D.D. GL Svo. 6a. 
A SHAKESPEARE MANUAL. By P. O. Flkat, M.A. 2d Ed. Ex. fcap. Svo. 

4a. 6d. 
PRIMER OF SHAKESPERE. By Prof. Dowdek. 18mo. Is. 
SHORT STUDIES OF SHAKESPEARE'S PLOTS. By Gybil Raksomb, M.A. 

Or. Svo. 88. 6d. 
THE TEMPEST. With Introduction and Notes, by K. Dsighton, late Principal 

of Agra College. GL Sro. Is. 6d. 
MUCH ADO ABOUT NOTHING. By the same. GL Svo. 2s. 
THE MERCHANT OF VENICE. By the same. GL 8yo. Is. 6d. 
TWELFTH NIGHT. By the same. GL Svo. Is. 6d. 
THE WINTER'S TALE. By the same. GL Svo. 28. 6d. 
RICHARD II. By the same. GL Svo. [In August 

KING JOHN. By the same. GL Svo. [In preparatioii. 

HENRT V. By the same. GL Svo. 2s. 
RICHARD III. By G. H. Tawkkt, M.A., Principal and Professor of English 

Literature, ^^esidency College, Calcutta. GL Svo. 2s. 6d. 

JULIUS G^SAR. By K. DsiaHTON. GL Sva 2s. 
MACBETH. By the same. GL Svo. Is. 6d. 
OTHELLO. By the same. GL Svo. 2s. 6d. 
GTMBELINE. By the same. GL Svo. 28. 6d. 
SONNENSGHEIN AND MBIKLEJOHN. — THE ENGLISH METHOD OF 
TEACHING TO READ. By A. Sonnknschein and J. M. D. Meiklejoun, 
M.A. Fcap. Svo. 

coMPBisnro: 

THE NURSERT BOOK, containing all the Two -Letter Words in the Lan- 
guage. Id. (Also in Large Type on Sheets for School Walls. 5s.) 
THE FIRST COURSE, consisting of Short Vowels with Single Consonants. 7d. 

THE SECOND COURSE, with Combinations and Bridges, consisting of Short 

Vowels with Double Consonants. 7d. 
THE THIRD AND FOURTH COURSES, consisting of Long Vowels, and all 

the Double Vowels in the Language. Tdl 

S0UTHE7.— LIFE OF NELSON. With Introduction and Notes, by Michael 
Macmillan, B.A. GL Sva 8s. 6d. 

TATLOB.— WORDS AND PLACES ; or, Etymological Illustrations of History, 
Ethnology, and Geography. By Rev. Isaac Taylor, LittD. With Maps. 
GL Svo. 68. 

TENNTSON.— THE COLLECTED WORKS OF LORD TENNTSON. An Edition 
for Schools. In Four Parts. Cr. Svo. 2s. 6d. each. 

TENNTSON FOR THE TOUNG. Edited, with Notes for the Use of Schools, 
by the Rev. Altbsd Axnger, LL.D., Canon of BristoL [In preparation, 

SELECTIONS FROM TENNTSON. With Introduction and Notes, by F. J. 
Rows, M.A., and W. T. Webb, M.A. GL Svo. 8s. 6d. 

Thisselectioncontains:— Recollections of the Arabian Nights, The Lady of 
Shalott, Oenone, The Lotos Eaters, Ulysses, Tithonus, Morte d' Arthur, Sir 
Ghilahad, Dora, Ode on the Death of the Duke of Wellington, and The 
Revenge. 

THBING.— THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH. By 
Edward Thrino, M.A. With Questions. 4th Ed. ISmo. 2s. 

VAUGHAN.— WORDS FROM THE POETS. By C. M. Vauohak. ISmo. 1<«. 

WARD.— THE ENGLISH POETa Selections, with Critical IntroductionB by 
various Writers and a General Introduction by Matthxw Arnold. Edited 
by T. H. Ward, M.A. 4 Vols. VoL I. Ohaucxb to Donke.— VoL IL Bbm 
JoNBOM TO Dbtdsn.~VoL III. Addiiov to Blakx.— VoL IV. WoRotwoRTa 
TO RoBSETTX. Ct. 8vo. Each 7b. 6d. 

B 
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WBTHEBELL.— BXBRGISES ON MORRIS'S FRIXER OF BNOLISH ORAM- 
MAR. Bt Johm Wkthkrbll, M.A., HeadniAflter of Toweester Grunmar 
SchooL 18mo. Is. 
WOODS.— A FIRST POBTRY BOOK. By M. A. Woods, Head MistreM of the 
Clifton High School for Girls. Fcap. 8to. 8s. 6gL 
A SECOND POBTRT BOOK By the same. In two Parts. 8s. 6d. each. 
A THIRD POBTRT BOOK. By the same. 4s. 0d. 
WORDSWORTH.— SELECTIONS. With* Introduction and Notes, by William 
Wordsworth, B. A., Principal and Professor of History and Politick Economy, 
Elphinstone College, Bombay GL Sto. [In preparcaUm. 

TOHOB.— A BOOK OF GOLDEN DEEDa By Oharloitk M. Yonok. GL 
Sto. 8s. 
THB ABRIDGED BOOK OF GOLDEN DEEDS. 18mo. Is. 

FRENCH. 

BBAUMABOHAIS.— LE BARBIER DE SEVILLE. With Introdacti<{n and 

Nutes. By L. P. Bloubt. Fcap. Svo. 8s. 6d. 
BOWEN.— FIRST LESSONS IN FRENCH. By H. Courthopk Bowkn. M.A. 

Ex. fcap. Svo. Is. 
BBBTlfANN.— Works by Hbrxank BsxTiKAinf, Ph.D., Professor of Philology in 

the University of Manich. 
A FRENCH GRAMMAR BASED ON PHILOLOGICAL PRINCIPLES. Ex. 

fcap. Svo. 48. 6d. 
FIRST FRENCH EXERCISE BOOK. Ex. fcap. 8to. 48. 6d. 
SECOND FRENCH EXERCISE BOOK. Ex. fcap. Svo. Ss. 6d. 
FASNAOHT.— Works by G. E. Fasnacht, late Assistant Master at Westminster. 
THE ORGANIC METHOD OF STX7DTING LANGUAGES. Ex. fcap. 8va L 

French. 8s. 6d. 
A SYNTHETIC FRENCH GRAMMAR FOR SCH00i;3. Or. Svo. 8s. fld. 
GRAMMAR AND GLOSSARY OF THE FRENCH LANGUAGE OF THE 

SEVENTEENTH CENTURY. Cr. Svo. [In preparaiion, 

liAOMILLAirS PRIMAR7 SERIES OF FRENCH BLADING BOOKa -Edited by 

G. E. Fasmaoht. With niostrations, Notes, Vocabularies, and Exercises. 

GL Svo. 
CORNAZ— NOS ENFANTS BT LEURS AMia By Edith Harvst. Is. 6d. 
DE MAISTRE— LA JEUNE SIBllRIENNE BT LB LAPREUX DB LA CITfi 

D'AOSTE. By Stkphaks Barlkt, B.Sc Ac Is. 6d. 
FLORIAN— F AB LBS. By Rev. Charues Ykld, M. A. , Headmaster of University 

School, Nottingham. Is. 6d. 
LA FONTAINE— A SELECTION OF FABLEa By L. M. Mobiartt, B.A., 

Assistant Master at Harrow. 8s. 6d. 
MOLESWORTH— FRENCH LIFE IN LETTER^. By Mrs. Molbswobth. 

Is. 6d. 
PERRAULT— CONTBS DE F6bS. By G. E. Fasnaoht. Is. 6d. 
MAOMILLAN'S PROGBESSIVB FRENCH COURSE.— By G. E. Fasnacht. Ex. 

fcp. Svo. 
First Ykar, containing Easy Lessons on the Regular Accidence. Is. 
Second Year, containing an Elementary Grammar with copious Exerdsea^ 

Notes, and Vocabularies. 2s. 
Third Year, containing a Systematic Syntax, and Lessons in Composition. 

2s. 6d. 
THE TEACHER'S COMPANION TO MACMILLAN'S PROGRESSIVE FRENCH 

COURSE. With Copious Notes, Hints for Diftercnt Renderings, Synonyms, 

Philological Remarks, etc By G. E. Fasnacht. Ex. fcap. Svo. Each Year 

4s. 6d. 
MAOMILLAN'S FRENCH COMPOSITION.- By G. B. Fasnacht. Bx. fcap. 

Svo. Part I. Elementary. 2s. 6d. Part II. Advanced. [In the Press. 

THE TEACHER'S COMPANION TO MACMILLAN'S COURSE OF FRENCH 

COMPOSITION. By G. E. Fasnacht. Part I. Ex. fcap. Syo. 4«. 6<l. 
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liAOlOLLAirS PBOORBSSIVB FBENOH READERS. By G. E. Facdtaoht. Bz. 

fcap. 8vo. 
First Tkar. containing Tales, Historical Extracts, Letters, Dialogues, Ballads, 

Norsery Songs, etc., with Two Vocabularies : (1) in the order of subjects ; 

(2) in alphabetical order. With Imitative Exercises. 2b. 6d. 
Seoond Tkar, containing Fiction in Prose and Verse, Historical and Descriptive 

Extracts, Essays, Letters, Dialogues, etc With Imitative Exercises. 28C6d. 
MAOMILLAN'S FOREIGN SCHOOL OLASSIOS. Edited by Q, B. Fasna^t. 

18mo. 
GOBNEILLE— LB OID. By G. B. Fasnacht. Is. 
DUMAS— LES DEMOISELLES DB ST. GYB. By Victor Ooer, Lecturer at 

University College, Liverpool. Is. 6d. 
LA FONTAINE'S FABLES. Books I.— VL By L. M. Moriartt, B.A., 

Assistant Master at Harrow. [In preparation. 

M0L££:RB— L'AVARB. By the same. Is. 

MOLI^RE— LB BOURGEOIS GBNTILHOMMB. By the same. Is. 6d. 
MOLldRB— LBS FBMMES SAVANTES. By G. B. Fasnacht. Is. 
MOLldRB— LB MISANTHROPE. By the same. Is. 
MOLI^RB— LB MJ&DBCIN MALGRE LUI. By the same. Is. 
RACINE— BRITANICUS. By B. Pellissier, M.A., Assistant Master at 

Clifton College. 28. 
FRENCH READINGS FROM ROMAN HISTORY. Selected from various 

Authors, by C. Colbeok, M.A., Assistant Master at Harrow. 4s. 6d. 
SAND, GEORGE— LA MARE AU DIABLB. By W. E. Rttssell, M.A., 

Assistant Master at HaUeybury. Is. 
SANDEAU, JULES— MADBMOISBLLB DB LA SBIGLIERB. By H. 0. 

Steel, Assistant Master at Winchester. Is. 6d. 
THIBRS'S HISTORY OF THE EGYPTIAN EXPEDITION. By Rev. H. A. 

Bull, M. A., Assistant Master at Wellington. [In preparcUion. 

VOLTAIRE— CHARLES XIL By G. B. Fasnacht. 8s. 6d. 
BKASSON.— A COMPENDIOUS DICTIONARY OF THE FRENCH LANGUAGE. 

Adapted from the Dictionaries of Professor A. Elwall. By Gijstavs Masson. 

Cr. 8vo. 6s. 
MOLIERE.— LB MALADE IMAGINAIRB. With Introduction and Notes, by F. 

Tarver, M.A., Assistant Master at Eton. Fcap. 8vo. 2s. 6d. 
PELLISSIER.— FRENCH ROOTS AND THEIR FAMILIES. A Synthetic 

Vocabulary, based upon Derivations. By E. Pellissier, M.A., Assistant 

Master at Clifton College. Gl. 8vo. 6s. 

GERMAN. 

HUSS.- A SYSTEM OF ORAL INSTRUCTION IN GERMAN, by means of 
Progressive Illustrations and Applications of the leading Rules of Grammar. 
By H. C. O. Hubs, Ph.D. Cr. 8vo. 6b. 
MACMHiLAN'S PROGRESSIVE GERMAN GOTTRSB. By G. E. Fasnacht. Ex. 
fcp. 8vo. 
First Year. Easy lessons and %ules on the Regular Accidence. Is. 6d. 
Second Year. Conversational Lessons in Systematic Accidence and Elementary 
Syntax. With Philological Illustrations and Etymological Vocabulary. 
88. 6d. 
Third Year. [In (he Preai. 

TEACHER'S COMPANION TO MAOMILLAN'S PROGRESSIVE GERMAN 
COURSE. With copious Notes, Hints for Different Renderings, Synonyms, 
Philological Remarks, etc. By O. E. Fasnacht. Ex. fcap. 8vo. First Year. 
48. 6d. Second Year. 4s. 6d. 
MAOMILLAN'S PROGRESSIVE GERMAN READERS. By G. E. Fasnacht. Ex. 
fcap. 8vo. 
First Year, containing an Introduction to the German order of Words, with 
Copious Examples, extracts firom German Authors in Prose and Poetry ; NotM, 
and Vocabularies. St. 6d. 
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MAOMILLANV PBIMABT SBBIBB OF OERMAH BEADINQ BOORS. Edited 

by O. B. Fasnacht. With NotM, Yocabalariefl and BxerciBes. GL 8to. 
OEDOf — KINDBR UND HAU8MAB0HBN. Sy O. B. Fashaghx. 28. 6d. 
HAUFF— DIB EJLRAYANB. By Hxrmam Haokb, Fh.D., Lecturer in the 

OwenB College, Mancheeter. Se. 
BOHMID, GHB. VON— H. VON BIOHBNFBLS. By O. B. Fasnaobx. 28. 6d. 
MAOMILLAirS FO&EION SOEOOL OLASSIOa— Edited by G. E. Fasnaoht. ISmo. 
FBBTTAG (G.)l— DOETOR LUTHER. By F. Bto&b, M.A., Headmaster of the 

Modem Side, Merchant Taylors' SchooL [In preparaHon, 

GOETHE— GOTZ VON BBRLIOHIKGEN. By H. A. Bull, M.A., Assistant 

Master at Wellington. 28. 

GOETIiE— FAUST. Fabt L, followed by an Appendix on Pabt II. By Jaitk 
Lbs, Lectorer in German Literature at Newnham GoU^^ Cambridge. 4s. 6d. 

HEINE— SELECTIONS FROM THE REISEBILDBR AND OTHER PROSE 
WORKS. By C. Golbick, M.A., Assistant Master at Harrow. 2s. 6d. 

LESSING^MINNA YON BARNHELM. By Jaiobs Sim, M.A. UnpreparaHoiL 

SCHILLER-SELECTIONS FROM SCHILLER'S LYRICAL POEMa With a 
Memoir of Schiller. By E. J. Tusmat, B.A., and B. D. A. Mobshxad, M.A. 
Assistant Masters at Winchester. 28. 6d. 

SCHILLER— DIE JUNGFRAU YON ORLEAN& By Joskph Gostwigk. 2s. 6d. 

SCHILLER— MARIA STUART. By C. Shsldon, D.Lit, of the Royal Academ- 
ical Institution, Belfast^ 2s. 6d. 

SCHILLER— WILHELM TELL. By G. E. Fasnaoht. 2s. 6d. 

BCHILLER^WALLENSTEIN. Part L DAS LAGEa By H. B. Gottbbill, 
M.A. 2s. 

UHLAND— SELECT BALLADS. Adapted as a First Easy Reading Book for 
Beginners. With Vocabulary. By G. E. Fasnaoht. Is. 

PTLODET.— NEW GUIDE TO GERMAN CONVERSATION ; containing an Alpha- 
betical List of nearly 800 Familiar Words ; followed by Exercises, vocabiuary 
of Words in frequent use, Familiar Phrases and Dialogues, a fflcetcii of German 
Literature, Idiomatic Expressions, etc By L. Ptlodkt. 18mo. 2s. 6d. 

WHITNET.— A COMPENDIOUS GERMAN GRAMMAR. By W. D. WmnncT, 
Professor of Sanskrit and Instructor in Modem Languages in Yale College. 
Cr. 8yo. 4s. 6d. 

A GERMAN READER IN PROSE AND VERSE. By the Same. With Notes 
and Vocabulary. Cr. Svo. 6s. 
WHITNEX AND ED0REN.— A COMPENDIOUS GERMAN AND ENGLISH 
DICTIONARY, with Notation of Correspondences and Brief Etymologies. By 
Prot W. D. Whttmst, assisted by A. H. Edobkn. Cr. Svo, 7s. 6d. 

THE GERMAN-ENGLISH PART, separately, 5s. 



MODERN GREEK. 

VINCENT AND DICKSON.— HANDBOOK TO MODERN GREEK. By Sir Bdgab 
ViKCKNT, K.G.M.G., and T. G. Dickson, M.A. With Appendix on the relation 
of Modem and Classical Greek by Profl Jbbb. Cr. Svo. 6s. 



ITALIAN. 

DANTE.— THE PURGATORY OF DANTE. With Translation and Notes, by A. J. 

BxTTLSB, M.A. Cr. Svo. 128. 6d. 
THE PARADISO OF DANTE. With Translation and Notes, by the Same. 

Cr. Svo. 128. 6d. 
READINGS ON THE PURGATORIO OF DANTE. Chiefly based on the Com- 

mentary of Benvenuto Da Imola. By the Hon. W. Wabrkm Vkbkon, M.A 

With an Introduction by the Very Rev the Dean or St. Paul'b. 2 vols. 

Or. 8to. 24s. 
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SPANISH. 

OALDBRON.— FOUB PLAYB OF OALDBRON. With Introduction and Notea- 
By NoRMAK MaoC!oll, M.A. Or. Svo. 148. 
The four plays here given are El Principe ConstanUf La Vida es Sueno, El Alcalde 
de ZdlamMt and El EacoTidido y La Tapada, 



MATHEMATICS. 

Arlthmetlo, Book-keeping, Algebra, BuOlid and Pare Geometry, Oeometrlcal 
Drawing, Mensuration, Trigonometry, Analytioal Oeometry (Plane and 
Solid), Problems and Questions in Mathematics, Higher Pore Mathe- 
matios. Mechanics (Statics, Dynamics, Hydrostatics, Hydrodynamics: see 
also Physios), Phsrsics (Sonnd, Light, Heat, Blectricity, Elasticity, Attrao* 
tions, ftc.), Astronomy, HistorlcaL 

» 

ARITHMETIC. 

ALDIS.— THB GRBAT GIANT ARITHMOS. A most Blementary Arithmetic 
for Children. By Mart Stsadman Alois. Illustrated. Gl. Svo. 2s. 6d. 

ARMY PRELIMINART EXAMINATION, SPECIMENS OF PAPERS SET AT 
THE, 1882-89. — With Answers to the Mathematical Questions. Subjects: 
Arithmetic, Algebra, Buclid, (Geometrical Drawing, Geography, French, 
Bnglish Dictation. Or. Svo. 8s. 6d. 

BRADSHAW.— A GOURSB OF BAST ARITHMBTIGAL BXAMPLES FOR 
BEGINNERS. By J. G. Bradshaw, B.A., Assistant Master at Clifton College. 
GL Svo. 2s. With Answers, 2s. 6d. 

BROOKSMITH.— ARITHMETIC IN THEORT AND PRACTICE. By J. Brook. 
SMITH, M.A. Gr. Svo. 48. 6d. 

BROOKSMITH.— ARITHMETIC FOR BEGINNERS. By J. and E. J. Brook. 
SMITH. GL Svo. Is. 6d. 

OANDLER.— HELP TO ARITHMETIC. Designed for the use of Schoohi. By H. 
Candlkr, Mathematical Master of Uppingham SchooL 2d Ed. Ex. fcap. Svo. 
2s. 6d. 

DALTON.— RULES AND EXAMPLES IN ARITHMETIC. By the Rev. T. Dal. 
TON, M.A., Assistant Master at Eton. New Ed., with Answers. ISmo. 28. 6d. 

OOYEN— HIGHER ARITHMETIC AND BLEMENTART MENSURATION. 
By P. GoTKN, Inspector of Schools, Dunedin, New Zealand. Or. Svo. 58. 

HALL AND KNIGHT.— ARITHMETICAL EXERCISES AND EXAMINATION 
PAPERS. With an Appendix containing Questions in Logarithms and 
Mensuration. By EL S. Hall, M.A., Master of the Military and Engineering 
Side, Clifton College, and S. R. Enioht, B.A. Gl. Svo. 28. 6d. 

LOCK.— Works by Rev. J. B. Look, M.A., Senior Fellow, Assistant Tutor and 
Lecturer in Gk>nville and Caius College, Cambridge. 

ARITHMETIC FOR SCHOOLS. With Answers and 1000 additional Examples 
for Exercise. 8d Ed., revised. GL Svo. 4s. 6d. Or in Two Parts:— 
Part I. Up to and including Practice. 28. Part II. With 1000 additional 
Examples for Exercise. 8s. EET. Cr. Svo. lOs. 6d. 

ARITHMETIC FOR BEGINNERS. 'A School Chiss-Book of Commercial Arith- 
metic GL Svo. 28. 6d. KET. Cr. Svo. Ss. 6d. 

A SHILLING CLASS-BOOK OF ARITHMETIC, ADAPTED FOR USB IN 

ELBMENTART SCHOOLS. ISmo. Is. With Answers Is. 6d. [In July. 
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PBDLBT.— BXEB0IBB8 IN ARITHMETIC for th* Um of Schools. Oontaining 
more than 7000 original BzamplMi. By Baxukl Fxdlxt. Or. 8va 6a. 
Alao in Two Puta, St. 0d. aach. 

SmTH.— Works by Ray. Baknard Smith, M.A., late Fellow and Senior Bursar of 
St. Peter's College, Cambridge. 
ARITHMETIC AND ALGEBRA, in their Principles and Application; with 
nomeroos systematically arranged Examples taken firom the Cambridge Exam- 
ination Papers, with especial reference to the Ordinary Examination for the 
B.A. Degree. New Ed., carefoUy revised. Cr. Svo. 10s. 6d. 

ARITHMETIC FOR SCHOOLa Gr. Svo. 4s. 6d. KET. Cr. 8vo. 4s. 6d. 

EXERCISES IN ARITHMETIC. Cr. Svo. 2s. With Answers, 2s. 6d. An- 
swers separately, 6d. 

SCHOOL CLASS-BOOK OF ARITHMETIC. 18mo. Ss. Or separately, in 
Three Parts, Is. each. KETa Parts L, IL, and IIL, 28. 0d. each. 

SHILLING BOOK OF ARITHMETIC. 18mo. Or separately. Part L. 2d. ; 
Part U., 8d. ; Part III., 7d. Answers, 6d. KET. 18mo. 4s. 6d. 

THE SAME, with Answers. 18mo, doth. Is. 6d. 

EXAMINATION PAPERS IN ARITHMETIC. 18mo. Is. 6d. The Same, 
with Answers. 18mo. 2s. Answers, 6d. KET. 18mo. 4s. 6d. 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRINCIPLES AND APPLI- 
CATIONS, with Numerous Examples. 18mo. 8d. 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 In. by 84 in. on 
Roller. 8s. 6d. Also a Small Chart on a Card. Price Id. 

EASY LESSONS IN ARITHMETIC, combining Exercises in Reading, Writing, 
Spelling, and Dictation. Part L Cr. 8vo. 9d. 

EXAMINATION CARDS IN ARITHMETIC. With Answers and Hinta. 

Standards I. and II., in box. Is. Standards IIL, lY., and Y., in boxes, Is. each. 
Standard YI. in Two Parts, in boxes, Is. each. 

A and B papers, of nearly the same difficulty, are given so as to prevent copying, 
and the colours of the A and B papers diflTer in each Standard, and from those oi 
every other Standard, so that a master or mispress can see at a glance whether the 
children have the proper papers. 

BOOK-KEEPING. 

THORNTON.— FIRST LESSONS IN BOOK-KEEPING. By J. Thornton. Or. 
8vo. 2s. 6d. KEY. Oblong 4to. IDs. 6d. 

PRIMER OF BOOK-KEEPING. 18mo. Is. KEY. [Immediatdy. 

ALGEBRA. 

DALTON.— RULES AND EXAMPLES IN ALGEBRA. By Rev. T. Dalton, 
Assistant Master at Eton. Part I. 18mo. 2s. KEY. Cr. 8vo. 7s. 6d. 
Part II. 18mo. 2s. 6d. 

HALL AND KNIGHT.— Works by H. S. Hall, M.A., Master of the MUitary and 
Engineering Side, Clifton College, and S. R. ELniqht, B.A. 

ELEMENTARY ALGEBRA FOR SCHOOLS. 6th Ed., revised and corrected. 
GL Svo, bound in maroon coloured cloth, 8s. 6d. ; with Answers, bound in 
green coloured cloth, 4s. 6d. [KEY. In the Press. 

ALGEBRAICAL EXERCISES AND EXAMINATION PAPERS. To accom- 
pany ELEMENTARY ALGEBRA. 2d Ed., revised. Gl. 8vo. 2s. 6d. 

HIGHER ALGEBRA. 8d Ed. Cr. 8vo. 7s. 6d. KEY. Cr. 8vo. 10s. 6d. 

JONES AND CHEYNB.— ALGEBRAICAL EXERCISES. Progressively Ar- 
ranged. By Rev. C. A. Jonxs and C. H. Chkymx, M.A., late Mathematical 
Masters at Westminster School. 18mo. 2s. 6d. 

KEY. By Rev. W. Failks, M. A. , Mathematical Master at Westminster School 
Cr. Svo. 7s. 6d. 
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SMITH.— ABITHMBTIO AND ALGEBRA, in their PrindplM and Am>lication ; 
with nnmerona systemAtically arranged Bzamples taken Crom the Cambridge 
Bxunination Papers, with especial reference to the Ordinary Bxamination for 
the B.A. D^H^ee. By Rev. Bakmabd Smith, M.A. New Edition, carefully 
revised. Or. 8vo. 10s. 6d. 
SMITH.— Works by Ohablss Smith, M.A., Master of Sidney Sussex OoUefe, 
Cambridge. 
BLBMENTART ALGEBRA. 2d Ed., revised. Gl. 8vo. 4s. 6d. 
A TREATISE ON ALGEBRA. Or. 8vo. 7s. 6d. RET. Cr. Svo. 10s. 6d. 
TODHUNTEB.— Works by Isaac Todhuktbb, F.R.S. 
ALGEBRA FOR BEGINNERS. 18mo. 2s. 6d. KEY. Or. Svo. 6s. 6d. 
ALGEBRA FOR COLLEGES AND SCHOOLS. Or. Svo. 7s. 6d. RET. Cr. 
Svo. lOs. 6d. 

EUOLID AND PURE QEOMBTRY. 

OOOKSHOTT AND WALTERS.— A TREATISE ON GEOMETRICAL GONICS. 

In accordance with the Syllabus of the Association for the Improvement of 

Geometrical Teaching. By A. Cockshott, M.A., Assistant Master at Eton; 

and Rev. F. B. Waltxrs, M.A., Principal of King William's CoUege, Isle oi 

Man. Cr. Svo. 5s. 
OONSTABLE.— GBOMBTRICAL EXERCISES FOR BEGINNERS. By Samuxi. 

CoNSTABLx. Cr. Svo. 8s. 6d. 
CUTHBEBTSON.— EUCLIDIAN GEOMETRY. By Francis CnTHBXRTSOK, M.A., 

LL.D. Ex. fcap. Svo. 4s. 6d. 
DAY.— PROPERTIES OF CONIC SECTIONS PROVED GEOMETRICALLY. 

By Rev. H. G. Day, M.A. Fart I. The Ellipse, with an ample collection of 

Problems. Cr. Svo. 8s. 6d. 
DODGSON.— Works by Chablxs L. Dodobon, M. A., Student and late Mathematical 

Lecturer, Christ Church, Oxford. 
EUCLID, BOOKS I. and II. 6th Ed., with words substituted for the Alge- 
braical Symbols used in the 1st Ed. Cr. Svo. 2s. 
EUCLID AND HIS MODERN RIVALS. 2d Ed. Cr. Svo. 6s. 
GURIOSA MATHEMATICA. Part I. A New Theory of Parallels. 2d Ed. 

Cr. Svo. 2s. 

DREW.— GEOMETRICAL TREATISE ON CONIC SECTIONS. By W. H. 
Drkw, M.A. New Ed., enlarged. Cr. Svo. 58. 

DUPUIS.— ELEMENTARY SYNTHETIC GEOMETRY OF THE POINT, LINE, 
AND CIRCLE IN THE PLANE. By N. F. Dupuis, M.A., Professor of Pure 
Mathematics in the University of Queen's College, Elingston, Canada. GL Svo. 
4s. 6d. 

HALL AND STEVENS.— A TEXT -BOOK OF EUCLID'S ELEMENTS. In- 
cluding Alternative Proofs, together with additional Theorems and Exercises, 
classified and arranged. By H. S. Hall, M.A., and F. H. Stkvxns, M.A., 
Masters of the Military and Engineering Side, Clifton College. Gl. Svo. Book 
I., Is. ; Books I. and II., Is. 6dj Books I.-IV., Ss. ; Books III.-VI., 8s ; Books 
L-VI. and XI., 4s. 6d. ; Book XL, Is. [KEY. In prepanUUm, 

HALSTBD.— THE ELEMENTS OF GEOMETRY By G. B. Halstkd, Professor 
of Pure and Applied Mathematics in the University of Texas. Svo. 12s. 6d. 

LOCK.— EUCLID FOR BEGINNERS. Being an Introduction to existing Text- 
books. By Rev. J. B. Lock, M.A. [In the Press, 

MAULT.— NATURAL GEOMETRY: an Introduction to the Logical Study of 
Mathematics. For Schools and Technical Classes. With Explanatory Models 
based upon tiie Tachymetrical works of Ed. Lagout. By A. Mault. ISmo. Is. 
Models to Illustrate the above, in Box, 12s. 6d. 

MILNB AND DAVIS.— GEOMETRICAL CONICS. Part L The Parabola. By 
Rev. J. J. MiLNX, M.A., and R. F. Davis, M.A. Cr. Svo. [In the Press, 

SYLLABUS OF PLANE QEOMETBY (corresponding to Euclid, Books I.-VI.)— 
Prepared by the Association for the Improvement of Geometrical Teaching. 
Cr. Svo. Is. 



24 MATHBMATICS 

STLLABUS OF MODBBH PLANE QBOMBTBT.— PreiMuml bj the AasooUtlon 
for the lipproyement of Geometrical TMching. Or. m. Sewed. Is. 

TODHUNTBR.— THB BLBMBNTS OF BUGIJD. By I. ToDHUimeR. F.II.S. 
18mo. 88. 6d. KEY. Or. Sto. 6e. 6d. 

WILSON.— Works by Rev. J. M. Wilson, M.A., Head Master of OUfton College. 

ELEMENTARY GEOMBTRY. BOOKS L-V. Containing the Subjects of 
Euclid's first Six Books. Following the Syllabus of the Geometrical Associa- 
tion. Bx. fcap. 8vo. 4s. 6d. 

SOLID GEOMETRY AND CONIO SECTIONS. With Appendices on Trans- 
versals and Harmonic Division. Bx. fcap. Svo. 8a. M. 

GEOMETRIOAIi DRAWING. 

EAGLES.— CONSTRUCTIVE GBOMBTRY OF PLANE CURVBa By T. n. 
Eaqles, M.A., Instructor in Geometrical Drawing and Lecturer in Architecture 
at the Royal Indian Engineering College, Coopers HiU. Or. 8to. 12s. 

EDGAR AND PBITOHABD.— NOTE - BOOK ON PRACTICAL SOLID OR 

DESCRIFTIYB GEOMBTRY. Containing Problems with help for Solutions. 

By J. H. Bdoab and G. S. Pbitchard. 4th Bd., revised by A. m«»«», qi. 

8yo. 4s. 6d. 
KITCHENEB.— A GEOMETRICAL NOTE-BOOK. Containing Banr Problems in 

Geometrical Drawingpreparatory to the Study of Geometry. For the Use of 

Schools. By F. B. kitcheker, M.A., Head Master of the Newcaatle-imder- 

Lyme High School. 4to. 2s. 
MILLAR.— ELEMENTS OF DESCRIPTIVE GBOMETRT. By J. B. Millar, 

Civil Bngineer, Lecturer on Engineering in the Victoria University, Manchester. 

2d Ed. Or. Svo. 6s. 
PLANT.— GEOMETRICAL DRAWING. By E. C. Plaht. Globe Svo. 

[In preparation. 

MENSURATION. 

STEVENS.— ELEMENTARY MENSURATION. With Exercises on the Mensuia- 
tion of Plane and Solid Figures. By F. H. Stkvknb, M. A. Gl. Svo. 

[In preparation. 

TEBAY.— ELEMENTARY MENSURATION FOR SCHOOLS. By S. Tkbat. 
Ex. fcap. Svo. Ss. 6d. 

TODHUNTER.— MENSURATION FOR BEGINNERa By Isaac Todhitntxb, 
F.R.S. ISnio. 2s. 6d. KEY. By Rev. Fb. L. MoCartht. Cr. Svo. 7s. 6d. 

TRIGONOMETRY. 

BEASLEY.— AN ELEMENTARY TREATISE ON PLANE TRIGONOMBTRY. 

With Examples. By B. D. Bxaslkt, M.A. 9th Ed., revised and enlaiiged. 

Cr. Svo. 88. 6d. 
BOTTOMLEY.— FOUR-FIGURB MATHEMATICAL TABLES. Comprising Lo- 

garithinic and Trigonometrical Tables, and Tables of Squares, Square Boots, 

and Reciprocals. By J. T. Bottomlzt, M.A., Lecturer in Natural P^osophy 

in the University of Glasgow. Svo. 2s. 6d. 
HAYWARD.— THE ALGEBRA OF COPLANAR VBCTORS AND TRIGONO- 
METRY. By R. B. Hatwabd, M.A., F.R.S., Assistant Master at Harrow. 

[In pr^paratUm, 
JOHNSON.— A TREATISE ON TRIGONOMETRY. By W. B. Johhbov, M.A. 

late Scholar and Assistant Mathematical Lecturer at King's College, Chun* 

bridge. Cr. Svo. Ss. 6d. 
LOCK.— Worlcs by Rev. J. B. Lock, M.A., Senior Fellow, Assistant Tutor and 

Lecturer in Gonville and Caius College, Cambridge. 
TRIGONOMBTRY FOR BEGINNERS, as (kr as the Solution of Triangles. 8d 

Ed. GL Svo. 2s. 6d. KEY. Cr. Svo. 6s. 6d. 
ELEMENTARY TRIGONOMBTRY. 6th Ed. (in this edition the ehapter on 

logarithms has been carefully revised). GL Svo. 49. 6d. KEY. Cr. Svo. 8s. 6d. 
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HIGHER TBIGONOMBTRT. 5th Ed. Gl. 8yo. 4s. 6d. Both Parts complete 
in One Volume. GL 8vo. ts. 6d. 

M'CLELLAND AND PRESTON.— A TREATISE ON SPHERICAL TRIGONO- 
METRY. With applications to Spherical Geometry and nnmeroos Examples. 
By W. J. M'Olelland, M.A., Principal of the Incorporated Society's School, 
Santry, Dublin, and T. Preston, M. A. Or. 8vo. 8s. 6d., or : Part I. To the 
End of Solution of Triangles, 48. 6d. Part II., 5s. 

PALMER.— TEXT- BOOK OF PRACTICAL LOGARITHMS AND TRIGONO- 
METRT. By J. H. Palmer, Headmaster, R.N., H.M.S. Cambridge, Devon- 
port. Gl. 8vo. 4s. 6d. 

SNOWBALL.— THE ELEMENTS OF PLANE AND SPHERICAL TRIGONO- 
METRY. By J. C. Snowball. 14th Ed. Cr. 8vo. 7s. 6d. 

TODHTJNTER.— Works by Isaac Todhunter, P.R.S. 
TRIGONOMETRY FOR BEGINNERS. 18mo. 2s. 6d. KEY. Cr. 8vo. 8s. 6d. 
PLANE TRIGONOMETRY. Cr. 8vo. 5s. KEY. Cr. 8vo. 10s. 6d. 
A TREATISE ON SPHERICAL TRIGONOMETRY. Cr. 8vo. 4s. 6d. 

WOLSTBNHOLMB.— EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By Joseph Wolstenholme, D.Sc., late Professor 
of Mathematics in the Royal Indian Engineering Coll., Cooper's HiU. 8vo. 
5s. 



ANALYTICAL GEOMETRY (Plane and Solid). 

DYER.— EXERCISES IN ANALYTICAL GEOMETRY. By J. M. Dyer, M.A., 

Assistant Master at Eton. Illastrated. Cr. 8vo. 4s. 6d. 
FERRERS.— AN ELEMENTARY TREATISE ON TRILINEAR CO-ORDIN- 
ATES, the Method of Reciprocal Polars, and the Theory of Projectors. By 
the Rev. N. M. Ferrers, D.D., F.R.S., Master of Gonville and Caius College, 
Cambridge. 4th Ed., revised. Cr. 8vo. 6s. 6d. 
FROST.— Works by Percival Frost, D.Sc, F.R.S., Fellow and Mathematical 
Lecturer at King's College, Cambridge. 
AN ELEMENTARY TREATISE ON CURVE TRACING. 8vo. 12s. 
SOLID GEOMETRY. 8d Ed. Demy 8vo. 16s. 

HINTS FOR THE SOLUTION OF PROBLEMS in the Third Edition of SOLID 
GEOMETRY. 8vo. 8s. 6d. 
HAYWARD.— THE ELEMENTS OF SOLID GEOMETRY. By R. B. Hayward, 
M.A., F.R.S. Gl. 8vo. [In tJie Press. 

JOHNSON.— CURVE TRACING IN CARTESIAN CO-ORDINATES. By W. 
WooLSET Johnson, Professor of Mathematics at the U.S. Naval Academy, 
Annapolis, Maryland. Cr. 8vo. 4s. 6d. 
PUOKLB.— AN ELEMENTARY TREATISE ON CONIC SECTIONS AND AL- 
GEBRAIC GEOMETRY. With Numerous Examples and Hints for their Sol- 
ution. By G. H. PucKLE, M.A. 5th Ed., revised iuid enlarged. Cr. 8vol 
7b. 6d. 
SMITH.— Works by Charles Smith, M.A., Master of Sidney Sussex College, 
Cambridge. 
CONIC SECTIONS. 7th Ed. Cr. 8vo. 7s. 6d. 
SOLUTIONS TO CONIC SECTIONS. Cr. 8vo. 10s. 6d. 
AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 2d Ed. Or. 8vo. 
9s. 6d. 
TODHUNTER.— Works by Isaac Todhunter, F.R.S. 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straight Line and the 

Conic Sections. Cr. 8vo. 7s. 6d. 
KEY. By C. W. Bourne, AI.A., Headmaster of King's College School. Cr. 8vo. 

10s. 6d. 
EXAMPLES OF ANALYTICAL GEOMETRY OF THREE DIMENSIONa 
New Ed., revised. Cr. 8vo. 4s. 

C 
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PROBLEMS AND QUESTIONS IN 
MATHEMATICS. 

ARUT PRELIMINAR7 EXAMINATION, 1882-1889, Specimens of Papers set at 
the. With Answers to the Mathematical Questions. Subjects: Arithmetic, 
Algebra, Buclid, Qeometrical Drawing, Geography, French, Bnglish Dictation. 
Cr. 8vo. 38. 6d. 

OAMBRIDOE SENATE -HOUSE PROBLEMS AND RIDERS^ WITH SOLU- 
TIONS:— 
1875— PROBLBMS AND RIDERS. By A. G. GaEENniLL, F.B.S. Cr.Svo. 88.6d. 
1878-SOLUTIONS OF SENATE-HOUSE PROBLEMS. By the Mathematical 
Moderators and Examiners. Edited by J. W. L. Glaish^b, F.R.S., FeUow of 
Trinity College, Cambridge. 12s. 

CHRISTIE.- A COLLECTION OF ELEMENTARY TEST-QUESTIONS IN PURE 
AND MIXED MATHEMATICS ; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by Homer's Method. 
By James B. Christie, F.R.S. Cr. 8vo. 8s. 6d. 

MILNE.— Works by Rev. John J. Milke, Private Tutor. 
WEBKLT PROBLEM PAPERS. With Notes intended for the use of Students 
preparing for Mathematical Scholarships, and for Junior Members of the Uni* 
versities who are reading for Mathematical Honours. Pott 8vo. 4s. 6d. 
SOLUTIONS TO WEEKLY PROBLEM PAPERS. Cr. 8vo. 10s. 6d. 
COMPANION TO WEEKLY PROBLEM PAPERS. Cr. 8vo. lOs. «d. 

SANDHURST MATHEMATICAL PAPERS^ for admission into the Royal Military 
College, 1881-1889. Edited by E. J. Brooksmith, B.A., Instructor in Mathe- 
matics at the Royal Military Academy, Woolwich. Cr. 8vo. [In the Press, 

WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military 
Academy, Woolwich, 1880-1888 inclusive. Edited by B. J. Brooksmith, B.A. 
Cr. 8vo. 68. 

WOLSTENHOLME.— Works by Joseph Wolstenholme, D.Sc, late Professor of 
Mathematics in the Royal Engineering Coll. Cooper's Hill. 
MATHEMATICAL PROBLEMS, on Subjects included in the First and Second 
Divisions of the Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. New Ed., greatly enlarged. 8vo. 18s. 

EXAMPLES FOR PRACTICE IN THE USB OF SBYEN-FIGURB LOGAR. 
ITHMS. 8vo. 6s. 



HIO-HER PURE MATHEMATICS. 

AIRY.— Works by Sir G. B. Airy, K.C.B., formerly Astronomer-Royal. 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL EQUATIONS 

With Diagrams. 2d Ed. Cr. 8vo. 5s. 6d. 
ON THE ALGEBRAICAL AND NUMERICAL THEORY OF ERRORS OF 

OBSERVATIONS AND THE COMBINATION OF OBSERVATIONS. 

2d. Ed., revised. Cr. 8vo. 68. 6d. 

BOOLE.— THE CALCULUS OF FINITE DIFFERENCES. By G. Boole. 8d Ed., 
i-evised by J. F. Moulton, Q.C. Cr. 8vo. lOs. 6d. 

CARLL-A TREATISE ON THE CALCULUS OF VARIATIONS. By Lewis R 
Carlu Arranged with the purpose of Introducing, as well as Illustratiug, its 
Principles to the Reader by means of Problems, and Designed to present in all 
Important Particulars a Complete View of the Present State of the Scicnca 
8vo. 21s. 

EDWARDS.— THE DIFFERENTIAL CALCULUS. By Joseph Edwards, M. A., 
With Applications and numerous Examples. Cr. 8vo. lOs. 6d. 

FERRERS.— AN ELEMENTARY TREATISE ON SPHERICAL HARMONICS, 
AND SUBJECTS CONNECTED WITH THEM. By Rev. N. M. FERREns, 
D.D. , F. R.S., Master of Gonville and Caius College, Cambridge. Cr. 8vo. 7s. 6d. 
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FOfiSTTH.-A TREATISB ON DIFFBRBNTIAL EQUATIONS. By Andrew 

RnssKLL Forsyth, F.R.S., Fellow and Assistant Tutor of Trinity College, 

Cambridge. 2d Bd. 8yo. 14s. 
FBOST.— AN BLBMBNTABY TREATISE ON CURVE TRACING. By Peroival 

Frost, M.A, D.Sc. 8vo. 128. 
GRBENHELL.— DIFFERENTIAL AND INTEGRAL CALCULUS. By A. G. 

Greenhill, Professor of Mathematics to the Senior Class of Artillery Officers, 

Woolwich. Cr. 8vo. 7s. 6d. 
JOHNSON. — Works by William Woolset Johnson, Professor of Mathematics at 

the U.S. Naval Academy, Annapolis, Maryland. 
INTEGRAL CALCULUS, an Elementary Treatise on the; Founded on the 

Method of Rates or Fluxions. Svo. 9s. 
CURVE TRACING IN CARTESIAN CO-ORDINATES. Cr. Svo. 4s. 6d. 
A TREATISB ON ORDINARY AND DIFFERENTIAL EQUATIONS. Ex. cr. 

Svo. 15s. 

KELLAND AND TAIT.— INTRODUCTION TO QUATERNIONS, with numerous 
examples. B^ P. Kblland and P. G. Tait, Professors in the Department of 
Mathematics in the University of Edinburgh. 2d Bd. Cr. Svo. 7b. 6d. 

KEMFE.— HOW TO DRAW A STRAIGHT LINE : a Lecture on Linkages. By A. 
B, KsMPE. Illustrated. Cr. Svo. Is. 6d. 

KNOX.— DIFFERENTIAL CALCULUS FOR BEGINNERS. By Alexander 
Enox. Fcap. Svo. 8s. 6d. 

MEBRTMAN.— A TEXT-BOOK OF THB METHOD OF LEAST SQUARES. By 
MANsriBLD Merriman, Professor of Civil Engineering at Lehigh University, 
U.S. A. Svo. Ss. 6d. 

MUIB. — Works hy Thoa. Muir, Mathematical Master in the High School of Glasgow. 
A TREATISE ON THE THEORY OF DETERMINANTS. With graduated sets 
of Examples. Cr. Svo. 78. 6d. 

THE THEORY OF DETERMINANTS IN THB HISTORICAL ORDER OF ITS 
DEVELOPMENT. Parti. Determinants in General. Leibnitz (169S) to Cay- 
ley (1S41). Svo. 10s. 6d. 

RICE AND JOHNSON.— DIFFERENTIAL CALCULUS, an Elementary Treatise on 
tiie ; Founded on the Method of Rates or Fluxions. By J. M. Rice, Professor 
of Mathematics in the United States Navy, and W. W. Johnson, Professor of 
Mathematics at the United States Naval Academy. Sd Ed., revised and cor- 
rected. Svo. ISs. Abridged Ed. 9s. 

TODHUNTEB.— Works by Isaac Todhunter, F.R.S. 

AN ELEMENTARY TREATISB ON THE THEORY OF EQUATIONS. 

Cr. Svo. 7s. 6d. 
A TREATISE ON THE DIFFERENTL/UL CALCULUS. Cr. Svo. lOs. 6d. 

KEY. Cr. Svo. lOs. 6d. 
A TREATISE ON THE INTEGRAL CALCULUS AND ITS APPLICATIONS. 

Cr. Svo. lOs. 6d. KEY. Cr. Svo. 10s. 6d. 

A HISTORY OF THE MATHEMATICAL THEORY OF PROBABILITY, from 
the time of Pascal to that of Laplace. Svo. ISs. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, AND BESSEL'S 
FUNCTIONS. Cr. Svo. 10s. 6d. 

MEOHANIOS : Statics, Dsmamios, Hydrostatios, 
Hydrodsrnamios. (See also Physios.) 

ALEXANDER AND THOB£SON.— ELEMENTARY APPLIED MECHANICS. By 
Prof. T. Alexander, and A. W. Thomson. Part II. Transverse Stress. 
Cr. Svo. 10s. 6d. 

BALL.— EXPERIMENTAL MECHANICS. A Course of Lectures delivered at the 
Royal College of Science for Ireland. By Sir R. S. Ball, F.R.a 2d Ed. 
Illustrated. Cr. Svo. 68. 
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GHISHOLML— THE SCIENCE OF WEIGHING AND MEASURING, AND THE 
STANDARDS OF MEASURE AND WEIGHT. By H. W. Ghisholm, Warden 
of the Standards. Illastrated. Cr. 8yo. 4b. 6d. 

CLARKE.— A TABLE OF SPECIFIC GRAVITY FOR SOLIDS AND LIQUIDS. 
(Constants of Nature : Part I.) New Ed., revised and enlaived. By F. W. Clarke, 
Chief Chemist, U.S. Geological Sonrey. Sro. ISs. 6£ (Pablished for the 
Smithsonian Institution, Washington, U.S.A.) 

CLIFFORD.— THE ELEMENTS OF DYNAMIC. An Introduction to the Study of 
Motion and Rest in Solid and Fluid Bodies. By W. K. Clutord. Part I.— 
Kinematic. Cr. 8vo. Books I — IIL 7s. 6d. ; Book IV. and Appendix, 68. 

GOTTERILL.— APPLIED MECHANICS : an Elementary General Introduction to 
the Theory of Structures and Machines. By J. H. Cottbbill, F.R.S., Professor 
of Applied Mechanics in the Royal Naval College, Greenwich. 8vo. 18s. 

COTTERILL AND SLADB.— ELEMENTARY MANUAL OF APPLIED MECHAN- 
ICS. By Prof. J. H. CorrERiLL and J. H. Slads. Cr. 8vo. [In the Press. 

DYNAMICS, SYLLABUS OF ELEMENTARY. Fart L Linear Dynamics. With 
an Appendix on the Meanings of the Symbols In Physical Equations. I^pared 
by the Association for the Improvement of Geometrical Teaching. 4to. Is. 

GANGUILLET AND KUTTER.— A GENERAL FORMULA FOR THE UNIFORM 
FLOW OP WATER IN RIVERS AND OTHER CHANNELS. By E. Gan- 
ouiLLrr and W. R. Kuttkr, Engineers in Berne, Switzerland. Translated from 
the German, with numerous Additions, including Tables and Diagrams, and the 
Elements of over 1200 Gaugings of Rivers, Small Channels, and Pipes in English 
Measure, by Rudolph Hbrino, Assoc. Am. Soc C.E., M. Inst. C.B., and John 
C. Trautwinb Jun., Assoc. Am. Soc. C.E., Assoc. Inst. C.E. 8vo. 178. 

GREAVES.— Works by John Grsaves, M.A., Fellow and Mathematical Lecturer 
at Christ's College, Cambridge. 

STATICS FOR BEGINNERS. GL 8vo. 8s. 6d. 

A TREATISE ON ELEMENTARY STATICS. 2d Ed. Cr. 8vo. 68. 6d. 
HIOKS.— ELEMENTARY DYNAMICS OP PARTICLES AND SOLIDS. By 
W. M. Hicks, Principal and Professor of Mathematics and Physics, Firth Col- 
lege, Sheffield. Cr. 8vo. 6s. 6d. 

JBLLBTT.— A TREATISE ON THE THEORY OF FRICTION. By John H. 
Jkllbtt, B.D., late Provost of Trinity College, Dublin. 8vo. 8s. 6d. 

KENNEDY.— THE MECHANICS OF MACHINERY. By A. B. W. Kennedy, 

F.R.S. Illustrated. Cr. 8vo. 12s. 6d. 
LOOK.— Works by Rev. J. B. Lock, M.A. 

ELEMENTARY STATICS. 2d Ed. Gl. 8vo. 4s. 6d. 

DYNAMICS FOR BEGINNERS. 3d Ed. Gl. 8vo. 4s. 6d. 

MACGREGOR.— KINEMATICS AND DYNAMICS. An Elementary Treatise. 

By J. G. MacGreoor, D.Sc., Munro Professor of Physics in Dalhousie College, 

Halifkx, Nova Scotia. Illustrated. Cr. 8vo. IDs. 6d. 
PARKINSON.— AN ELEMENTARY TREATISE ON MECHANICS. By S. 

Parkinson, D.D., F.R.S., late Tutor and Preelector of St John's College, 

Cambridge. 6th Ed., revised. Cr. 8vo. 9s. 6d. 

PIRIB.— LESSONS ON RIGID DYNAMICS. By Rev. G. Pirie, M.A,, Professor 
of Mathematics in the University of Aberdeen. Cr. 8vo. 6s. 

REULEAUX.— THE KINEMATICS OF MACHINERY. Outlines of a Theory of 
Machines. By Prof. F. Reuleaux. Translated and Edited by Prot A. B. W« 
Kennedy, F.R.S. Illustrated. 8vo. 21s. 

ROUTH.— Works by Edward John Routh, D.Sc, LL.D., F.R.S., Hon. Fellow 

of St. Peter's College, Cambridge. 
A TREATISE ON THE DYNAMICS OF THE SYSTEM OF RIGID BODIES. 

With numerous Examples. Fourth and enlarged Edition. Two Vols. 8vo. 

Vol. I. — Elementary Parts. 14s. Vol. II. — The Advanced Parts. 14s. 
STABILITY OF A GIVEN STATE OP MOTION, PARTICULARLY STEADY 

MOTION. Adams Prize Essay for 1877. 8vo. 8s. 6d. 

SANDERSON.— HYDROSTATICS FOR BEGINNERS. By F. W. Sanderson, 
M.A., Assistant Master at Dulwicli College. Gl. 8vo. 48. 6d. 
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TAIT AND 8TBSLB.— A TREATISB ON DTNAMIOS OF A PABTICLB. By 
Professor Tait, M.A., and W. J. Stxklx, B.A. 6th Ed., revised. Gr. 8vo. 12s. 
TODHUNTEB.— Works by Isaac Todhunter, F.B.8. 
MECHANICS FOB BEOINNBBS. 18mo. 4s. 6d. RET. Or. 8vo. 6s. 6d. 
A TBEATISE ON ANALYTICAL STATICS. 6th Ed. Edited by Prof. J. D. 
Everett, F.B.S. Or. 8vo. 10s. 6d. 

PHYSIOS : Sound, Li^rlit, Heat, Electricity, Elsusticity, 
Attractions, etc. (See also Mechanics.) 

AIBT.— Works by Sir O. B. Airy, K.C.B., formerly Astronomer-BoyaL 

ON SOUND AND ATMOSPHEBIC YIBBATIONS. With the Mathematical 
Elements of Music. 2d Ed., revised and enlarged. Gr. Svo. 9s. 

A TBEATISE ON MAGNETISM. Or. Svo. 9s. 6d. 

GBAVITATION : an Elementary Explanation of the Principal Perturbations in 
the Solar System. 2d Ed. Cr. Svo. 7s. 6d. 
OLAUSIUS.— MECHANICAL THEOBT OF HEAT. By B. Clausiub. Trans- 
lated by W. B. Browne, M.A. Gr. Svo. 10s. 6d. 

OXTMMXNQ.— AN INTBODUCTION TO THE THEOBY OF ELECTBICITY. 

By LiMNJEUS CuKMiNQ, M.A., Assistant Master at Bugby. Illustrated. Cr. Svo. 

Ss. 6d. 
DANIELL.— A TEXT-BOOK OF THE PBINCIPLES OF PHYSICS. By Alfred 

Daviell, D.Sc. Illustrated. 2d Ed., revised and enlarged. Svo. 21s. 
DAT.— ELECTBIO LIGHT ABITHMETIO. By B. E. Day, Evening Lecturer in 

Experimental Physics at King's College, London. Pott Svo. 2s. 
BVBBETT.— UNITS AND PHYSICAL CONSTANTS. By J. D. Everett, F.RS., 

Professor of Natural Philosophy, Queen's College, Bel&st. 2d Ed. Ex. fcap, 

Svo. 6s. 
FEBBEBS.— AN ELEMENTABY TBEATISE ON SPHBBICAL HABMONICS, 

and Subjects connected with them. By Bev. N. M. Ferrers, D.D., F.B.S., 

Master of Gonville and Caius College, Cambridge. Cr. Svo. 7s. 6d. 
FESSEHDEN.— A SCHOOL CLASS-BOOK OF PHYSICS. By C. Fessendek. 

Illustrated. Fcp. Svo. [In the Preu. 

QBAY.~THE THEOBY AND PBACTICE OF ABSOLUTE MEASUBEMENTS 

IN ELECTBICITY AND MAGNETISM. By A. Gray, F.B.S.E., Professor 

of Physics in the University College of North Wales. Two Vols. Cr. Svo. 

Vol. 1. 12s. 6d. [Vol. II. In the Press, 

ABSOLUTE MEASUBEMENTS IN ELECTBICITY AND MAGNETISM. 2d 

Ed., revised and greatly enlarged. Fcap. Svo. 6s. 6d. 
IBBETSON.— THE MATHEMATICAL THEOBY OF PEBFECTLY ELASTIC 

SOLIDS, with a Short Account of Viscous Fluids. By W. J. Ibbetson, late 

Senior Scholar of Clare College, Cambridge. Svo. 21s. 
JONES.— EXAMPLES IN PHYSICS. By D. E. Jones, B.Sc., Professor of Physics 

in the University College of Wales, Aberystwyth. Fcap. Svo. 8s. 6d. 
SOUND, LIGHT, AND HEAT. An Elementary Text-Book. With Illustra- 
tions. Fcap. Svo. [In the Press. 
LODGE.— MODEBN VIEWS OF ELECTBICITY. By Oliver J. Lodge, F.B.S., 

Professor of Experimental Physics in University College, Liverpool. Illus* 

touted. Or. Svo. 6s. 6d. 
LOEWY.— Works by B. Loewt, Examiner in Experimental Physics to the College 

of Preceptors. 
QUESTIONS AND EXAMPLES ON EXPEBIMENTAL PHYSICS: Sound, 

Light, Heat, Electricity, and Magnetism. Fcap. Svo. 2s. 
A GBADUATED COUBSE OF NATUBAL SCIENCE FOB ELEMENTABY 

AND TECHNICAL SCHOOLS AND COLLEGES. In Three Parts. Part L 

First Year's Course. GL Svo. 2s. 
LUPTON.— NUMEBIOAL TABLES AND CONSTANTS IN ELEMENTABY 

SCIBNOB. By S. Lufton, M.A., late Assistant Master at Harrow. Ex. fcap. 

Svo. 2s. 6d. 
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ICAOPARLAHB.— PHTBIGULL ARITHMSTia Bw A. MACTARLAin, D.Se., lata 
XzamiiMr in M>thmnatlca at th* UniTtnlty of Sidinborgh. Or. 8to. 7b. 8d. 

MATE&.— SOUin) : a Berita of Simple, BntartainiiuL and InoxpenaiTO Bxperi- 
ments in tha Fhenomena of Sound. Bj A. M. MItkb, Frofeasor of Fhysiefl 
in the Stevens Inatitnte of Technology, uluBtrated. Or. 8ya Ss. 6d. 

MATBB AND BARNARD.— LIGHT : a Series of Simple, Entertaining, and Inez- 

BsnsiTe Experiments in the Fhenomena of Light. By A. M. Hatkr and 0. 
ARNA&D. Illustrated. Cr. 8yo. 2s. 6d. 

MOLLOT.— GLEANINGS IN SCIENCE : Popular Lectures on Scientific Sntdects. 

By the Rev. Qbbald Mollot, D.Sc., Rector of the Catholic University of 

Ireland. 8vo. 7s. 6d. 
HEWTON.— PRINGIFIA. Edited by Prof. Sir W. Thomson and Prot Black- 

BUUTK. 4to. 81s. 6d. 

THE FIRST THREE SECTIONS OF NEWTON^ PRINCIPIA. With Notes 
and Illustrations. Also a Collection of Problems, principally intended as 
Examples of Newton's Methods. By P. Fnoar, M.A., D.Sc 8d.Ed. 8vo. ISs. 

PARKINSON.— A TREATISE ON OPTICS. By S.^AiiKnffBOH, D.D., F.R.&. 

late Tutor and Prselector of St. John's College, CBimbridge. 4th Ed., revised 

and enlarged. Cr. 8vo. 10s. 6d. 
PBABODT.— THERMODYNAMICS OF THE STEAM-ENGINE AND OTHER 

HEAT-ENGINES. By Cbcil H. Peabodt, Associate Professor of Steam 

Engineering, Massachusetts Institute of Technology, 8vo. 21s. 
PERRT. — STEAM : an Elementary Treatise. By John Px&bt, Professor 

of Mechanical Engineering and Applied Mechanics at the Technical College, 

I^insbury. ISmo. 4s. 6d. 
PRESTON.— A TREATISE ON THE THEORY OF LIGHT. By Thomas 

Pbbston, M.A. Illustrated. 8vo. [In th» Prtu, 

RAYLEIGH.— THE THEORY OF SOUND. By Lord Rayleigh, F.R.S. 8vo. 
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F.R.S., Lecturer on Comparative Anatomy at St Mary's Hospital. Illustrated. 
Fcap. 8vo. 8s. 6d. 

MULLEB.— THE FERTILISATION OF FLOWERS. By Hkbmann MOllbb. 
Translated and Edited by D'Abct W. Thompson, B. A. .Professor of Biology in 
University College, Dundee. With a Preface by C. Dabwin, F.R.S. Illus- 
trated. 8vo. 21s. 

OIJVEB.— Works by Danikl Olivkr, F.R.S., late Professor of Botany in Unl- 
versity College, London. 

LESSONS IN ELEMENTARY BOTANY. Illustrated. Fcap. 8vo. 48. 6d. 

FIRST BOOK OF INDIAN BOTANY. Dlustrated. Ex. fcap. 8va (te. 6d. 

PABKEB.— Works by T. JomiKT Pabueb, F.B.S., Professor of Biology in the 
University of Otago, New Zealand 
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A OOURSB OF TNSTRUOnON IN ZOOTOMT (VERTEBRATA). lUostrated. 

Or. 8to. 8s. 6d. 
LESSONS IN ELEMENTARY BIOLOGY. lUiutratecL Or. 8vo. [In the Press, 
PARKER AND BETTANT.— THE MORPHOLOGY OF THE SKULL. By Frot 
W. E. Parker, F.R.S., and G. T. Bkttany. Illastrated. Or. 8to. lOs. 6d. 
ROMANES.— THE BOIENTIFIO BVIDENOES OF ORGANIC EVOLUTION. 
By G«0BOE J. RouAMZs, F.R.S., Zoological Secretary of the Linnean Society. 
Or. 8vo. 28. 6d. 

SBDGWIOK.— A SUPPLEMENT TO F. M. BALFOUR'S TREATISE ON EM. 

BRYOLOGY. By Adam Sboowick, F.R.S., Fellow and Lecturer of Trinity 

College, Cambridge. Illustrated. Syo. [In prepanUion. 

SHTJFELDT.— THE MYOLOGY OF THE RAVEN (Corvw corax SiniMhu). A 

Guide to the Study of the Muscular System in Birds. By R. W. Shufildt. 

niostrated. 8yo. lln the Frees. 

SMITH.— DISEASES OF FIELD AND GARDEN CROPS, OHIEFLY SUCH 

AS ARE CAUSED BY FUNOL By W. G. Smith, F.L.a Illustrated. Fcap. 

8yo. 48. 6d. 
STEWART AND GORRY.— A FLORA OF THE NORTH-EAST OF IRELAND. 

Including the Phanerogamia, the Cryptogamia Vascularia, and the Muscine«e. 

By S. A. Stkwaut, Curator of the Collections in the Belfast Museum, and the 

late T. H. Corrt, M. A.. Lecturer on Botany in the University Medical and 

Science Schools, Cambridge. Or. 8vo. 5s. 6d. 
WALLACE.- DARWINISM : An Exposition of the Theorr of Natural Selection, 

with some of its Applications. By Alfred Russel Wallace, LL.D., F.R.S. 

8d Ed. Or. Svo. 9s. 
WARD.— TIMBER AND SOME OF ITS DISEASES. By H. Marshall Ward, 

F.R.S., Professor of Botany in the Royal Indian Engineering College, Cooper's 

HilL ninstrated. Cr. Svo. 6s. 

WIEDBRSHBIM.— ELEMENTS OF THE COMPARATIVE ANATOMY OF 
VERTEBRATES. Bv Prof. R. Wiedersheim. Adapted by W. Newton Par- 
ker, Professor of Biology in the Univeisity College of South Wales and Mon- 
mouthshire. With Additions. Illustrated. Svo. 12s. 6d. 

MEDICINE. 

BLYTH.— A MANUAL OF PUBLIC HEALTH. By A. Wyuter Bltth, M.R.C.S. 

8yo. [In the Preee, 

BRUNTON.— Works bv T. Laxtder Brunton, M.D^ F.R.S., Examiner in Materia 

Medica in the UniYersity of London, in the Victoria tTniversity, and in the 

Royal Collie of Physicians, London. 
A TEXT-BOOK OF PHARMACOLOGY, THERAPEUTICS, AND MATERIA 

MEDICA. Adapted to the United States Pharmacopoeia by F. H. Wiluams, 

M.D., Boston, Mass. Sd did. Adapted to the New British Pharmacopoeia, 

1886. 8yo. 21s. 

TABLES OF MATERIA MEDICA: A Companion to the Materia Medica 
Museum. Illustrated. Cheaper Issue. 8vo. 58. 

ON THE CONNECTION BETWEEN CHEMICAL CONS'nTUTION AND 
PHYSIOLOGICAL ACTION, BEING AN INTRODUOTION TO MODERN 
THERAPEUTICS. Croonian Lectures. 8yo. [InthePrtte. 

GRIFFITHS.— LESSONS ON PRESCRIPTIONS AND THE ART OF PRE- 
SCRIBING. By W. Haiidsbl Griyfiths. Adapted to the Pharmacopoeia, 1886. 
18mo. 88. 6d. 
HAMILTON.— A TEXT-BOOK OF PATHOLOGY, SYSTEMATIC AND PRAC- 
TICAL. By D. J. Hamilton, F.R.S.B., Professor of Pathological Anatomy, 
UniYersity of Aberdeen. Illustrated. Vol. I. Svo. 25s. 
KLEIN.— Works by E. Klein, F.R.S., Lecturer on General Anatomy and Physio- 
logy in the Medical School of St. Bartholomew's Hospital, London. 
MICRO-ORGANISMS AND DISEASE. An Introduction into the Study of 

Specific Micro-Organ isms. Illustrated. Sd Ed., revised. Cr. Svo. 68. 
THE BACTERIA IN ASIATIC CHOLERA. Cr. Svo. 5s. 



^^ 



88 HUMAN SCIENCES 

WHITE.— A TBXT-BOOE OF GENERAL THERAPET7TI0S. By W. Hals 
WemE, M.D., Senior Assistant Physician to and Lectnier in Materia Medica at 
Guy's Hospital. Illustrated. Or. 8yo. 8s. 6d. 

ZIBOLBR—MAOALISTEB.— TEXT -BOOK OF PATHOLOOIOAL ANATOMY 
AND PATHOGENESIS. By Prof. E. Zisolsr. Translated and Edited by 
DoNAU) Macalistkb, M.A., M.D., Fellow and Medical Lecturer of St. Jolrn's 
Oollege, Cambridge. Illustrated. 8yo. 
Part L— GENERAL PATHOLOGICAL ANATOMY. 2d Ed. 128. 6d. 
Part II.-SPECIAL PATHOLOGICAL ANATOMY. Sections L-YIU. 2d Ed. 
12s. 6d. Sections IX.-XIL 12s. 6d. 
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Mental and Moral PhUosophy ; Political Eoonomy ; Law and Politlos ; 

Antliropology ; Bdnoation. 

MENTAL AND MORAL PHILOSOPHY. 

BOOLE.— THE MATHEMATICAL ANALYSIS OF LOGIC. Being an Essay 

towards a Calculus of Deductive Reasoning. By G«obok Boolk. 8vo. 6s. 
OALDEBWOOD.— HANDBOOK OF MORAL PHILOSOPHY. By Rey. Henbt 

Caldbrwood, LL.D., Professor of Moral Philosophy in the University of 

Edinburgh. 14th Edl, largely rewritten. Cr. 8vo. 6s. 
OUFPOBD.— SEEING AND THINKING. By the late Prot W. K. Clifford, 

F.R.S. With Diagrams. Cr. 8vo. 8s. 6d. 
JARDINB.— THE ELEMENTS OF THE PSYCHOLOGY OP COGNITION. By 

Rev. RoBKBT Jardikk, D.Sc 8d ^d^, revised. Cr. 8vo. 6s. 6d. 
JEYONS.— Works by W. Stanlxt Jsvons, F.R.S. 
PRIMER OF LOGIC. 18mo. Is. 
ELEMENTARY LESSONS IN LOGIC ; Deductive and Inductive, with Copious 

Questions and Examples, and a Vocabulary of Logical Terms. Fcap. 8vo. Ss. 6d. 
THE PRINCIPLES OF SCIENCE. A Treatise on Logic and Scientific Method. 

New and revised Ed. Cr. 8vo. 12s. 6d. 
STUDIES IN DEDUCTIVE LOGIC. 2d Ed. Cr. 8vo. 68. 
PURE LOGIC: AND OTHER MINOR WORKS. Edited by B. Adambok, 

M.A., LL.D., Professor of Logic at Owens College, Manchester, and Harriet 

A. JsvoNS. With a Preface by Prof. Adamsoh. 8vo. 10s. 6d. 
KANT— MAX MULLEB.— CRITIQUE OF PURE REASON. By Immakurl Kamt. 

2 vols. 8vo. 16s. each. Vol. L HISTORICAL INTRODUCTION, by Lud- 

wio NoiRft ; YoL II. CRITIQUE OF PURE REASON, translated by F. Max 

MOller. 
KANT— l^AHAFFY AND BERNARD.-KANTS CRITICAL PHILOSOPHY FOR 

ENGLISH READERS. By J. P. Mahaffy, D.D., Professor of Ancient History 

in the University of Dublbi, and John H. Bernard, B.D^ Fellow of Trinity 

College, Dublin. A new and complete Edition in 2 vols. Or. 8vo. 

Vol. I. The Kritik of Pure Reason Expuonsd and Defended. 78. 6d. 

VoL II. The Proleoomsna. Translated with Notes and Appendices. 6s. 
KEYNES.- FORMAL LOGIC. Studies and Exercises in. Including a Generalisation 

of Logical Processes in their application to Complex Inferences. By John 

Neville Keynes, M.A. 2d Ed., revised and enlarged. Cr. 8vo. 10s. 6d. 
MOCOSH.— Works by James McCosh, D.D., President of Princeton College. 
PSYCHOLOGY. Cr. 8vo. 

I. THE COGNITIVE POWERS. 68. 6d. 

II. THE MOTIVE POWERS. 6s. 6d. 

FIRST AND FUNDAMENTAL TRUTHS: being a Treatise on Metaphysics. 
Ex. cr. 8vo. 9s. 
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MAnBIOB.-MOBAL AND MBTAPHYSIGAL PHILOSOPHY. By F. D. 

Maubigb, M.A., late Professor of Moral Philosophy in the Universiw of 0am. 

bridg^ voL I.— Ancient Philosophy and the First to the Thirteenth Oenturies. 

VoL II.— Fourteenth Oentnry and the French Beirolntion, with a glimpse into 

the Nineteenth Oentnry. 4th Bd. 2 vols. 8vo. Ids. 
RAY.— A TBXT-BOOK OF DBDUOTIYB LOGIOFOBTHB USB OFSTUDBNTS. 

By P. E. Rat, D.Sc, Professor of Logio and Philosophy, Presidency Oolite, 

Oalcntta. 4th Bd. Globe 8to. 4s. 6d. 
SIDOWIOK.— Works by Hknbt Sidgwick, LL.D. D.O.L., Knightbridge Professor 

of Moral Philosophy in the University of Oambridge. 
THB MBTHODS OF BTHIOS. SdBd. 8vo. 14s. ASapplement tothe 2dBd., 

containing all the important Additions and Alterations In the 8d Bd. 8vo. 6s. 
OUTLINBS OF THB HISTORY OF BTHIOS, fpr Bnglish Readers. 2d Bd., 

revised. Or. 8vo. 8s. 6d. 
VENN.— Works by John Vbmk, F.R.S., Bxaminer in*Moral Philosophy in the 

University of London. 
THB LOOIO OF GHANCB. An Bssay on the Foundations and Province of the 

Theory of Probability, with special Reference to its Logical Bearings and itij 

Application to Moral and Social Science. Sd Bd., rewritten and greatly en- 

larged. Or. 8vo. 10s. 6d 
SYMBOLIC LOGIC. Or. 8vo. 10s. 6d. 
THB PRINCIPLBS OF EMPIRICAL OR INDUOTIYB LOGIC. 8vo. 18s. 
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BOHM-BAWEBK.— CAPITAL AND INTBRBST. Translated by William Smart, 

M.A. 8vo. 148. 
CAIBNES.— THB OHARAGTBR AND LOGICAL MBTHOD OF POLITICAL 

BCONOMY. By J. B. Caibnes. Or. 8vo. 6s. 
SOMB LEADING PRINCIPLES OF POLITICAL BCONOMY NBWLY EX- 

POUNDED. By the Same. 8vo. 14s. 
OOSSA.— GUIDE TO THB STUDY OF POLITICAL ECONOMY. By Dr. L. 

CossA. Translated. With a Preface by W. S. Jevons, F.R.S. Or. 8vo. 4s. 6d. 
PAWOETT.— POLITICAL BCONOMY FOR BEGINNERS, WITH QUESTIONS. 

By Mrs. Hknbt Fawcxtt. 7th Ed. 18mo. 2s. 6d. 
TALES IN POLITICAL BCONOMY. By the Same. Or. 8Vb. 8s. 
PAWOETT.— A MANUAL OF POLITICAL ECONOMY. By Right. Hon. Henkt 
' Fawcktt, F.R.S. 7th Ed., revised. With a Chapter on '^State Socialism and 

the Nationalisation of the Land," and an Index. Or. 8vo. 12s. 6d. 
AN EXPLANATORY DIGEST of the above. By 0. A. Watsbs, B.A, Or. 8vo. 

2s. 6d. 
GUNTON.— WEALTH AND PROGRESS : A Critical Examination of the Wages 

Question and its Bconomic Relation to Social Reform. By Gxobge Gxtntom. 

Or. 8vo. 6s. 
HOWELL.— THE CONFLICTS OF CAPITAL AND LABOUR. Historically and 

JEconomically considered, being a History and Review of the Trade Unions of 

Great Britain, showing their origin. Progress, Constitution, and Objects, in 

their varied Political, Social, Economical, and Industrial Aspects. By 

Geobob Howell, M.P. 2d Ed. revised. Or. 8vo. 68. 
JEVONS.— Works by W. Staitlkt Jevons, F.R.S. 
PRIMER OF POLITICAL ECONOMY. 18mo. Is. 

THE THEORY OF POLITICAL ECONOMY. 8d Ed., revised. 8vo. 10s. 6d. 
KEYNES.— THB SCOPE AND METHOD OP POLITIOAL ECONOMY. By 

J. N. Keynes, M. A. [In preparation. 

MARSHALL.- THE ECONOMICS OF INDUSTRY. By A. Marshall, M.A., 

Professor of Political Economy in the University of Oambridge, and Mary P. 

Marshall. Ex. fcap. 8vo. 28. 6d. 

MARSHALL.— THE PRINCIPLES OF ECONOMICS. By Alfrgp Marshall, 
M.A. 2 voIk. 8vo. [VoL I. Shordy. 
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PALG&AVB.— A DIOnONABY OF POLITIGAL KOONOMT. By varions 
Writen. Bdited ly R. H. Iholu Paixirats. [In the Press. 

SDOWIGK.— THB PBINGIFLB8 OF POLITIGAL BGONOMT. By Hkhrt 
BiDawiCK, LL.D., D.O.L., KnUditliridge Professor of Moral Philosophy in the 
UnlYenity of Gambridge. 2d Bd., reyised. 8yo. Ite. 
WALXBB.— Works by Fraxcis A Walksr, M.A. 
FIBST LS8S0NS IN POLITIGAL BGONOMT. Gr. 8yo. 5s. 
A BBIBF TBXT-BOOK OF POLITIGAL BGONOMT. Gr. 8to. 6s. 6d. 
POLITIGAL BGONOMT. 2d Bd., revised and enlarged. 8vo. 12s. 6d. 
THB WAOBS QX7BSTI0N. 8yo. 14s. 
WI0K8TBED.— ALPHABBT OF BGONOMIG SGIBNCB. By Philip H. Wick- 
BTKKD, M.A. Part I. Blements of the Theory of Value or Worth. 6L Svo. 
2s. 6d. 

LAW AND POLITICS. 

ADAMS AND OTJNNINOHAM— THB SWISS GONFBDBRATION. By Sir 

F. O. Adams and G. GumriNaHAic Byo. 14s. 
ANGLO-SAXON LAW, B8SA7S ON.— Gontents : Anglo-Saxon LawGoarts, Land 

and Family Law, and Legal Procedure. Svo. IBs 
BALL.— THB STUDBNT S GUIDB TO THB BAR. By Walter W. a Ball, M. A., 

Fellow and Assistant Tutor of Trinity College, Cambridge. 4th Bd., revised. 

Gr. Svo. 28. 6d. 
BIGBLOW.— HISTORT OF FROGBDUBB IN BNOLAND FROM THB NORMAN 

GONQUBST. The Norman Period, 1066-1204. By Mxlvills M. Bioklow, 

Ph.D., Harvard University. Svo. 16s. 
BB70B.— THB AMBRIGAN GOMMONWBALTH. By James Bbvce, M.P. , D.CIi., 

B^os Professor of Civil Law in the University of Oxford. Two Volumes. 

Bx. cr. Svo. 25s. Part I. The National Government. Part 11. The State 

Governments. Part HI. The Party System. Fart IV. Public Opinion. 

PartV. Illustrations and Beflections. Part VI. Social Institutions. 

BUOKLAND.— OUR NATIONAL INSTITUTIONS. A Short Sketch for Schools. 
By Anna Buckland. With Glossary. ISmo. Is. 

DIOBT.— INTRODUCTION TO THB STUDT OP THB LAW OF THB CONSTITU. 

TION. By A. V. Dicbt, B.C.L., Vinerian Professor of Bnglish Law in the 

University of Oxford. Sd Bd. Svo. 12s. 6d. 
DILKB.— PROBLBMS OF ORBATBR BRITAIN. By the Right Hon. Sir 

Charles Wbi^worth Dilks. With Maps. 2 vols. Svo. 86s. 
DONISTHOBPB.— INDIVIDUALISM: A System of Politics. By Woiud6worth 

DONISTHORPB. Svo. liS. 

ENGLISH UITIZUN. THB.— A Series of Short Books on his Rights and Besponsl- 

Mlities. Bdited by Henry Craik, LL.D. Gr. Svo. 8s. 6d. each. 
GBNTRAL GOVBRNMBNT. By H. D. Traill, D.C.L. 
THB BLBGTORATB AND THB LBGISLATURB. By Spencer Walpolb. 
THB POOB LAW. By Bev. T. W. Fowls, M.A. 
THB NATIONAL BUDGET; THB NATIONAL DBBT; TAXES AND RATSa 

By A J. Wilson. 
THB STATE IN RELATION TO LABOUR. By W. Stanley Jbvons, LL.D. 
THB STATE AND THB CHURCH. By the Hon. Arthur Elliot, M.P. 
FOREIGN RELATIONS. By Spencer Walpole. 

THB STATB IN ITS RELATION TO TRADE. By Sir T. H. Farrer, Bart. 
LOCAL GOVEBNMBNT. By M. D. Chalmers, M.A. 

THB STATB IN ITS RELATION TO EDUCATION. By Henry Craik, LL.D. 
THB LAND LAWS. By Sir F. Pollock, Bart, Professor of Jurisprudence in 

the University of Oxford. 
COLONIES AND DBPENDBNCIES. Part I. INDIA. By J. S. Cotton, M.A. 

IL THE GOLONIBS. By E. J. Payne, M.A. 
JUEfTICB AND POLICE. By F. W. Maitland. 
THB PUNISHMENT AND PREVENTION OF CRIME. By Colonel Sir Bdmund 

DU Cane, K.G.B., Chairman of Comissioners of Prisons. 
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HOLMES.— THE GOMMON LAW. By O. W. Holmes Jan. Demy Svo. 12i. 
MATPLAND.— PLBAS OF THE CROWN PORTHB COUNTY OF QL0U0B8TBR 
BBFORB THB ABBOT OF RBADING AND HIS FBLLOW JUSTICES 
ITINERANT, IN THB FIFTH YEAR OF THB REIGN OF KING HBNRY 
THE THIRD, AND THB YEAR OF GRACE 1281. By F. W. Maitland. 
8yo. 7s. 6d. 
PATERSON.— Works by Jamxs Patebson, Barrister-at-Law. 
COMMENTARIES ON THE LIBERTY OF THE SUBJECT, AND THB LAWS 
OF ENGLAND RELATING TO THB SECURITY OF THB PERSON. Cheaper 
Issue. Two Vols. Cr. 8vo. 21s. 
THE LIBERTY OF THE PRESS, SPEECH, AND PUBLIC WORSHIP. 
Being Commentaries on the Liberty of the Subject and the Laws of England. 
Cr. 8yo. 12s. 
PHILLIMOBE. -PRIVATE LAW AMONG THE ROMAN& From the Pandeeta. 

By J. G. Phillihore, Q.G. 8vo. 16s. 
POLLOCK.— ESSAYS IN JURISPRUDENCE AND ETHICa By Sir Frederick 
Pollock, Bart., Corpus Christi Professor of Jurisprudence in the Uniyersity 
of Oxford. Svo. lOs. 6d. 
INTRODUCTION TO THE HISTORY OF THE SCIENCE OF POLITICS. 
By the same. Cr. Svo. 2s. 6d. 
RIGHEY.— THE IRISH LAND LAWS. By Alexai^er G. Richet, Q.C., Deputy 
Regius Professor of Feudal English Law in the University of Dublin. Cr. 8vo. 
8s. 6d. 
SIDGWICK.— THE ELEMENTS OF POLITICa By Hekrt Sidowiok. LI1.D. 
Svo. [In the Press. 

STEPHEN.— Works by Sir J. Fitzjames Stephen, Q.C., E.C.S.I., a Judge of the 
High Court of Justice, Queen's Bench Division. 
A DIGEST OF THB LAW OF EVIDENCE. 5th Ed., revised and enlarged. 

Cr. Svo. 08. 
A DIGEST OF THB CRIMINAL LAW : CRIMES AND PUNISHMENTS. 4th 

Ed., revised. 8vo. 16s. 
A DIGEST OF THB LAW OF CRIMINAL PROCEDURE IN INDICTABLE 
OFFENCES. By Sir J. F. Stephek, K.C.S.I., and H. Stephen, LL.M., of the 
Inner Temple, Barrister-at-Law. Svo. 12s. 6d. 
A HISTORY OF THB CRIMINAL LAW OF ENGLAND. Three Vols. Svo. 488. 
GENERAL VIEW OF THE CRIMINAL LAW OF ENGLAND. 2d Ed. Svo. 
14s. The first edition of this work was published in 1868. The new edition is 
substantially a new work, intended as a text-book on ^e Criminal Law for 
University and other Students, adapted to the present day. 

ANTHROPOIiOaY. 

FLOWER.- FASHION IN DEFORMITY, as Illustrated in the Customs of 
Barbarous and Civilised Races. By Prof. Flower, F.R.S. Illustrated. Cr. 
Svo. 2s. 6d. 

FRAZER.— THE GOLDEN BOUGH. A Study in Comparative Religion. By J. 
G. Frazer, M.A., Fellow of Trinity College, Cambri<^e. 2 vols. 8vo. 288. 

M'LENNAN.— THE PATRIARCHAL THEORY. Based on the papers of the late 
John F. M'Lennan. Edited by Donald M'Lennan, M.A., Barrister-at-Law. 
Svo. 14s. 
STUDIES IN ANCIENT HISTORY. Comprislne a Reprint of "Primitive 
Marriage." An inquiry into the origin of the lorm of capture in Marriage 
Ceremonies. Svo. 16s. 

TYLOR.— ANTHROPOLOGY. An Introduction to the Study of Man and Civilisa- 
tion. By E. B. Tylor, F.R.S. Illustrated. Cr. Svo. 7s. 6d. 

BDUOATION. 

ARNOLD.— REPORTS ON ELEMENTARY SCHOOLS. 1852-1882. By Matthew 
Arnold, D.CL. Edited by the Right Hon. Sir Francis Sandiord, K.C.B. 
Cheaper Issue. Cr. 8vo. 8s. 6d. 
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AALL.— THB STUDENT'S GUIDE TO THE BAR. By Walter W. R. Ball, 

M.A., Fellow and ABsistant Tutor of Trinity Ck>llege, Cambridge. 4ih Ed., 

reyiaed. O r. 8yo . 28. 6d. 
BLAKI8T0N.— THB TEACHER. Hints on School Management A handbook 

for Managers, Teachers' Assistants, and Pupil Teachers. By J. R. Blakiston. 

Or. 8to. 2s. 6d. (Recommended by the London, Birmingham, and Leicester 

School Boards.) 
OALDBBWOOD.^ON TBACHINQ. By Frofl Hskbt Caldkrwood. New Ed. 

Bz. fcap. 8yo. 2s. 6d. 
FITOH.— NOTES ON AMERICAN SCHOOLS AND TRAINING COLLEGBa 

Reprinted fh>m the Report of the Bnglish Education Department for 1888-89, 

with permission of the Controller of H.M.'8 Stationery Office. By J. O. 

Pitch, M.A. G1. 8vo. 2s. 6d. 
QBIKIB.— THB TEACHING OF GEOGRAPHY. A Practical Handbook for the 

use of Teachers. By Archibald Gkikie, F.R.S., Director -General of the 

Geological Survey of the United Kingdom. Cr. 8to. 2s. 
GLADSTONE.— OBJECT TEACHING.— A Lecture delivered at the Pupil-Teacher 

Centre, William Street Board School, Hammersmith. By J. H. Glasstons, 

F.R.S. With an Appendix. Cr. 8vo. 8d. 
SPELLING REFORM FROM A NATIONAL POINT OF VIEW. By the 

same. Cr. 8vo. Is. Od. • 
HBRTEL.— OVERPRESSURB IN HIGH SCHOOLS IN DENMARK. By Dr. 

HxRTBL. Translated by C. G. Sorenskk. With Introduction by Sir J. 

ORiOHTOH-BROWinB, F.R.S. Cr. 8vo. Ss. 6d. 



TEGHNIGAIi KNOWLEDGE. 

(see ALSO MECHANICS, LAW, AND MEDICINE.) 

Oivll and Meohanloal Engineering ; Military and Naval Sdenoa ; 
Agrionltnre ; Domestio Economy ; Book-Keeping. 

OIVIL AND MEOHANIOAL ENG-INEERINa 

ALEXANDER AND THOMSON.— ELEMENTARY APPLIED MECHANICS. By 
T. Alsxandsr, Professor of Civil Engineering, Trinity College, Dublin, and 
A. W. Thomson, Lecturer in Engineering at the Technical College, Glasgow. 
Part IL Trahbvkrss Stress. Cr. 8vo. lOs. 6d. 

OHALMBBS. -GRAPHICAL DETERMINATION OF FORCES IN ENGINBBR- 
ING STRUCTURES. By J. B. Chalmers, C.B. Illustrated. 8vo. 248. 

COTTEBILL.— APPLIED MECHANICS : an Elementary General Introduction to 
the Theorr of Structures and Machines. By J. H. CormiLL, F.R.S., Pro- 
fessor of Applied Mechanics In the Royal Naval College, Greenwich. 2d Bd. 
8vo. 188. 

OOTTBBILL AND BLADE.- ELEMENTARY MANUAL OF APPLIED MBCHAN^ 
ICS. By Prof. J. H. Cottxrill and J. H. Slads. Cr. 8vo. [In the Press, 

KENNEDY.— THB MECHANICS OF MACHINERY. By A B. W. Kxnnxdt. 
F.R.S. Illustrated. Cr. 8vo. 12s. 6d. 

BEULEAUZ.— THB KINEMATICS OF MACHINERY. OutUnes of a Theory of 
Machines. By Prof. F. Reulxaux. Translated and Edited by Prof. A. B. W. 
Kenkedt, F.R.S. Illustrated. 8vo. 21s. 

WHITHAM— STBAM-ENGINB DESIGN. For the Use of Mechanical Engineers, 
Students, and Draughtsmen. By J. M. Whitham, Professor of Engineering, 
Arkansas Industrial University. Illustrated. 8vo. 25s. 

YOUNG. -SIMPLB PRACTICAL METHODS OF CALCULATING STRAINS 
ON GIRDERS, ARCHES, AND TRUSSES. With a Supplementary Essay on 
Economy in Suspension Bridges. By E. W. Yoxjno, C.B. With Diagrama 
8vo. 7s. 6d. 
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MIIilTABT AND NAVAL SOIENOE. 

AITKBN.— THB GROWTH OF THB RECRUIT AND TOUNG SOLDIBR. With 
a view to the selection of " Growing Ladi " for the Army, and a Regulated 
System of Training for Reenits. By Sir W. Aitkkn, F,R.S.| Professor of 
Pathology in the Army Medical School. Or. 8vo. 8s. 6d. 

A&MT PBBLIMINABT EXAMINATION, 1882-1889, Specimens of Papers set at 
the. With Answers to the Mathematical Questions. Subjects: ijrithmetlc, 
Algebra, Euclid, Geometrical Drawing, Geography, French, English Dictation. 
Or. Svo. 88. 6d. 

BfEROTTB.— ELEMENTS OF THE ART OF WAR. Prepared for the use of 
Cadets of the United States Militaiy Academy. By Jamks Mxrour, Professor 
of Civil Engineering at the United States Academy, West Point, New York. 
2d Ed., revised and corrected. 8vo. 17s. 

PALMER.— TEXT BOOK OF PRACTICAL LOGARITHMS AND TRIGONO- 
METRY.— By J. H. Palmkr, Head Schoolmaster, R.N., H.M.S. Ckvnbridgt, 
Devonport. GL 8vo. 4s. 6d. 

ROBINSON.— TREATISE ON MARINE SURVETING. Prepared for the use of 
younger Naval Officers. With Questions for Examinations and Exercises 
principally from the Papers of the^ Royal Naval College. With the results. 
By Rev. John L. Robinson, Chaplain and Instructor in the Royal Naval 
College, Greenwich. Illustrated. Cr. Svo. 7s. 6d. 

SANDHURST MATHEMATIOAL PAPERS, for Admission into the Royal Military 
College, 1881-1889. Edited by E. J. Brooksmith, B.A., Instructor in Mathe- 
matics at the Royal Military Academy, Woolwich. Cr. 8vo. [TfMnediatdy. 

8H0RTLAND.— NAUTICAL SURVEYING. By the late )^ce- Admiral Shortlano, 
LL.D. 8vo. 21s. 

WILKINSON.— THE BRAIN OF AN ARMY. A Popular Account of the German 

General Staff. By Spsnsxb Wilkinson. Cr. 8vo. 2s. 6d. 
WOLSELEY.— Works by GenerallYiscount Wolbslkt, G.CM.G. 

THE SOLDIER'S POCKET-BOOK FOR FIELD SERVICB. 6th Ed., revised 
and enlarged. 16mo. Roan. 6s. 

FIELD POCKET-BOOK FOR THB AUXILIARY FORCES. 16mo. Is. 6d. 
WOOLWICH MATHEMATIOAL PAPERS, for Admission into the Royal Militaiy 
Academy, Woolwich, 1880-1888 inclusive. Edited by B. J. Brooksmith, B.A., 
Instructor in Mathematics at the Royal Military Academy, Woolwich. Cr. 
8vo. ds. 

AGRIOULTURB. 

FRANKLAND.— AGRICULTURAL CHEMICAL ANALYSIS, A Handbook of! 
By Pkrcy F. Frankland, F.R.S., Professor of Chemistry University College, 
Dundee.' Founded upon LeHfiuien fwr dU AgrievUur$ ChenUche AwUyse, von 
Dr. F. Kbocksr. Cr. 8vo. 7s. 6d. 
SMITH.— DISEASES OF FIELD AND GARDEN CROPS, CHIEFLY SUCH AS 
ARE CAUSED BY FUNGI. By Worthinoton G. Smit^ F.L.S., Illustrated. 
Fcap. 8vo. 4s. 6d. 
TANNER.— ELEMENTARY LESSONS IN THE SCIENCE OF AGRICULTURAL 
PRACTICE. By Henrt Tanner, F.C.S., M.R.A.C., Examiner in the Prin- 
ciples of Agrictdture under the Government Department of Science. Fcap. 
Svo. 8s. 6a. 
FIRST PRINCIPLES OF AGRICULTURE. By the same. 18mo. Is. 
THB PRINCIPLBS OF AGRICULTURE. By the same. A Series of Reading 
Books for use in Elementary Schools. Ex. fcap. 8vo. 
I. The Alphabet of the Principles of Agriculture. 6d. 
II. Further Steps in the Principles of Agriculture. Is. 
ni. Elementary School Readings on the Principles of Agriculture for thr 
third stage. Is. 
WARD.— TIMBER AND SOME OF ITS DISEASES. By H. Marshall Ward, 
M.A., F.L.S., F.R.S., Fellow of Christ's College, Cambridge, Professor of 
Botany at the Royal Indian Engineering College, Cooper's HilL With Illustra- 
tions. Or. Svo. 68. 
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DOMBSTIO BOONOMY. 

BABKEB.—FIRST LESSONS IN THE PRINOTPLBS OF OOOKINO. By Ladt 

Barker. 18mo. li. 
BERNEBS.— FIRST LESSONS ON HEALTH. ByJ. BDuma. 18mo. li. 
BLYTH.-A MANUAL OF PUBLIC HEALTH. By A. Wynter Bltth, M.R.O.a 

8yo. [In the Prtu. 

OOOKERY BOOK.— THE MIDDLE GLASS GOOKBRT BOOK. Edited by the 

Manchester School of Domestic Cookery. Fcap. 8vo. Is. 6d. 
OBAVEN.— A GUIDE TO DISTRICT NURSES. By Mrs. Dacrx Oratkh {nU 

Florkkck Sabah Lkeb), Hon. Associate of the Order of St. John of Jemsalem, 

&c. Cr 8vo. 2s. 6d. 
FREDERICK.— HINTS TO HOUSEWIVES ON SEVERAL POINTS. PAR 

TICULARLY on the preparation OP ECONOMICAL AND TASTEFUL 

DISHSa By Mrs. Fredkrick. Cr. 8vo. Is. 

ORAND'HOMME.— CUTTING-OUT AND DRESSMAKING. From the French of 
Mdlle. E. Grand'homme. With Diagrams. 18mo. Is. 

JEZ-BLAKE.— THE CARE OF INFANTS. A Manual for Mothers and Norses. 

By Sophia Jsx>Blaks, M.D., Lecturer on Hygiene at the London School of 

Medicine for Women. 18mo. Is. 
RATHBONE.— THE HISTORY AND PROGRESS OF DISTRICT NURSING 

FROM ITS COMMENCEMENT IN THE YEAR 1859 TO THE PRESENT 

DATE, inclnding the foundation by the Queen of the Queen Victoria Jubilee 

Institute for Nursing the Poor in their own Homes. By William Rathbonk, 

M.P. Cr. Svo. 2s. 6d. 
TEOETMEIER.— HOUSEHOLD MANAGEMENT AND COOKERY. With an 

Appendix of Recipes used by the Teachers of the National School of Cookery. 

By W. B. TKaETMKiXR. Compiled at the request of the School Board for 

London. 18mo. Is. 

WRIGHT.— THE SCHOOL COOKERY-BOOK. Compiled and Edited by 0. E. 
QuTHRix Wrioht, Hon. Sec. to the Edinburgh School of Cookery. 18mo. Is. 

BOOK-BJSBPING. 

THORNTON.— FIRST LESSONS IN BOOK-KEEPING. By J. TnoRHTOW. 
Cr. 8vo. 2s. 6d. KEY. Oblong 4to. 10s. 6d. 
PRIMER OF BOOK-KEEPING. By the Same. 18mo. Is. [Kty IwrnedUUdy 
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BARTHOLOMEW.-^THB ELEMENTARY SCHOOL ATLAS. By John Bar- 
TUOLOMEW, F.R.G.S. 4to. Is. 

Tills Elementary Atlas is designed to illustrate the principal text -books 
on Elementary Geography. 
PHYSICAL AND POLITICAL SCHOOL ATLAS, Consisting of 80 Maps and 
complete Index. By the Same. Prepared for the use of Senior Pupils. 
Royal 4to. [In the Prtts. 

THE LIBRARY REFERENCE ATLAS OF THE WORLD. By the Same. 
A Complete Series of 84 Modem Maps. With Geographical Index to 100,000 
places. Half-morocco. Gilt edges. Folio. £2 : 12 : 6 net. 

•-* This work has been designed with the object of supplying the public 
with a thoroughly complete and accurate atlas of Modem Geograi>hy, in a 
convenient reference form, and at a moderate price. 
OLARBLB.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, F.R.S. New 
Ed., revised 1889, with 18 Maps. Fcap. 8vo. Paper covers, 8s. Cloth, 8s. 6d. 
GEIKIE.— Works by Archibald Geikie, F.R.S., Director-General of theGeiol(^cs] 
Survey of the United Kingdom. 
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THE TEACHING OF OBOGRAFHT. A Practical Handbook for the use ot 

Teachers. Cr. 8vo. 28. 
GEOGRAPHY OF THE BRITISH ISLES. ISmo. la. 
GREEN.— A SHORT GEOGRAPHY OF THE BRITISH ISLANDS. By John 

Richard Gbken and A. S. Greek. With Maps. Fcap. 8vo. Ss. 6d. 
GROVE.— A PRIMER OF GEOGRAPHY. By Sir Georoe Grove, D.O.L. 

lilnstrated. 18mo. Is 
EUEPEBT.— A MANUAL OF ANCIENT GEOGRAPHY. By Dr. H. Eiepert. 

Cr. 8yo. 5s. 
MAOMILLAN'S OEOORAPHICAL SERIES.— Edited by Archibald Geikie, 
F.B.S., Director-General of the Geological Survey of the United Kingdom. 
THE TEACHING OF GEOGRAPHY. A Practical Handbook for the Use of 

Teachers. By Archibald Geikie, F.R.S. Cr. 8vo. 28. 
MAPS AND MAP-MAKING. By W. A. Elderton. [In the Press. 

GEOGRAPHY OF THE BRITISH ISLES. By A. Geikie, F.R.8. ISmo. Is. 
AN ELEMENTARY CLASS-BOOK OF GENERAL GEOGRAPHY. By H. R. 
Mill, D.Sc, Lecturer on Physiography and on Commercial Geography in 
the Heriot-Watt College, Edinburgh. lilnstrated. Cr. Svo. 8s. 6d. 
GEOGRAPHY OP THE BRITISH COLONIES. By G. M. Dawbon and A. 
Sutherland. [In preparation. 

GEOGRAPHY OF EUROPE. By J. Simb, M.A. Illustrated. Gl. Svo. 

[In (7i€ Press. 
GEOGRAPHY OP INDIA. By H. P. Blanford, P.G.S. [In the Press. 

GEOGRAPHY OP NORTH AMERICA. By Prot N. S. Shaler. 

[In preparation. 
ADVANCED CLASS-BOOK OF THE GEOGRAPHY OP BRITAIN. 
*»* Other volumes will be announced in due course. 
8TRA0HET.— LECTURES ON GEOGRAPHY. By General Richard Strachey, 
B.E. Cr. Svo. 4s. 6d. 
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ARNOLD.— THE SECOND PUNIC WAR. Being Chapters from THE HISTORY 

OF ROME, by the late Thomas Arnold, D.D., Headmaster of Rugby. Edited, 

with Notes, by W. T. Arnold, M.A. With 8 Maps. Cr. 8vo. Ss. 6d. 
ARNOLD.— THE ROMAN SYSTEM OP PROVINCIAL ADMINISTRATION TO 

THE ACCESSION OF CONSTANTINE THE GREAT. By W. T. Arnold, 

M.A. Cr. Svo. 6s. 
BBBSLY.— STORIES FROM THE HISTORY OP ROME. By Mrs. Bbeslt. 

Fcap. 8vo. 2s. 6d. 
BBYOE.— Works by James Brtce, M.P., D.C.L., Regius Professor of Civil Law 

in the University of Oxford. 
THE HOLY ROMAN EMPIRE. »th Ed. Cr. Svo. 7s. 6d. 
*#* Also a Library Edition. Demy Svo. 14s. 
THE AMERICAN COMMONWEALTH. 2 vols. Ex. cr. Svo. 25s. Part 1. 

The National Government. Part II. The State Governments. Part III. 

The Party System. Part IV. Public Opinion. Part V. Illustrations and 

Reflections. Part VI. Social Institutions. 
BUCKLEY.— A HISTORY OF ENGLAND FOR BEGINNERS. By Arabella 

B. Buckley. With Maps and Tables. GL 8vo. Ss. 
BURY.— A HISTORY OF THE LATER ROMAN EMPIRE FROM ARCADIU8 

TO IRENE, A.D. 895-800. By John B. Burt, M.A., Fellow of Trinity College, 

Dublin. 2 vols. Svo. 82s. 

ENGLISH STATESMEN, TWELVE. Cr. Svo. 2s. 6d. each. 
William the Conqueror. By Edward A. Freeman, D.O.L., LL.D. 
Henry II. By Mrs. J. R. Green. 



46 



HISTORY 



{1% prepamHon. 



[In prqparaiio%. 



Bdwaxd L By F. Tobk Fowcll. 
HsmiT VIL By Jaioeb QAntDirxB. 
Oabbinal Wolbxy. By Frofesior M. Orkiohton. 
EuzABCTH. By B. S. Bkiblt. 
OijyxK Obomwkll. By Fbkdkbio Habbisov. 
William m. By H. D. Traill. 
Walpols. By John Morijet. 

Chatham. By John Morlkt [In prtparaHon. 

Pitt. By John Morlrt. [In prtparaHon. 

Fkrl. By J. R. THXTRsnRLD. [In (h» Press. 

FISKE.— Works by John Fiskr, formerly Lecturer on Philosophy at Harvard 

University. 
THB OBinOAL PBBIOD IN AMBBIOAN HISTORY, 1788-1789. Bz. cr. 

8vo. 10s. 6d. 

THB BBOINNINGS OF NBW ENGLAND ; or, The Puritan Theocracy in its 

Relations to Civil and Religious Liberty. Or. 8vo. 7s. 6d. 
FBBEMAN.— Works by Bdward A. Frkkman, D.G.L., R^us Professor of Modem 

History in the University of Oxford, Ac 
OLD ENGLISH HISTORT. With Maps. Ex. fcap. 8vo. 6s. 
A SCHOOL HISTORT OF ROME. Cr. 8vo. [In preparation. 

METHODS OF HISTORICAL STUDY. 8vo. 10s. 6d. 
THE CHIEF PERIODS OF EUROPEAN HISTORY. Six LeotnxM. With an 

Essay on Greek Cities under Roman Rule. 8vo. lOs. Od. 
HISTORICAL ESSAYS. First Series. 4th Ed. 8vo. lOs. 6d. 
HISTORICAL ESSAYS. Second Series. 8d Ed., with additional Essays. 8vo. 

108.6d. 
HISTORICAL ESSAYS. Third Series. 8vo. 18s. 
THB GROWTH OF THB ENGLISH CONSTITUTION FROM THE EARLIEST 

TIMES. 4th Ed. Cr. 8vo. 5s. 
GENERAL SKETCH OF EUROPEAN HISTORY. Enlarged, with Maps, etc. 

ISmo. 8s. 6d. 
PRIMER OF EUROPEAN HISTORY. 18mo. Is. {History Primers.) 
FBIEDBiANN.— ANNE BOLEYN. A Chapter of English History, 1627-1586. By 

Paul Friedmann. 2 vols. 8vo. 28s. 
FTFFE.— A SCHOOL HISTORY OF GREECE. By C. A. Fyitr. M.A., Ute 

Fellow of University CoUege, Oxford. Cr. 8vo. [In preparation. 

GREEN.— Works by John Richard Grkkn, LL.D., late Honorary Fellow of 

Jesus College, Oxford. 
A SHORT HISTORY OF THB ENGLISH PEOPLE. New and Revised Ed. 

With Maps, Genealogical Tables, and Chronological Annals. Cr. 8vo. 8s. 6d. 

150th Thousand. 

Also the same in Four Parts. With the corresponding portion of Mr. Tait's 
"Analvsis." Crown 8vo. 8s. each. Part I. 607-1866. Part H. 1204-1558. 
Part IIL 1640-1680. Part lY. 1660-1878. 

HISTORY OF THE E^NGLISH PEOPLE. In four vols. 8vo. 16s. each. 

Vol. I.— Early England, 449-1071 ; Foreign Kings, 1071-1214 ; The Charter, 
1214-1291 ; The Parliament, 1807-1461. With 8 Maps. 

YoL IL— The Monarchy, 1461-1540 ; The Reformation, 1540-1608. 

YoL IIL— Puritan England, 1608-1660 ; The Revolution, 1660-1688. With four 

Maps. 
VoL IV.— The Revolution, 1688-1760; Modem England, 1760-1815. With 

Maps and Index. 

THB MAKING OF ENGLAND. With Maps. 8vo. 16s. 

THE CONQUEST OF ENGLAND. With Maps and Portrait 8vo. ISs. 

ANALYSIS OF ENGLISH HISTORY, based on Green's «» Short History of the 
English People." By C. W. A. Tait, M. A., Assistant Master at Clifton College. 
Crown 8vo. 8s. 6d. 
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RBADINGS FROM ENGLISH HISTORY. Selected and Edited by Johv 
RiCHABD Grkbn. Three Farts. Gl. Svo. Is. 6d. each. I. Hengist to Creasy. 
XL Oressy to GromwelL III. Oromwell to Balaklava. 

OUBST.— LEOTURBS ON THE HISTORY OP ENGLAND. By M. J. Gukst. 
With Maps. Or. Svo. 6s. 

HISTOSIOAL OOUBSB FOB SOHOOLS.— Edited by B. A. Fbeeman, D.C.L., 

Regius Professor of Modem History in the University of Oxford. 18mo. 
GENERAL SKETCH OF EUROPEAN HISTORY. By E. A. Frksman, 

D.O.L. New Ed., revised and enlarged. With Chronological Table, Maps, and 

Index. 88. 6d. 
HISTORY OF ENGLAND. By Edith Thompson. New Ed., revised and 

enlarged. With Coloured Maps. 2s. 6d. 
HISTORY OF SCOTLAND. By Maboabet Magasthub. 2s. 
HISTORY OP ITALY. By Rev. W. Hukt, M.A. New Ed. With Coloured 

Maps. 88. 6d. 
HISTORY OF GERMANY. By J. Sihe, M.A. New Ed., revised. Ss. 
HISTORY OF AMERICA. By John A. Dotls. With Maps. 4s. 6d. 
HISTORY OF EUROPEAN COLONIES. By E. J. Patnb, M.A. With Maps. 

4s. 6d. 
HISTORY OF FRANCE. By Chablotte M. Yonoe. With Maps. 88. 6d. 
HISTORY OF GREECE. By Edwabd A. Fbzxman, D.d.L. [In preparaHon. 
HISTORY OF ROME. By Edwabd A. Fbeeman, D.C.L. [In preparation. 

HISTORY PRIMERS.— Edited by John Riohabd Gbbbn, LL.D. 18mo. Is. each. 
ROME. By Rev. M. Cbkiqhton, M.A., Dixie Professor of Ecclesiastical 

History in the University of Cambridge. Maps. 
GREECE. By C. A. Fttfk, M.A., late Fellow of University College, Oxford. 

Maps. 
EUROPE. By E. A. Fbexican, D.C.L. Maps. 
FRANCE. By Chablottk M. Yonob. 

GREEK ANTIQUITIES. By Rev. J. P. Mahaffy, D.D. niostrated. 
CLASSICAL GEOGRAPHY. By H. F. Tozeb, M.A. 
GEOGRAPHY. By Sir G. Gbovx, D.G.L. Maps. 
ROMAN ANTIQUITIES. By Prof. Wilkins, LittD. lUnstrated. 

HOLE.— A GENEALOGICAL STEMMA OF THE KINGS OF ENGLAND AND 
FRANCE. By Rev. C. Hols. On Sheet Is. 

JBNNINOS.— CHRONOLOGICAL TABLES. A synchronistic arrangement of 
the events of Ancient History (with an Index). By Rev. Abthub C. 
Jknninos. Svo. 5s. 

LABBBRTON.— NEW HISTORICAL ATLAS AND GENERAL HISTORY. By 
R. H. Labbxbton. 4to. New Ed., revised and enlarged. 15s. 

LETHBRIDGB.— A SHORT MANUAL OF THE HISTORY OP INDIA. With 
an Account of India as it is. The SoiL Climate, and Productions; the 
People, their Races, Religions, Public Works, and Industries; the Civil 
Ser^ces, and System of Administration. By Sir Ropbb Lbthbbidok, Fellow 
of the Calcutta University. With Maps. Cr. 8vo. 5s. 

MAHAFFT.— GREEK LIFE AND THOUGHT FROM THE AGE OF ALEX- 
ANDER TO THE ROMAN CONQUEST. By Rev. J. P. Mahaffy, D.D., 
Fellow of Trinity College, Dublin. Cr. Svo. 12s. 6d. 
THE GREEK WORLD UNDER ROMAN SWAY. From Plutarch to Polybius. 
By the same Autiior. Cr. Svo. [In the Press. 

MARRIOTT.— THE MAKERS OF MODERN ITALY : Mazzini. Cavoub, Gari- 
baldi. Three Lectures. By J. A. R. Mabbiott, M.A., Leccurer in Modem 
History and Political Economy, Oxford. Cr. Svo. Is. 6d. 

MIOHELBT.— A SUMMARY OF MODERN HISTORY. Translated by M. C. M. 
Simpson. Gl. Svo. 4s. Od. 

NOBGATE.— ENGLAND UNDER THE ANGEVIN KINGS. By Katx Noboatb. 
With Maps and Plans. 8 vols. Svo. 82*. 
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OTTfi.-fiOANDINAVIAN niSTORY. By E. C. Orri. With Maps. Ol. 8vo. 8s. 
8SELET.— Works by J. R. Secley, M.A., Begiaa Professor of Modem History in 
the University of Cambridge. 

THB EXPANSION OF ENGLAND. Grown Svo. 4s. 6d. 

OUB COLONIAL EXPANSION. Extracts from the above. Cr.Svo. Sewed. Is. 
TAIT.— ANALYSIS OF ENGLISH HISTORY, based on Green's "Short 
History of the English People." By C. W. A. Tait, M.A., Assistant Maqter 
at Clifton. Cr. Svo. 8s. 6d. 
WHEELEB.— Works by J. Talbots Whekler. 

A PBIMER OF INDIAN HISTOBY. Asiatic and European. 18mo.' Is. 

COLLEGE HISTOBY OP INDIA, ASIATIC AND EUROPEAN. With Maps. 
Cr. Svo. 8s. 6d. 

A SHOBT HISTOBY OF INDIA AND OP THE PBONTIBB STATES OF 
AFGHANISTAN, NEPAUL, AND BURMA. With Maps. Cr. Svo. 12s. 
YONGB.— Works by Ceulrlottb M. Yonoe. 

CAMEOS FROM ENGLISH HISTORY. Ex. fcap. Svo. 5s. each, m 
FROM ROLLO TO EDWARD IL (2) THE WARS IN FRANCE. (8) 
THE WABS OF THE BOSBS. (4) BBFOBMATION TIMES. (5) ENG- 
LAND AND SPAIN. (6) FOBTY YBABS OF STUABT RULE a60S-1643). 
(7) BEBELLION AND BESTORATION (1642-1878.) 

EUBOPEAN HISTORY. Narrated in a Series of Historical Selections fh>ni the 
Best Authorities. Edited and arranged by B. M. Sbwell and C. M. Yonoe. 
Cr. Svo. First Series, 1003-1154. 6s. Second Series, 1088-1228. 6s. 

THE VICTORIAN HALF CENTURY— A JUBILEE BOOK. With a New 
Portrait of the Queen. Cr. Svo., paper covers, Is. Cloth, Is. 6d. 
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ANDBESON.— LINEAR PBRSPBCTIVE AND MODEL DRAWING. A School 

and Art Class Manual, with Questions and Exercises for Examination, and 

Examples of Examination Papers. By Laurence Andbbson. lUiistrated. 

Svo. 2s. 
OOLLIEB.— A PRIMER OF ART. By the Hon. John Collier. lUastiated. 

18mo. Is. 
OOOK.— THB NATIONAL GALLERY: A POPULAR HANDBOOK TO. By 

Edwakd T. Cook, with a prefoce by John Buskin, LL.D., and Selections 

from his Writings. 8d Ed. Cr. 8vo. Half Morocco, 14s. 
*«* Also an Edition on large paper, limited to 250 copies. 2 vols. Svo. 
DELAMOTTB.— A BBGINNBB'S DBAWING BOOK. By P. H. Delamotte, 

F.S.A. Progressively arranged. New Ed., improved. Cr. Svo. 8s. 6d. 
ELLIS.— SKETCHING FROM NATURE. A Handbook for Students and 

Amateurs. By Tristram J. Ellis. Illustrated by H. Stacy Marks, B.A., 

and the Author. New Ed., revised and enlarged. Cr. Svo. 8s. 6d. 
GROVE.— A DICTIONABY OF MUSIC AND MUSICIANS. a.d. 1450—1889. 

Edited by Sir George Grove, D.C.L. In four vols. Svo. Price 21s. each. 

Also in Parts. 

Parts I. to Xrv., Parts XIX.— XXIL, 8s. 6d. each. Parts XV., XVI., 7s 

Parts XVII., XVIII., 7s. Parts XXIII.— XXV. (Appendix), 9s. 
A COMPLETE INDBX TO THB ABO\'E. By Mrs. E. Wodehousk. Svo. 

7s. 6d. 
HUNT.— TALKS ABOUT ART. By William Hunt. With a Letter from Sir J. 

E. MiLLAis, Bart., R.A. Cr. 8vo. 8s. 6d. 
MELDOLA.— THE CHEMISTRY OF PHOTOGRAPHY. By Raphael Meldola, 

F.R.S., Professor of Chemistry in the Technical College, Finsbury. Or. Svo. 

6s. 
TAYLOR.— A PRIMER OF PIANOFORTE PLAYING. By Franklin Taylor. 

Edited by Sir Gborqe Grove. ISmo. Is. 
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TATLOB.— A STSTBM OF SIGHT^INGINO FROM THB B8TABLISHBD 
MUSIOAL NOTATION ; based on the Principle of Tonic Relation, and HIob- 
trated by Bxtracts ftrom the Works of the Great Masters. By Sxdlxt Taylor. 
Svo. [In the Prut. 

TYKWHl'rr.— OUR SEETOHING OLUB. Letters and Studies on Landscape 
Art. By Rev. R. St. John Ttbwhitt. With an authorised Reprodaction 
of die Lessons and Woodcuts in Frof. Ruskiu's " Elements of Drawing." 4th 
Ed. Gr. 8to. 7s. 6d. 
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ABBOTT.— BIBLE LESSONS. By Rev. Edwin A. Abbott, D.D. Or. 8to. 4s. 6d. 
ABBOTT— BUSHBROOKE.— THB COMMON TRADITION OF THE SYNOPTIO 

GOSPELS, in the Text of the Revised Version. By Rev. Edwin A. Abbott, 

D.D., and W. G. Rusbbrookb, M.L. Cr. Svo. 8s. 6d. 
ARNOLD.— Works by Matthew Arnold. 
A BIBLE-READING FOR SCHOOLS,— THB GREAT PROPHECY OF 

ISRAEL'S RESTORATION (Isaiah, Chapters zl.-lxvi.) Arranged and 

Edited for Young Learners. 18mo. Is. 
ISAIAH XL.— LZYI. With the Shorter Prophecies allied to it. Arranged and 

Edited, with Notes. Cr. 8vo. 5s. 
ISAIAH OF JERUSALEM, IN THB AUTHORISED ENGLISH VERSION. 

With Introduction, Corrections and Notes. Cr. Svo. 4s. 6d. 
BENHAM.— A COMPANION TO THE LECTIONARY. Being a Commentary on 

the Proi>er Lessons for Sundays and Holy Days. By Rev. W. Benhah, B.D. 

Cr. Svo. 4s. 6d. 
OASSEL.— MANUAL OF JEWISH HISTORY AND LITERATURE ; preceded by 

a BRIEF SUMMARY OF BIBLE HISTORY. By Dr. D. Cassxl. Translated 

by Mrs. H. Lucas. Fcap. Svo. 2s. 6d. 
GROSS.— BIBLE READINGS SELECTED FROM THB PENTATEUCH AND 

THB BOOK OF JOSHUA By Rev. John A. Cross. 2d Bd., enlarged, 

with Notes. Gl. Svo. 2s. 6d. 
DBUMMOND.— THB STUDY OF THEOLOGY, INTRODUCTION TO. By 

Jamxs Drummond, LL.D., Professor of Theology in Manchester New College, 

London. Cr. 8vo. 5s. 
FABBAB.— Works by the Venerable Archdeacon F. W. Farrar, D.D., F.R.S., 

Archdeacon and Canon of Westminster. 

THB HISTORY OF INTERPRETATION. Being the Bampton Lectures, 1885. 

Svo. 16s. 
THB MESSAGES OF THB BOOKS. Being Discouraes and Notes on the Books 

of the New Testament Svo. 14s. 

GASKOm.— THB CHILDREN'S TREASURY OF BIBLE STORIES. By Mrs. 
HsRMAN Gaskoin. Bdited with Preface bv Rev. G. F. Maolsar, D.D. 
ISmo. Is. each. Part I.— Old Tbstahsnt History. Part II.— New Testa- 
hent. Part III.— The Apostles : St. James the Great, St. Paul, and St. 
John the Divine. 

GOLDEN TBEASUBT PSALTEB.— Students' Edition. Beins an Edition of " The 
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